Quadratic Equations
These are an important type of equation which occur naturally in science subjects as well as being fundamental in mathematics.
They are of the form:-


ax2 + bx + c = 0
where

a, b and c are constants and a ( 0 and ALWAYS have 2 solutions.

Methods of solution:
Case I

If 
b = 0

then 
ax2 + c = 0.

This type can be solved by using the 
[image: image1.wmf] function.

Example

Solve:

2x2 ( 8 = 0



2x2 = 8

· x2 = 4

· x = (
[image: image2.wmf]4


x = ( 2

as
(+2) x (+2) = +4

and
((2) x ((2) = +4
Case II
c = 0

ax2 + bx = 0

This type can be solved directly by factorising

i.e.

ax2 + bx = 0



x (ax + b) = 0


either


or

x = 0


ax + b = 0





ax = ( b





  x = 
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b

-


Example

Solve:

3x2 + 27x = 0



3x (x + 9) = 0


either


or

3x = 0


x + 9 = 0

(
  x = 0


   x = ( 9
Case III

The full Quadratic equation of the form
ax2 + bx + c = 0
can be solved
(a)
graphically
(b)
Iteratively
(c)
by factorising

(d)
by completing the square

(e)
by the FORMULA.

Usually we attempt to factorise first.

Example
Solve

x2 + 3x + 2 = 0
We try to write this as a product of 2 brackets.

We think of two numbers which when multiplied give (+2) and when added give (+3)

i.e.
1 x 2 = 2
and
1 + 2 = 3

Thus the equation factorised becomes:-


(x + 1) . (x + 2) = 0

Thus

either


or


x + 1 = 0

x + 2 = 0


(
x = (1


x = (2
Graphical and Iterative methods will be considered at a later date.

Completing the Square

Here we attempt to write the quadratic equation:


ax2 + bx + c = 0
in the form


( (x ( ()2 + 
[image: image4.wmf]g

 = 0

Where (, ( and 
[image: image5.wmf]g

 are to determined.
Example 1

Solve:

x2 + 6x ( 2 = 0



(x + 3)2 ( 11 = 0


(
(x + 3)2 = 11



x + 3 = (
[image: image6.wmf]11




x = ( 3 (
[image: image7.wmf]11


either



or
x = (3 (
[image: image8.wmf]11




x = ( 3 +
[image: image9.wmf]11


x = ( 6.32 (2 dp)

x = 0.32 (2 dp)

Example 2

Solve by completing the square:-

2x2 ( 4x ( 5 = 0
2 (x2 – 2x) ( 5 = 0


2    (x ( 1)2 ( 1     ( 5 = 0
2 (x ( 1)2 ( 2 ( 5 = 0

2 (x ( 1)2 = 7

(x ( 1)2 = 
[image: image10.wmf]2
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x ( 1 = ( 
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(
x = 1 (
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Either



or
x= 1 ( 
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7




x = 1 + 
[image: image14.wmf]2

7


x = ( 0.87 (2 dp’s)

x = 2.87 (2 dp’s)
The Formula

ax2 + bx + c = 0

( Throughout by
a
as
a ( 0

x2 + 
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 x + 
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 = 0
(
Completing the square
(x + 
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(x +
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x + 
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x + 
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x = ( 
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This formula will solve any Quadratic equation and is approximately 6,000 years old!!

Example

Solve by the formula
x2 ( x ( 1 = 0

Compare with
ax2 + bx + c = 0

a = 1,

b = ( 1,
c = ( 1

(
from formula:

x = 
[image: image32.wmf]a

ac

b

b

2

4

2

-

±

-



x = 
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x = 
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x = 
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x = ( 0.62 (2 dp)

x = 1.62 (2 dp)
Examples of Quadratic Equations in Nature

In Geometry:

If the Area of a Square is 49m2, what must be the length of each side?







If square is of side ‘x’ metres then







Area = x2






(
49 = x2

x






[image: image38.wmf]49

 = x







7m = x

                          x

Likewise the Area of a Circle is a quadratic function as Area = 
[image: image39.wmf]P

r2 where ‘r’ is the radius and also the Surface Area of a sphere it’s Surface Area being equal to 4
[image: image40.wmf]P

r2.

Example 2

In Mathematics and Computing
The solution to the sum
1 + 2 + 3 +……….+ n  =  
[image: image41.wmf]2
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+

n

n

 a quadratic function.  The answer to this sum is of importance to computing students who often employ ‘looping’ procedures in their calculations.  The time required to perform these often complex procedures can be calculated using this formula.
In Mechanics

Example 1

Consider the Kinetic Energy (KE) of an object of mass mkg.  

Then KE = 
[image: image42.wmf]2

1

 mv2, where v is the speed of the object.

Consider an object travelling at a speed vms-1 having a KE of 72J.  If its mass is 1kg, find its speed.







    v

	1 kg



	///////////////////////////////////////////////////////////////////////////////////////////////////////////




KE  =  
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 mv2


72  =  
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144  =  v2
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  =  v



12 ms-1  =  v

Example 2

Consider an object thrown vertically upwards with a speed of 29.4ms-1.  Find the times at which the object is at a height of 9.8m above the floor.





From the equations of motion






v = 





u = 29.4ms-1





a = ( 9.8ms-2
                    29.4ms-1

s = 9.8m





t = ?



Using

s = ut + 
[image: image46.wmf]2
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9.8 = (29.4) t + 
[image: image47.wmf]2
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 ((9.8).t2
· dividing through by 9.8

1 = 3t ( 
[image: image48.wmf]2
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 t2
(
Multiplying by 2


2 = 6t ( t2
(
t2 ( 6t + 2 = 0


t = 
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t = 
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t = 3 (
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In Chemistry
Example 1

The number of electrons in each shell is defined by the quadratic function:

n  =  2s2
where


n
is the number of electrons in each shell


s
is the shell number
i.e. when:


s = 1,

n = 2(1)2  =  2


s = 2,

n = 2(2)2  =  8


s = 3,

n = 2(3)2  =  18


s = 4,

n = 2(4)2  =  32


s = 5,

n = 2(5)2  =  50
etc
In Chemistry:
Example 2

How many moles of Ethanoic acid will be present when 1 mole of Ethyl Ethanoate is added to 5 moles of water and allowed to reach equilibrium.  The equilibrium constant

kc = 4.
(
CH3 COOH + C2 H5 OH


CH3 COO- C2 H
[image: image53.wmf]+

5

 + H2 O

Initially
0
       0




1 mole
5 moles

Let the number of moles of ethanoic acid obtained at equilibrium be x then:-
Equilibrium


x

x

(1 ( x)

(5 ( x)
moles

(
Concentration at equilibrium
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4x2  =  (1 ( x) (5 ( x)


4x2  =  5 ( 5x ( x + x2

4x2  =  5 ( 6x + x2

3x2 + 6x ( 5  =  0


x  =  
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x  =  
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x = 0.63 moles (2 dp)
In Physics

Example 1

The displacement of an object from a fixed origin ‘o’ is give by the equation:


s = 2t2 ( 7t + 3
Find
(i)
s when t = 4


(ii)
the time when the displacement s = 0

Solution


(i)
when t = 4,
s = 2 (4)2 ( 7 (4) + 3





s = 32 ( 28 + 3





s = 7 units


(ii)
when s = 0

0 = 2t2 ( 7t + 3






0 = (2t ( 1) (t ( 3)


either



or

2t ( 1 = 0


t ( 3 = 0


  t = 
[image: image69.wmf]2
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      t = 3

Example 2

The Power dissipated through a resistor ‘R’ when a current ‘I’ passes through it, is given by the equation
P = I2R.

                       I




I

If the Power P = 100 watts and R = 5 ohms, find I.
(
P  =  I2R

       100  =  I25

       
[image: image70.wmf]5

100

  =  I2
         20  =  I2
      
[image: image71.wmf]20

  =  I
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x

  =  I
   2
[image: image73.wmf]5

A  =  I
Example 3

Einstein’s famous equation E = mc2 is quadratic in nature.  It explains how galaxies are formed in our universe and also explains how energy is released from atomic bombs!

If E = 7.20 x 1018 Joules and m = 80 kg find ‘c’.


7.20 x 1018  =  80 x c2


[image: image74.wmf]80
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x

  =  c


c  =  3 x 108 ms-1
(Speed of Light!)

The Nature of the Roots of a Quadratic Equation

The solution of the equation
ax2 + bx + c = 0
is given by the formula:


x  =  
[image: image75.wmf]a
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upon studying this formula it becomes apparent that the quantity residing within the square root is the entity which determines the roots of a quadratic.
For if

b2 ( 4ac ( 0

we have Real Solutions.

But if

b2 ( 4ac ( 0

then no Real Roots are possible as we 
cannot obtain the square root of negative numbers.

The Quantity

b2 ( 4ac
is called the ‘Discriminant’.

Consider the following cases

Case I
If
b2 ( 4ac ( 0
and is a Perfect Square, then 2 Real, Rational and unequal Roots will be obtained.
Example

Discuss the nature of the roots of the quadratic equation  2x2 + 3x ( 9 = 0
Here
a = 2,

b = 3,

c = ( 9

(
Discriminant

= b2 ( 4ac





= 32 ( 4 (2) ((9)





= 9 + 72





= 81





= (9)2
(i.e. a Perfect Square)

Therefore, 2 Real, Rational & unequal Roots will be obtained.

Check

Using formula
x = 
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Case II

b2 ( 4ac ( 0
but not a Perfect Square.
Then 2 real, unequal and irrational roots will be obtained.

Example

Discuss the nature of the roots of:



3x2 + 5x + 1 = 0

Here
a = 3,
b = 5,
c = +1

So Discriminant
=
b2 ( 4ac




 =
52 ( 4(3) (1)




=
25 ( 12




=
13




( 0 but not a Perfect Square

Thus 2 Real, Irrational but distinct Roots will be obtained.

Check
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Case III

If
b2 ( 4ac = 0

then 2 Real, Rational and Coincident Roots will be obtained.

Example

Discuss the nature of the Roots of

4x2 + 20x + 25 = 0
Here

a = 4,

b = 20,
c = 25

Then:

b2 ( 4ac =(20)2 ( 4 (4) (25)



   = 400 ( 400




   = 0

· 2 Real, Rational and Coincident roots are produced.

Check
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x = ( 2½ (twice)

Case IV

If
b2 ( 4ac ( 0

then the roots are said to be complex (imaginary) and distinct.

Example

Discuss the nature of the roots of:-


4x2 + 7x + 5 = 0

Here

a = 4,

b = 7,

c = 5

Discriminant
=  b2 ( 4ac



=  72 ( 4 (4) (5)



=  49 ( 80



=  ( 31



( 0

(
Roots are Complex & Distinct.

Example 1


Find k such that:




x2 + 4x + k = 0
has equal Roots

here
a = 1,

b = 4,

c = k

(
For equal Roots
b2 ( 4ac = 0





42 ( 4 (1) (k) = 0





16 ( 4k = 0





       16 = 4k





          4 = k
Check


x2 + 4x + 4 = 0


(x + 2)2 = 0


      x = ( 2 (twice)

Example 2

Find ‘k’ such that the equation:






kx2 + 5x + 6 = 0
has Real Roots.

For Real Roots
b2 ( 4ac ( 0




52 ( 4 (k) (6) ( 0




25 ( 24k ( 0




25 ( 24k
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Example 3
Find ‘k’ such that the equation:



x2 + kx + 1 = 0
has Complex Roots.
Discriminant

=  b2 ( 4ac




=  k2 ( 4 (1) (1)




=  k2 ( 4

(
for Complex Roots
b2 ( 4ac ( 0




k2 ( 4 ( 0





k ( ( 2

and
k ( 2

Example 4

Show that the equation:

(a + 2b)x2 ( (a +b)x ( b = 0

always has 2 Real, Rational and distinct Roots.

Here:

b2 ( 4ac =   ( (a + b)   2 ( 4 (a + 2b) ((b)



    = (a + b)2 + 4b (a + 2b)



    = a2 + 2ab + b2 + 4ab + 8b2



    = a2 + 6ab + 9b2



    = (a + 3b)2

i.e.
a Perfect Square, thus, 2 Real, Rational and distinct Roots will be obtained.







Area





= 49m2
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