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In this paper a two-stage research study is described focused on problem solving relevant
to place-value and on the use of the operations within the calculator environment. The
findings show that in this specific environment and via appropriate tasks teachers are
provided with a context to better understand what year 5 or 6 pupils know or do not know
about place-value and how they are able to apply their understanding of place-value and
the use of operations in this particular context.
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1. Introduction

The usage of calculators in the classroom setting is not something new. Professional orga-
nizations such as the National Council of Teachers of Mathematics (NCTM) suggest the
introduction of calculators into school mathematics even from the early years of schooling,
arguing that ‘when calculators are used effectively in the classroom, they can enhance
pupils’ understanding and use of numbers and operations’ [1]. On the other hand, there
exists a scepticism concerning, for example, the legitimacy and benefits of the calculator or
the use of calculators as a procedural tool rather than as a learning aid [2]. Reviewing the
relevant research literature it can be seen that calculator use is, to a great extent, considered
a manipulative and motivational tool aiming to serve as a means of exploring numbers
and tackling computations, which means developing children’s concept of number sense.
However, in this study, there is a shift in the way the calculator is used. Instead of as a
teaching tool, the calculator is now adopted by the teacher as a way to uncover pupils’ con-
ceptual understanding with emphasis on misconceptions and errors related to place-value
in primary school. Knowing the mathematical errors and misconceptions of young pupils
can provide teachers with an insight into pupils’ thinking. This allows teachers to adapt the
focus of the teaching and learning process in the classroom. Therefore, it is important that
calculators can be seen as tools to assist teachers in detecting such errors and misconcep-
tions and at the same time to focus on the pupils’ actual conceptions. The present study
took place in two phases. In the first, considered a pilot study, a series of tasks concerning
place-value in the context of calculator usage was presented to 3rd graders aiming to detect
certain misconceptions, errors, and indications of limited or deeper understanding related
to place-value. In the second phase, 5th and 6th graders were involved. Given that these
misconceptions follow primary school pupils across the grades, the research question was
whether the above mentioned technique is reliable and valid, and one that can be used
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successfully in different grades. Would it be possible to detect similar findings for older
pupils using the same tool and the same sequence of tasks?

The paper is organized as follows. The next two sections will cover literature findings
concerning the usage of calculators in mathematics classrooms and the issue of miscon-
ceptions related to place-value. Afterwards, a section discusses the setting of the study
including a description of the tasks and some methodology issues. The findings of the study
are presented in the next section and at the same time these findings are examined and
commented in detail. The paper ends with some conclusions and implications for future
research.

2. Calculators in primary school

Two major, comprehensive research projects in Britain and Australia highlight potential
usage of calculators in the classroom: The Calculator-Aware-Number (CAN) and the Cal-
culators in Primary Mathematics, respectively. A lot of information about the former can
be found in the work of Kenneth Ruthven [3—6] whereas for the latter the proper source is
the work of Susie Groves [7—10].

For the CAN project a research team worked with teachers in a number of schools for
three years to develop an approach for teaching and learning numbers in primary school.
Among the principles that governed this effort, were:

(1) The availability of calculators letting the pupils to decide when to use them.
(2) Avoiding teaching the traditional column methods of calculation since the calcula-
tors would be used for computations which could not be done mentally.

Ruthven [3] examined the use of mental, written and calculator strategies of numerical
computation by 6th grade pupils. He found that the CAN project employed in one group
encouraged pupils to develop informal methods of calculation and to use calculators to ex-
plore numbers and execute demanding computations. In another work, Ruthven, Rousham
and Chaplin [4] examined the long-term influence of the CAN project on the mathematical
attainment of pupils (10-11 year-old) in primary school. They used as a starting point the
claim that the early exposure to a wide range of numbers and number types, which is char-
acteristic of the CAN approach to number, contributes to the development of place-value
concepts. Thus, five variables were formed from blocks of test items: symbolizing numbers,
ordering numbers, rounding numbers, extending patterns and formulating patterns. They
concluded that this early exposure to a CAN approach made no longstanding contribution
to the achievement of place-value concepts. Additionally, Ruthven and Chaplin [5] exam-
ined the idea of calculator as a cognitive tool analyzing how a sample of primary education
pupils with differing degrees of experience of a CAN curriculum, tackled a realistic number
problem. What they highlighted was the importance of developing pupils’ skills in mak-
ing effective use of a calculator beyond merely making simple computations. They also
highlighted the need to help pupils grasp the relationship between mathematical concepts
and their operationalization in the machine. It seems also that there is a consistent trend
towards greater use of calculators by lower-attaining pupils, especially among the males.
However, in one of his current papers, Ruthven [6] reviewed the effort for crafting a CAN
curriculum and examined pedagogical strategies based on Diagnose-Explain-Reinforce and
Observe-Predict-Surpass sequences, as also the wider use of calculators for purposes of
Computation-Implementing, Result-Checking, Trial Improving and Structure-Modelling.
He mentioned that the way in which the calculator is used to structure a task is crucial. More
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specifically the task must be structured in a way that could help the teacher to diagnose
the extent to which pupils have grasped the underlying mathematical concept. Therefore,
further similar tasks can be used to make clear where further teaching is needed. This
exact exemplification of the Diagnose part of calculator use became the starting point for
approaching the calculator as a context to understand what pupils know or do not know and
how they are able to use it.

The Australian Calculators in Primary Mathematics project was a long-term investi-
gation into the effects of the introduction of calculators on the learning and teaching of
primary mathematics. The project focused on pupils from kindergarten up to the 4th grade.
The findings showed that four major ways of using the calculators emerged: as a recording
device, as a counting device, as a computational tool and as an object to explore [7-9].
The use of calculators provided a rich mathematical environment for children to explore
and promoted the development of number sense by removing previous restrictions on the
types of numbers children use. More specifically, analyzing the interviews of grade 3 and 4
pupils, they found that children with long-term experience of calculators performed better
than children without such experience, exhibited better knowledge of number, particularly
place-value, made more appropriate choices of calculating device and were better able to
interpret their answers when using calculators. Some years later, the teachers in whose class-
rooms the above mentioned project took place, participated in another study focused not
only on the effect of calculator use on children’s learning of mathematics, but also on their
teachers’ classroom practice. The teachers identified many changes in their mathematics
teaching — common changes included mathematics teaching becoming more ‘open-ended’;
increased knowledge of children’s conceptual development; more discussion and sharing
of mathematics; and more use of inquiry and problem solving [10].

It should be noted that there are two important differences between Ruthven’s research
and the research of Groves and her colleagues. First, the participating pupils in the former
study were older and many of them had more longstanding experience with calculators.
Second and perhaps more important, the pupils in the British project had gained that
experience under rather more typical conditions than those of a special development project.

Even though we have referred to these two mainstays in the field, this does not mean
that they are the only studies dealing with the usage of calculators. Additional studies
showed that appropriate usage of calculators: (i) improves pupils’ computational skills
[11] and influences positively their mathematical achievement [12]; (ii) helps pupils by
stimulating their problem solving thinking [13]; (iii) enables pupils to make conjectures and
generalizations in relevance to numbers and operations [14]; (iv) develops understanding
of the structure of the computational algorithms that are most often taught and learned
by rote with little conceptual understanding [15]; (v) facilitates making inverse operations
for subtraction and division [16]; (vi) facilitates teachers’ effort to help pupils understand
mathematics [17]; and vii) tackling realistic problems with a calculator leads to children
encountering, and having to make sense of, negative and decimal numbers much earlier
than envisaged in the established curriculum sequence [18].

Obviously, there is also some scepticism about the use of calculators. Mackey [19]
suggests that there is an astonishing switch from solving simple problems (i.e., methods)
to caring only about answers (i.e., things that appear in the display of a calculator). Klein
and Milgram [20] suggest that calculator use led mathematics to neglect the contribution of
written algorithms in developing mathematical concepts. Fisher and Stephens [21] found
that the presence of calculators, even with guided instruction, may not alone be the driv-
ing force needed to significantly improve the achievement of pupils far below average.
Such raise the question: When should calculators be used? Goldenberg [22] presents some
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principles for thinking about technology use including among others the Purpose Principle
and the Fluent Tool Use Principle. The first suggest allowing calculator use when com-
putational labour can get in the way of the lesson. So, when the aim of the lesson is to
teach how to perform the computation, then the use of calculators is a rather bad idea. The
second principle suggests that ‘touching’ several calculator tools without really mastering
them may lead to do more harm than good. The reservations mentioned above frame a
widespread view that calculators have to be used only after the pupils have learned how to
do the relevant mathematics without them. Otherwise, pupils would become dependent on
them as a crutch instead of as a valuable tool [23].

Despite the great number of studies that deal with the usage of calculators in primary
school mathematics, the studies focused on the usage of broken calculators are rather rare.
Leatham, Lawrence and Mewborne [24] claim that Broken Calculator problems can be
seen as open-ended since there are multiple (or alternative) problem-solving strategies
(see also [25]) and multiple correct answers and they allow pupils to demonstrate their
sense of operations as well as their ability to choose operations that will accomplish given
mathematical objectives. Disabling keys can be used in order to alter the level of difficulty
and to assess understanding of mathematical concepts.

3. The issue of place-value and the relevant misconceptions and errors

An essential component of teachers’ competence in mathematics teaching is their knowl-
edge about pupils’ misconceptions. Therefore, an understanding of most pupils misconcep-
tions and effective strategies is important so as to help pupils avoiding them. This means
that teachers try to teach in a way that helps pupils avoid misconceptions and at the same
time they have different approaches to deal with those misconceptions that do arise. Once
a misconception is detected then it is up to the teacher to decide upon the proper strategy
to be used. This could mean re-teaching the concept and in that case the teacher must
decide which part of the concept needs more attention. But this could also mean causing
a cognitive conflict, thus forcing the pupil into a situation that is in contrast with his/her
initial understanding hoping that he/she will re-evaluate his/her beliefs [16].

Research studies and experience with young pupils reveal that many of them have
difficulties in learning and applying place-value in mathematics.

Ross [26] describes four properties of place-value understanding:

e Additive property. The whole number represents a quantity which is the sum of the
values represented by the individual digits.

e Positional properties. The position of each digit in the whole numeral determines the
quantity represented by it.

e Base-ten property. As we move from right to left the values of the positions increase
in powers of ten.

e Multiplicative property. For finding the value of an individual digit one has to multiply
the face value of the digit by the value assigned to its position.

There is a plethora of evidence that pupils face great difficulties in correctly under-
standing place-value, especially in early grades [27]. As measured by digit-correspondence
tasks (known as ‘face value’ tasks), even in the fourth and fifth grades no more than half the
pupils demonstrate an understanding that the ‘5’ in ‘25’ represents five of the objects and
the ‘2’ the remaining 20 objects. In the same spirit Kamii [28] found that the proportion of
children who say that the ‘1’ in ‘16’ means ten is generally 0% at the end of 1st grade, 33%
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at the end of 3rd grade and 50% at the end of 4" grade. Fuson [29] describing the difficulties
children have in relation to place-value, refers to sequence-multiunit conceptual structures.
These structures require sequence pattern skills of skip-counting by tens, hundreds and
thousands. Sequence pattern skills can be learned by rote just based on the sound patterns
in the sequence. Thus, a pupil can learn the decade word list (ten, twenty, thirty, forty, etc.)
as a memorized list without any understanding that the words refer to one ten, two tens,
three tens and so on, or that each word is ten more than the previous quantity. In the same
paper, Fuson [29] mentions the concatenated single-digit conceptual structure. In this case
pupils regard multidigit number marks as though they are concatenated single digit numbers
placed side by side. Thus, the digit 4 represents the same quantity whether it is in the ones,
tens, or hundreds place (314, 341 and 431 respectively). Bednarz and Janvier [30] found that
many children don t see the usefulness of grouping. Some of them form groupings but only
in order to count a collection (by ten, by five,. . .). Few children see the validity of doing and
undoing groupings (partitioning) to solve multidigit number problems. Another difficulty
connected to place-value is the case of seeing multidigit numbers as unitary collections
[31]. It is a way of global correspondence between multidigits and numbers. Multidigit
numbers are to be ‘read together’ and correspond to some particular quantity. For example,
15 is to be read together as a collection of ‘fifteen’ units. Another topic that is difficult for
many elementary school children is arithmetic involving zero. It is known that pupils’ view
of zero may contain important misconceptions such as ‘zero is not a number’ or ‘zero is
nothing’. The fact is that similar misconceptions can be found not only among pupils but
among teachers also. Wheeler and Feghali [32] studying the case of zero as ‘place holder’
focused on preservice teachers’ understanding of zero. Results showed that teachers had
an inadequate knowledge about zero. They were reluctant to accept zero as an attribute for
classification and they were confused as to whether or not zero is a number.

There are other studies dealing with place-value, but presenting all of them in detail
is beyond the aim of the paper. However, we can mention some additional misconceptions
and errors connected to place-value: There are counting errors such as errors in naming
the next multiple of ten in a counting sequence (10, 20, 30, 50, 60,. . .) and mistakes in the
new number at a change of decade (63, 62, 61, 50,...). There are errors in naming and
writing symbols for numbers and errors in applying values to digits such as reversing tens
and ones.

4. Setting of the study: description and methodology

The study aimed to answer the question: Can the broken calculator be used as a valid
and reliable way to help teachers to uncover their pupils’ conceptual understanding of
place-value, ranging from its problematic acquisition to its deep understanding?

For the purpose of the study the usage of web-based ‘broken’ calculator problems was
considered the most appropriate approach. Judah Schwartz initially published the Broken
Calculator software in 1989 under the title “What Do You Do with a Broken Calculator’.
(A web-based Flash version can be found at http://seeingmath.concord.org/broken_
calculator/; see Figure 1). Broken calculator problems are essentially puzzles in which
the pupils must figure out how to perform certain tasks on a calculator that has one or more
non-working keys. Such activities can be considered open-ended since there are multiple
solution strategies and multiple correct answers. In this sense such activities encourage
pupils to demonstrate their understanding (or lack of understanding) in informative ways.
For the teacher, this means that these incorrect solutions will demonstrate pupils’ sense of
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Figure 1. Web-based broken calculator.

number and computational abilities as well as their understanding of place-value and their
sense of operations [24]. According to Goldenberg [22] such activities ‘help pupils focus
on and analyze the structure and elements of arithmetic and gain skills along with under-
standing, rather than have the calculator replace their thinking’. Schwartz [15] explains
that the partial availability of the keys forces pupils to devise alternative ways of doing
what the missing tools would ordinarily do. This serves as a way for accessing the pupils’
mathematical understanding.

The study took place in a primary public school in Thessaloniki, Greece during two
consecutive years. This suggests a two-stage program. The first stage was in essence a pilot
study and the participants were 19 pupils attending the third grade (9 year-old). This aimed
to evaluate the effectiveness of the usage of calculator as a way for detecting misconceptions
and errors related to place-value. The tasks were posed to them after they completed the
unit about the 3-digit numbers, which means that they had spent time becoming familiar
with these numbers and on using operations and solving problems using these numbers.
More specifically, according to the official curriculum after finishing this unit the pupils
must be able: to read and write 3-digit numbers, to move from oral to written form of
numbers and vice versa, to distinguish units, tens and hundreds and their place-value, to
easily apply numbers in everyday situations and finally to write numbers in their extended
form. The results of this pilot study were considered a first step towards considering the
calculator as a way to see pupils’ conceptualization of place-value and they were presented
to the CME-10 conference in Poland [33]. In the next year the study was broadened so as
to include pupils from the 5th and 6th grades (11-12 year-old) in the same school. The
aim of this stage was to investigate the consistency and reliability of this approach. Given
the prevalence and persistence of misconceptions by age, it was important to verify that
the calculator is still a valid and effective vehicle that allows primary school teachers to
detect pupils’ misconceptions and errors about place-value. Therefore, in this second stage
42 pupils of the 5th grade (two classes) and 45 pupils from the 6th grade (two classes)
participated. The tasks were presented to the pupils at a constant rate of one task per week
for each class. Pupils were familiar with the use of the calculator as a means for carrying
out long and complicated operations since there are such tasks included in their textbooks.



Downloaded by [University Of Wales Trinity Saint David] at 05:39 05 December 2017

International Journal of Mathematical Education in Science and Technology 529

Task-1
Press the keys to get the number 432. Add or subtract any number so that 3 is replaced by 0.
Task-2

On your calculator the only keys working are 0, 1, and the keys of the four operations. Make
any calculation you want to get the number 5000.

Task-3

On your calculator the keys 7, 8 and 9 are broken. Make any calculation you want to get the
number 78. Do the same for seven hundred seventy seven.

Task-4

Keys 9 and + are broken. Explain how to get 90. Do the same for 109. Do the same for 99.
Task-5

On your calculator the key 8 is broken. Explain how you can make the subtraction 800-130.
Task-6

The only keys working on your calculator are 1, 0, +, -. Make any calculation you want to get
the number 345.

Task-7

The only keys working on your calculator are 2, 5, +, -. Make any calculation you want to get

the number 205.

Figure 2. The broken calculator tasks.

Thus, they knew how the calculator buttons operate when all the buttons are available.
However, the idea of the broken calculator was completely new and unknown.

The tasks are presented in Figure 2.

Pupils were first asked to construct on a piece of paper the keystroke sequence to
accomplish the tasks before using the original keys of the calculator in order to have
evidence of the way they are thinking about place-value. Thinking in terms of pressing
calculator keys is important since — as will be shown later — this would serve for detecting
certain misconceptions, difficulties and errors related to place-value. At the same time,
this demand for thinking in terms of pressing keys is in itself a difficult task since it is in
essence a demand for a change in register. It is a kind of different language for expressing
their own strategy in order to obtain the asked number. This was the first part of the activity
before working in the actual environment of Schwartz’s web-based broken calculator. In this
second part the pupils were asked to apply their written strategy to the web-based calculator
environment. The first part was necessary for detecting certain misconceptions, errors or a
limited-deeper understanding. The second one aimed to lead pupils to a cognitive conflict
since the application of their strategy did not result in the desired number. This second part
is not our focus since our main aim is to highlight the role of the calculator as a way to
uncover pupils’ conceptual understanding.

The tasks were carefully designed to reveal the above mentioned errors, misconceptions
and level of understanding as will be shown later.

Task-1

The requirement that the number 3 be replaced by zero means that one has to subtract
30, 31, 32, add 68 (e.g., the complement of 32 in relation to 100) or add 70—77. However,
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knowing that many pupils consider tens digits to represent single units and not multiples of
10, one might expect to see mistaken actions towards this goal (face value constructs) such
as subtracting 3 or adding 7.

Task-2

The critical element of this task is that the target number includes three zeros. This is
connected to the known issue of ‘zero as placeholder’. These zeros are obtained through
certain arithmetical operations. However, it seems that very often pupils put down the
zeros following a pattern. For them, zero means nothing and the way of writing the wanted
number is rather a memorized rule (e.g., zero has to be there, thousands mean three digits,
etc) rather than a real understanding of zero in place-value numeration. This is why their
effort is limited to getting the non-zero digits of the number.

Task-3

The required number is 78, given that the and keys are broken. Disabling
these keys could reveal an effort to separately obtain these two numbers in the calculator
environment, thus indicating that (for some pupils) tens digits represent single units and
not multiples of 10 ones (face value construct). Additionally, giving the second number
of the task as a number-word involving in various ways the number 7 would possibly
reveal instances of mistaken number representations. There could be a weak association
between written symbols and number words. Finally, supposing that pupils will mainly use
subtraction to obtain the wanted numbers it could be possible to track cases of ‘counting
sequence errors’ (e.g., errors at a change of decades or hundreds).

Task-4

The aim of the task was to support evidence obtained from previous tasks since it deals
with the same place-value difficulties. On the one hand the usage of number 9 highlights
possible errors on change of decades or hundreds (counting sequence errors). On the other
hand the presence of zero in the number 90 poses the question of zero as placeholder.

Task-5

This task aims to give extra evidence to the issue of zero as placeholder in combination
with the case of face value construct (e.g., first obtaining the number 8§ and then writing
down 2 zeros next to it).

Task-6

The required number is 345 given that , , and| 5 | keys are broken. In this case the
aim was to see whether the face value construct has a global effect (e.g., whether it applies
to tens as well as to hundreds).

Task-7

This task could provoke both the face value construct and zero as placeholder errors.
Moreover, this task has a higher level of difficulty since the handling of the available
combinations of the allowed keys demanded a higher level of skills. Thus, it was expected
to require and reveal a deeper understanding of place-value.

Ending this section it should be noted that each of the tasks had the potential to re-
veal limited or advanced understanding of place-value as will be discussed in the next
two sections. This is connected to the fact that critical keys were broken and subse-
quently the pupils had to exploit their knowledge of place-value to obtain alternative
approaches.

The pupils’ worksheets were collected and their responses were classified according to
two criteria: a) whether a specific misconception or error was underlying it and b) whether a
correct answer could be considered an indication of either a surface or deeper understanding
of place-value.
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Table 1. Instances of ‘zero’ difficulty.

Task-2 LM MEE s 0] o] o]

(obviously pressing the zero key would give 0 instead of 5000) Gr.3 (3/19), Gr.5
(3/41), Gr.6 (5/45)

Task-4 [6] [=19[0] Gre6(1/45)
Task-5 E] 8 @ @ (obviously 0 instead of 800) Gr.3 (1/19), Gr.5(1/41)
[=]18[0][ 0] (obviously 0 instead of 800) Gr.6 (1/43)

5. Results

The analysis of the data collected allowed us to distinguish three types of answers. The first
type includes answers showing certain misconceptions and errors related to place-value.
The second type includes answers showing limited understanding of place-value, while the
third type includes answers indicative of a deeper understanding of place-value.

5.1. Type 1. Misconceptions and errors relevant to place-value
5.1.1. Zero is not place holder

As a digit, zero operates at three levels: i) to indicate there are zero components of a given
place-value; ii) as a place holder to show the value of surrounding digits; and iii) to indicate
the accuracy of measurement [34]. The use of zero as a placeholder is a source of difficulties
for young pupils. It appears to confuse them [35]. Part of this difficulty perhaps has been
caused by considering zero as nothing and this difficulty afflicts both pupils and teachers
equally. For the former, Horne and Livy [36], working on a project focussed on numeracy
in the early years of schooling, found that numbers including the digit zero proved the most
difficult. For the latter, Wheeler and Feghali [32] as well as Chick and Baker [16] found
that teachers also have inadequate knowledge of zero.

Task-2 could reveal the handling of numbers that include zero as ‘following a pattern’.
Actually many pupils use digits mechanically and with some degree of automaticity. For
example, in order to make the sequence 100, 200, 300,. . . one has just to follow the pattern:
Increase the first digit by one and then just place two zeros. In the specific task, 5000 was
the desired number. So, according to the above mentioned pattern the pupils just had to get
the number 5 and then write down three zeros. This could be done easily working on paper.
It has been noticed that pupils often write the numbers 1, 2, 3, etc, down in a column and
then just put the required number of zeros next to each of these numbers. So, the lack of
knowledge concerning the arithmetic operations that result in 5000 would go unnoticed.
But the situation is different when thinking in terms of pressing calculator keys. In this case
the pupils had to reveal the way they think so as to achieve the three zeros and subsequently
the specific number. In Table 1, the instances of the pupils’ work that indicate this specific
misconception are summarized.

It is clear that in Task-2 the main effort of the pupils was to achieve the number 5.
In Task-4, one of the three desired numbers was 90. There was one pupil in Grade-6 who
followed a similar process in trying to obtain the number 9. Finally, the same line of thought
was found in Task-5. The pupils were asked to make the subtraction 800-130. Thus, they
first had to somehow get the number 800 since the | 8 | key was not available. Hence, they
focused on how to alternatively obtain the number 8, either by addition or multiplication,
thinking that it would then be easy to get 800 by simply pressing the zero key twice.
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Table 2. Instances of face value construct.

Task-1 [—][3][F] 429 instead of 402) Gr.3 (3/19), Gr.5 (2/41), Gr.6 (2/45)
Task-3 (DD E
[4][*][4][=]8 Gr5(1/41)
Task-6 HRRRREE
O =4
O EDEFIFEs 6e3 a19), Ges (1/41)
Task-7 2][=][2][F]0 Gr3 19

5.1.2. Face value construct

Acquiring correct place-value means that the pupils understand the value represented by
each digit of a multidigit number. Therefore, the value represented by a digit is the product
of the ‘face value’ [31] of the digit and the value associated with the place of the digit in
relation to the point of reference (i.e., the ones places). However, for pupils, very often the
tens digits represent single units and not multiples of 10 ones [37]. This is described in the
work of Ross [38] as the face value stage of place-value understanding and signifies a critical
misconception of multidigit numbers that may be difficult to detect. Fuson and Briars [39]
refer to this construct as concatenated single digits. So, the question is whether children
understand that in the number 25, the number 2 represents twenty objects rather than 2
(thus representing a two digit number as two sets of units). We will present examples from
four different tasks to show how the pupils use the number’s digits as single units (Table 2).

In Task-1 pupils had to replace the number 3 (tens) in 432 by 0. The process they
proposed makes it obvious that the number 3 was considered as representing units and this
is why the pupils decided to subtract 3 instead of 30. This is an indication of ignorance of the
arithmetic relationship that exists between the digits of a number. In a similar way, in Task-3,
some pupils trying to get the number 78 worked separately for the digits 7 and 8 assuming
that these numbers are not connected through a very concrete arithmetic relationship. On
the contrary it seemed that these numbers were considered as just two independent ones
that are placed one next to the other to form a new number. Slightly different is the case
of Task-7. It involves a 3-digit number and all keys are available but one. The number 205
requires the presence of zero but the relevant key is broken. Thus, the pupils thought that
the only thing they needed to do was to find a way to get zero since the | 2 | key is available.

Then, according to them it would be easy to get 205 by having @ . In another case
the rationale was to first get the 200 and then by adding 5 to get 205. So, the idea was to
follow the previous process for getting zero, then to repeat it (to get the two zeros) and then
it would be easy to take 200 by putting the digits @ @ one next to the other.

5.1.3.  Reversing values of tens and ones

In this case the digits are reversed when writing numbers. This is similar to what Steinle
and Stacey [40] call reverse thinking, a misconception found rarely within their research.
Pupils with this misconception regard numbers such as 52 and 25 as identical. Ultimately,
understanding these two numbers as identical means that pupils do not take place-value
of the digits into consideration. Indeed, we found only one instance of this misconception
concerning a pupil in Grade 3 and in Task-3. The pupils were asked to get the number 78
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Table 3. Instances of counting sequence errors.

Task-3 [=][3] =777 (instead of 797)  Gr.6 (1/43)
=] [=]777 (instead of 667) Gr.5 (1/42), Gr.6 (1/43)
[=1[33][=]777 (instead 0f 667)  Gr.6 (1/43)

Task-4 [=][1][Z]99 (instead 0f 79) Gr.3 (1/19)
[=][1][=]109 (instead of 199) Gr.3 (1/19)
[=1[90][=]109 (instead of 110) Gr.3 (1/19)
B [=]109 (instead of 90)  Gr.5 (1/42)
B [=]109 (instead of 11)  Gr.6 (1/43)

given that the keys , and @ were broken. This is the process proposed by the pupil:

E]SO E]87 (instead of 78)

According to this type of misconception the desired number 78 is considered as identical
to 87. Digits’ places are considered independently without regard for values of places
relative to each other.

5.1.4. Counting sequence errors

Counting sequence errors occur when pupils use counting approaches to work out answers
for questions involving multidigit numbers. Four types of such errors have been recorded
by Price [41] as the most common ones: (i) Mistakes in the new number at a change of tens
place or change in the number of hundreds. The problem is for example on naming the next
or the previous decade in a counting sequence (e.g., 60, 71, 72, ... or 63, 62, 61, 50, 49,
48, ...), (i1) Omitting numbers (e.g., 31, 41, 61, 71, .. .), (iii) Using an incorrect increment
or decrement when asked to count forward or backward by 10 (e.g., 452, 562, 672, §92)
and (iv) Omitting the ones part of each number (e.g., asking to count by 10 from 263: 270,
280, 290, . . .). In Table 3, some typical examples that can be considered counting sequence
errors are presented.

5.1.5.  Mistaken number representations (that reflect the base-10 numeration system)

To be successful in understanding place-value, it is necessary for the pupils to possess
certain mental skills such as the correct recalling of the numbers’ names. Good number
sense is important for the pupils to grasp the meaning of mathematical questions and for
working out potential answers. There exists an association between the written symbols
and the number words which are alternative representations of numerical quantities. By the
age of 10 most children have mastered both notations for numbers: verbal numerals such as
seven hundred seventy seven and Arabic numerals such as 777. Pupils also have been taught
at this age to translate numbers from the one form to the other (many researchers call this
transcoding). Studies by Power and Martello [42] and Seron and Fayol [43] showed that
even from early grades pupils generally make no errors in transcoding number words into
single or two-digit numerals and only when dealing with more complex numbers such as
3-digit ones errors may appear more often. However, there is also evidence that transcoding
between number words and Arabic numerals causes problems to pupils especially when
different arithmetical abilities exist in the classroom [44]. So, it is a very challenging task to
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Table 4. Mistaken number representations in Task-3.

Task-3  [600|[+][103][+][4][=]707 Gr3 (1/19)
1oo][+]| 100\.! 100 ] +][ 100][+][100][+][100][+][100][+][4][+][3] (=]

707 Gr.3 (1/19

--5]770 Gr3 (1/19)
[500][+][200][+][50][+][20][Z]770 Gr5(1/42)
[300][+][300][+][100][*][50][+][20][=]770 Gr5 (1/42)
[600|[+][100][+][66][*][4][Z]770 Gr.6 (1/43)

2] 2] 2] [F ][ ][* ][ 100][=] 700 Gr3 (1/19)

I3[ o a3
[35][+][42][F]77 Gr6(1/43)

Fio] (7 J[10) (] 0] o] ) o) o [l =70 v 1
[100][*][50][*][20][F]170 Gr:5 (1/42)

help pupils to reach the stage of learning numbers and their names. The way pupils respond
to specific tasks can indicate a limited possession of the above mentioned association.

In Task-3 the pupils were asked to get the number 777. However, for some of them
getting 777 was the same as getting 707 or 770 or 700 or 77 or 170. It is interesting that
even though these kinds of errors could be expected for younger learners, there were also
similar instances in Grades 5 and 6 (see Table 4).

5.2. Type 2. Limited understanding of place-value — Unitary concept of
multidigit numbers

The ‘unitary construct’ is considered one of the first steps for understanding the base-
ten numeration system. Unitary construct refers to recognizing from early schooling the
symbols for the numbers 1 to 9 and associating each one of these symbols with one number
which can represent the total number of objects in a group. This construct is an important
step for younger children but sometimes can lead to a limited conception especially for older
pupils that multidigit numbers are collections of single units. Thus, for example, pupils see
25 not as 2 tens and 5 ones but rather as 25 ones. Researchers refer to this situation with
various names. For example, Ross [38] refers to it as whole numeral stage and Fuson [29]
as collected multiunits.

Some examples of our pupils’ work are presented later showing limited understanding
of place-value. The way the pupils worked leads to the correct result. However, the path
they followed indicates that they did not understand place-value in depth (Table 5).

In Task-6 the pupils wanted to get the number 345. Among the responses there were
instances that show limited understanding of place-value (Table 5). The first instance for
Task-6 is a pure one of the unitary concept for the number 345. The pupil did not see
the 345 as 3 hundreds 4 tens and 5 ones but as 345 ones (Figure 3). However, it is worth
paying attention to the two other instances. The pupils’ work is in the same spirit. The
difference is that in these examples the pupils worked at two levels. The first one is based
on collections of units (10s and 100s) rather than on single units whereas in the second there
is a clear presence of the unitary concept for the remaining 45. Similar approaches were
also detected in other tasks. In Task-2, a Grade-3 pupil got 5000 by adding consecutive
100s (collections of 100s instead of 5000 units). In Task-3 the desired numbers were 78
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Table 5. Examples showing unitary concept of multidigit numbers.

Task-6 CFIDFIDFIDE]-[FE] 345 6re (142)
o]0 ][+ [ Lo [+ [ =] [+ U E

(the tens for getting 300 and the ones for getting 45) Gr.5 (1/41), Gr.6 (1/42)

[100[+][100][+][ 100 [+][1][F][1][]-- [*][1][F] cr3 /19,

Gr.6 (1/42)

Task-3 [o]f+][10](+] - [F][10](+][1][+][1]---[£][1](=) 78

(the tens for getting 70 and the ones for getting 8) Gr.5 (1/42), Gr.6 (5/43)

- HDE

(the hundreds for getting 700, the tens for 70 and the ones for 7) Gr.6 (6/43)
Task-7 B [ ][F]208 - 63 19
AEBIE - [E5][F]205  Grs 440, Gre (2/42)

and 777. It is interesting that the number of instances that show limited understanding of
place-value was significantly increased in the upper grades. Both examples for Task-3 are
based on collections of units. For 78 the main process is characterized by groups of 10s
whereas for 777 by groups of 100s (for 700) and 10s (for 70). This process was also found
not only in consecutive additions but in subtractions as well. In Task-7 the desired number
was 205. Various approaches were recorded for obtaining this number. Two of them fit this
section. In the first instance 205 is seen as collection of 5s, whereas in the second, 205 is
obtained by subtracting consecutive 5s from 255.

5.3. Type 3. Answers showing understanding of place-value

Usually, the aim of a diagnostic tool in mathematics education is to find evidence for
pupils’ difficulties concerning a particular topic. However, it is important that the efficiency
of a diagnostic tool ranges from the problematic acquisition of a concept to the deep
understanding and exploitation of the taught knowledge. In this section we present some of
the pupils’ responses that show a refined understanding of place-value (Table 6).

In Task-1 all of the correct answers for the pilot phase (Grade-3) and for the majority
of the pupils in 5" and 6™ grades were based on subtracting 30 from 432. There were also
some answers based on subtracting numbers other than 30, which indicate a good number
sense. However, what is interesting is that in the pilot phase (3™ grade) none of the pupils

T S et

represent 5

/+/+/‘/‘/7"/+,/+,/
e M A TS

1t7+41 141+t 141149
14141 t4 H +{3f+4

Figure 3. Unitary concept of multidigit numbers.
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Table 6. Instances showing understanding of place-value.

Task-1 [432][=][29][F] Gr5(1/41)
[432][=][331][F] Gr6(1/45)
[432][+][68][F] G5 (1/41), Gr.6 (2/45)

Task-3 [100][=][22][F] Gr5(2/42)
3][*][25][*][3][F] Grs 42
[1000][=][223][=] Gr5(2/42)
[442][+][335][F] Gr6(1/43)

Task-4 [180][/][2][F190 Gr5(1/42), Gr6 (2/43)
[5][Z]90 Gr3 (1/19),Gr6 (1/43)
[45][*][2][F]90 Gr6(2/43)
[3][*][33][F199 Gr3(1/19)
[2][+][100][Z]109 Gr5 (1/42)
[2][=]109 Gr6(1/43)
[218][/][2][Z]109 Gr6 (2/43)
[113][=][4][F]109 Gr6 (1/43)
[120][=][11][=]109 Gr.6(1/43)

Task-7 [255][=][55][+][5][F] G5 (1/40), Gr6 (4/42)
R2][=[51[=][5][=][5][=][2][F]) 6rs /40y
[222]71[22][*][5][F] Grs5 (1/40)
[52][=1[52][+][52][*][52])[+][2][=][5][F] Gr3(1/19),Gr6 (2/42)
[225][=][25][+][5][=) Gr3(1/19)
[255][=][25][=][25][F] Gr3(1/19)

used addition (e.g., adding 70) even though the [ + ] key was available. In the second phase
there were only 3 pupils who decided to use addition as a way to obtain the desired zero.

For Task-3 the most common answers were based on the idea 60+ 10 +4 +4 = (or
other quite similar answers) for getting 78 and on the idea 600+ 100+ 60+ 10+ 6+ 1 =
(or again other similar answers) for getting 777. However, a few answers were recorded that
indicated a higher level of thinking, as can be seen in Table 6. These answers reached the
desired number sooner, using subtractions or additions of higher level of difficulty and in
some cases used a combination of operations (multiplication and addition) which implied
knowledge of the order of operations.

In Task-4 the most popular approach for the whole population was 100 — 10 = (for 90),
100 — 1 = (for 99), and 110 — 1 = (for 109). It is obvious that these approaches share two
main elements: the usage of 100 and the subtraction. The approaches that were considered
as advanced ones involved other operations than subtraction. But the most important is that
in this task we found examples of pupils using decimal numbers.

In Task-6 the pupils had to get the number 345. The most common answer was:
100+ 100+ 100+ 104+104+10+104+14141+1+ 1. On the other hand, the most
impressive answer was given by one 5™ grade pupil and three 6 grade pupils:

L[ R E]




Downloaded by [University Of Wales Trinity Saint David] at 05:39 05 December 2017

International Journal of Mathematical Education in Science and Technology 537

Table 7. Instances showing parallel processes.

Task-3
78 777 Core idea

35 +35=7
[500][+][200][+][s0][][20][][5][=][2] 5 + 2=7
L] L ][] [un][*][s ][ ][]

(Lol 5][=][2] 6 + 1=7
[300][+][400][+][30][+][40][+][4][¥][3] 3 + 4 =7
Looo][+][160][+][6][+][1]

[100][=][22] [1000][—][223]

[30][+][30]{+][10][+][6] [300][<][300][+][100][+][60][+][10][+] 3 +3+1=7
Lo][+][1]

Table 8. Quantitative data concerning misconceptions/errors.

Grade-3 Grade-5 Grade-6
Instances of ‘zero’ difficulty (Tasks 2, 4, 5) 6/57 (10.52%) 4/123 (3.25%)  7/129 (5.42%)
Face-value construct (Tasks 1, 3, 6, 7) 5/76 (6.57%) 4/164 (2.43%)  2/172 (1,16%)
Counting sequence errors (lasks 3, 4) 3/38 (7.89%) 2/82 (2.43%) 4/86 (4.65%)
Mistaken number representations (Task 3) 4/19 (21.05%) 4/41 (9.75%) 3/43 (6.97%)

In Task-7 the pupils had to get the number 205. This task was of higher level of difficulty
since the handling of the available combinations of the allowed keys demanded a higher
level of skills in order to get 205. Additionally, it was not obvious how to obtain a 3-digit
number such as 205. However, again there were many different answers revealing a broad
understanding of place-value.

Finally, the analysis of the collected data particularly for Task-3 had as a consequence
a remarkable pattern concerning the line of thought followed by the same pupil so as to get
the two required numbers 78 and 777. There was an analogy in the processes for getting
these numbers as the examples in Table 7 show.

For some of the cases it is clear that in each pair the same core idea is hidden behind
the operations for getting 70 and 700 as can be seen in the last column to the right.

Ending this section, it may be helpful to present a summary of some quantitative data
concerning the distribution of the three levels of place-value understanding among the
three grades. The percentages represent the number of certain answers per total numbers
of answers for the given tasks.

Data in Table 8 depict the situation for each grade for the totality of the misconcep-
tions/errors. The percentages are greater for the third grade and smaller for the fifth and
sixth ones. This may be attributed to the fact that third graders have limited experience
on place-value compared to their older classmates. Grade 5 and 6 pupils have the chance
to elaborate and repair their incorrect conceptions of place-value during the years after
3t grade. Moreover, it seems that the percentages of mistaken number representations are
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Table 9. Quantitative data concerning limited-deeper understanding of place-value.

Grade-3 Grade-5 Grade-6

Limited understanding 2/57 (3.50%) 6/123 (4.87%) 16/129 (12.40%)
(unitary concept of

multidigit numbers)

Deeper understanding of 5/76 (6.57%) 13/164 (7.92%) 20/172 (11.62%)
place-value

greater than the percentages of the remaining three misconceptions. This is the same for all
the grades, but still the numbers continue to decrease as we move from 3™ grade to 6™ grade.

The numbers in Table 9 show a rather expected picture. Moving from 3™ grade to 6™
grade the percentages for limited understanding increase and this could be considered as
the first step for older pupils towards resolving the misunderstanding and acquiring a more
compact knowledge of place-value. The percentages concerning a solid understanding of
place-value are also better for 5 and 6™ graders. This could be attributed to their better
knowledge of decimal numbers as well as to their more compact knowledge in handling the
four operations. This is confirmed by the fact that only 5™ and 6™ grade pupils employed
multiplications and divisions in their approaches.

6. Discussion

In the first part of the results the pupils’ answers revealed five different misconcep-
tions/errors related to place-value. This first sub-section started with answers that indicated
how zero is perceived by the pupils. Very often, in order to make a sequence of numbers
that include zero, the pupils handle these numbers as ‘following a pattern’: Increase the
first digit by one and then just place zeros. All the instances presented in Table 1 show that
the pupils got the desired thousands (5), hundreds (8) or tens (9) and then, according to the
above mentioned pattern, they pressed the zero key three or two consecutive times (for 5000
and 800) or one time (for 90), respectively. This meant that for them: i) Zero was not related
to tens, hundreds and thousands, and ii) it did not require a specific arithmetical operation
to obtain 5000 or 800 or 90. One can argue that these results could be due to pupils’ lack
of understanding of the logic and function of the calculator or to their lack of practice. So,
since this will be an option for almost all of the findings, it is proper to present our thesis
at this point: (i) Several of the test items were linked and consequently the consistency
of similar responses across them does make it plausible that a misconception is operative.
(i1) The pupils were familiar with the way the calculator functions since there were tasks
in their textbooks asking to use it. But it is different when some keys are broken. Then it is
not only a matter of how the machine functions but rather of how to exploit the acquired
mathematical knowledge relevant to the specific topic. (iii) The pupils continued to wonder
when they came to apply online their approach and found that there was a contradiction
between what they expected as a result and what they received on their screen. They were
convinced about the propriety of their process and this is why they were confused with the
result. For them it was rather a matter of how it happened to take a mistaken result than of
knowing how to work in the calculator environment.

The second misconception referred to the face value construct, that is the fact that the
value represented by each digit of a multidigit number is the same as the product of its ‘face
value’ and the value associated with the place of the digit in the number (i.e., the ones or
tens place). But it is not rare to see pupils who consider tens digits as representing single
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units and not multiples of 10 ones. According to our data (see Table 2) it became apparent
that the pupils made an effort to transfer this mistaken ‘knowledge’ from 2-digit numbers
to 3-digit ones. Thus, an overgeneralization of this ‘rule’ is a 3-digit number given that all
the necessary keys are broken as it happens in Task-6. All the digits of the 3-digit number
were considered separately as being just concatenated single digits or sets of units without
any arithmetical relationship among them.

All the cases show clearly that in the pupils’ mind digits are not carrying a certain value
that is associated with their placement in the number. These objects do not really represent
groups (multiples) of ten or hundred units.

The third misconception refers to reversing values of tens and ones (i.e., reverse think-
ing). This is a rare error and the only instance in this study was the example of the numbers
78-87. Obviously, it is not an easy task to distinguish between a misconception and an
erroneous response due to some other factors such as misremembering or miscalculating.
Indeed, it could have happened that the pupil did carelessly read the problem statement and
this is why he/she tried to get 87 instead 78. Thus, it is important for the teacher to be aware
of such cases so as to include in his/her design of the test some mechanisms that would
verify that these errors were not just typo mistakes or misleading but real conceptual errors.
The most typical verification procedure could be for the teacher to call the specific pupil
for an interview or to ask him/her to solve more problems similar to the one that revealed
the error. In any case it is something that has to be noticed by the teacher since it may hide
a noticeable misconception.

Then it was the counting sequence errors, i.e., errors in the numbers when changing
decades or hundreds during a counting approach. All the examples presented in Table 3
share a common characteristic. They are based on subtraction and thus a change in decades
or hundreds is necessary. In Task-3 and in order to get the number 777 some Sth and 6th
graders found difficulties in changing decade or hundred. However, another explanation
that is more or less connected to place-value could also be accepted. This is based on a
mistaken subtraction: 10 — 3 = 7 (with borrowing 1), 10 — 3 = 7 (with borrowing 1),
8 — 1 = 7. Similarly, in the second example, it could be 10 — 3 = 7, three times separately,
or two times for the last example keeping 7 unaltered. This is something that can be later
tested and verified. Similar results were found in Task-4. The incorrect numbers in bold
(ie., 777, 99 and 109) were the expected results that the pupils wrote in their worksheets
and thought that would be displayed on calculator’s screen. All the instances presented in
Table 3 indicate that there may have been a problem in finding the decade or hundred when
counting down starting from a specific number.

Finally, there were detected instances that revealed mistaken number representations,
i.e., inability of the pupils to conceive the association that exists between the written symbols
and the number words. The mistaken representations that were presented in Table 4 could be
attributed to a lack of place-value understanding. These pupils were not able to use features
of the base-ten numeration system so as to represent accurately certain quantities by written
numerical symbols. However, one can say that this may be the result of misremembering
or an accidental error and obviously, this option is a valid one. But, again it is easy for the
teacher to verify the origin of these errors.

The second part of the results section was relevant to the limited understanding of
place-value. The pupils’ answers were based on the unitary concept of multidigit numbers,
i.e., multidigit numbers were seen as collections of single units. Moreover, in some cases
the pupils broadened this concept and instead of considering single units they considered
collections of units. Thus, for a three-digit number, they applied three times the same
concept, one for each digit. The target number was 777. Instead of using 777 single units
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they used 7 collections of 100 units, 7 of 10 units and 7 single ones. For getting 205 in
task-7, instead of 205 single units, a 3rd grade pupil considered a sequence of collections
of 5’s. This is in itself an interesting aspect of control that shows a progressive movement
towards a deeper understanding of the concept of place-value.

Finally in the third part the pupils’ answers were indicative of a substantial mathematical
knowledge concerning place-value. For Task-1, it would be sufficient to subtract 30 to get
zero. This was done by the majority of the pupils. However, some of them preferred either to
use subtractions or additions of higher level of difficulty (i.e., 432 — 29, 432 + 68). For Task-
3, it was the combination of operations (multiplication and addition) that indicated deeper
knowledge of the order of operations. For Task-4, it has to be mentioned that there was not
any restriction as far as the kind of the numbers is concerned. On the contrary, it would be
expected, especially for 5th and 6th graders, to include other numbers than natural ones in
their approaches. However, almost all of them resorted to the natural numbers. Therefore,
the fact that some of the pupils decided to involve decimals for getting 109 was considered
especially important and indicative of an exploitation of the mathematical knowledge taught
to them. Finally, it would be appropriate to make an additional comment on Task-3. As
Table 7 showed, there was a pattern in the pupils’ line of thought for getting the numbers 78
and 777. More precisely, there was an analogy in the processes for getting these numbers.
This meant that the pupils were able to transfer the knowledge acquired through the first
part of the task to the second. Moreover, this knowledge was not transferred verbatim. They
had to modify it so as to get another number but expressing this number in a way that
would fit in the process adopted earlier. This is in itself a significant mathematical action
that could be included on the advanced understanding of place-value.

Ending this section and despite that the aim of the paper was to present the broken
calculator as a teacher’s assistant to detect the pupils’ conceptual understanding of place-
value, it is worth adding a few lines about how such tasks (or other similar to them) can
improve understanding of place-value. First of all, pupils must be inventive in their problem
solving. In the standard algorithms they have just to follow rules and the steps are quite
simple since they are based on their knowledge of single-digit addition or multiplication
facts. However, this is not the case when working in the broken calculator environment. The
way of thinking is now beyond the mechanical application of certain steps. Pupils are forced
now to explore relationships between numbers and exploit their knowledge of mathematics
in order to reach new strategies. Given, for example, that in Task-5 pupils have to find an
alternative way to build the minuend 800 (since the 8 key is disabled) they are forced to
use their knowledge of number relationships and operations. In Task-7 the asked number
is 205 and the zero key is broken. This helps pupils to focus on and analyze the structure
and elements of arithmetic and to gain skills and deepen understanding instead of letting
the calculator replace their thinking. They work around the limits set by the disabled keys
or functions which results in deepening their number sense. At the same time, when pupils
work in this environment they experience a contradiction between what they expected as
a result and what they see on their computer screen. This is a consequence of the pupils’
misconceptions and could launch a ‘repair’ process.

7. Conclusions

Knowing the common mathematical errors and misconceptions of young pupils can provide
teachers with an insight into pupils’ thinking. This allows teachers to adapt the focus
of the teaching and learning process in the classroom. But what does it mean to have
a ‘misconception’? Normally, this would be defined in terms of someone following in a
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regular way a pattern of thinking that either runs counter to what is mathematically accepted
or that applies an accepted pattern but in an overgeneralized way. So, in order to infer that
someone holds a misconception it is necessary to have at least one and preferably both
of the following types of evidence: (a) consistent use of the misconceived pattern across
a range of cases; (b) some form of trace of the thinking behind responses that provides
a fuller indication of the underlying pattern. This will ensure distinguishing between a
misconception and an erroneous response due to other accidental factors (misremembering,
miscalculation). Calculators should be seen as tools to assist teachers in detecting such
errors and misconceptions. The fact is that the attitudes of the teachers against calculator
are varying. There are teachers who prefer not to use a calculator and this reluctance is
connected with their liking for number work and thinking out number problems, their limited
confidence in the alternative written and mental modes of calculating in the calculator
environment, their doubts about the legitimacy of using a calculator or their beliefs about the
negative influence of the calculator on understanding and learning numbers [2]. Conversely,
there are teachers who prefer using calculator because they do not enjoy number work;
they accept its legitimacy and its facility, reliability and speed of the calculator mode of
calculation. In general, it seems that experience is a factor in teachers’ beliefs about the
cognitive affects of using calculators [45]. In a recent study [46] it was found that pre-service
teachers were inclined to regard calculators as a crutch in mathematics learning whereas for
practicing teachers calculators were seen as a catalyst for enhancing pupils’ mathematical
achievement. Even among those who are in favour of the usage of calculators there are
contrasting views between their own use of calculators and their views of appropriate use
of calculators in the elementary school classroom [47].

The main idea of this paper is to see calculators as valuable allies of the teachers in
their effort to help their pupils to learn mathematics. More specifically, the aim was to see
whether broken calculators could become valid and reliable allies in order to uncover what
pupils know or do not know about place-value.

(1) Carefully designed tasks especially for the calculator environment were used to
allow the teacher to understand the extent to which pupils have grasped the math-
ematical meaning of the topic (place-value in our case) and consequently where
further teaching is needed. The pupils’ responses (considered as indicative of their
thinking) combined with the tasks’ design (when it is considered from a ‘testing’
perspective), taken together, would form one kind of validity. The set of the tasks
has content validity through the connections of the items to various ideas from the
review and also has some form of face validity since the items provide a sampling
of ‘correct’ and ‘incorrect’ responses which in their analysis connect to keystroke
sequences related to various place-value ideas.

(2) Given that the pilot study gave insight into the way pupils think about place-value
it was important to test the reliability of the usage of calculators. So, the second
phase involved older pupils and it seemed that the usage of the same collection
of items succeeded in uncovering similar misunderstandings and errors and at the
same time showed that these pupils have a deeper understanding of place-value.

(3) Finally, it seems that it is not just the calculator that is of importance. The proper
design of the tasks and the teachers’ awareness of the known misconceptions and
errors relevant to the topic are equally needed. The former would allow teachers to
collect evidence not only about what the pupils do not know but actually what they
know and how they know it. The latter would make teachers able to develop an
understanding of the known misconceptions relevant to place-value so as to relate
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a pupil’s way of solving a task to a specific misconception. Hence, this would result
in discovering an individual pupil’s misconceptions which are identical with known
ones already established in the literature.

In the light of the information that the teacher is able to extract from pupils’ responses
about the nature of their misconceptions, the teaching process is revised and retested. In
this study, the design of the tasks was based on the pedagogical point that it is useful to ask
pupils to do a task without the full complement of tools ordinarily available for doing that
task [15]. This could be considered a way of revealing the depth of pupils’ understanding.
This approach, based on calculator usage, allowed us to detect some of the misconceptions
concerning place-value: zero is not place holder; face value construct; reversing values
of tens and ones; counting sequence errors; and mistaken number representations. At the
same time we had the chance to record pupils with limited understanding of place-value or
pupils who showed a performance that ensures an exploitation of the acquired mathematical
knowledge of place-value. So, it seems that the usage of calculators can be broadened. The
major view for calculators considers them as tools for speeding up arithmetic computations
or for ascertaining the accuracy of those computations. There also exist studies proposing
calculators for exploring patterns and discovering more about mathematical concepts and
even more for investigating mathematical relationships. However, the purpose of this paper
is to add and demonstrate another role for the calculator: a facilitator, making the teachers
able to see pupils’ conceptual understanding in a multimodal environment which would
give them a better way of understanding what their pupils know or do not know and how
they are able to use it. We hope that as teachers have started progressively to adopt the
perspective of the usage of technology in their classrooms, they would be better able to
incorporate calculators in their daily practice. This would give them the chance to assess
the usefulness of technology as a tool for modifying their lesson so as to respond to the
pupils’ needs and level of knowledge.
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