Local Search Algorithms and Optimization Problems

(see Norvig and Russel)
So far we’ve considered algorithms that explore search spaces systematically, creating and storing potential paths to a goal in memory.  When a path to a goal is found, then the path to the goal can also be a solution to the problem.

If the path to the goal is irrelevant and only the goal is important then we can use local search algorithms that will not concern themselves with paths, but only with finding the goal.

A local search algorithm operates only using a single current state and generally moves only to neighbours of that state, and usually do not retain the paths which lead to the goal.
Therefore we can define local search as a search method that only ever works on one state, attempting to improve the solution in a step-wise manner by selecting an adjacent state that represent a better solution.

They are not systematic (i.e. they do not necessarily search all the state space) but i) can usually find very good solutions to large or infinite (continuous) state spaces and ii) use limited memory.

Several methods exist including Hill-Climbing and its variations, Simulated Annealing and the closely related ideas of Genetic Algorithms.

Genetic Algorithms

A Genetic Algorithm (GA) is a search method which uses ideas borrowed from the Biological Sciences, in particular Genetics and Evolutionary Theory.  It is of particular interest since it has been applied successfully in a wide range of disparate problem areas including electronic circuit design, computer games, mathematics, algorithm design, timetabling and even coffee table design. 

The GA is based on evolutionary theory and genetics.  Potential solutions to a problem are initially created and can be thought of as individuals and these individuals are then placed in an environment.  The GA’s aim is to select the fittest of this population of individuals and then to produce a new population made up the fittest  together with new offspring of these fittest individuals. The least fit are culled. This process is repeated for many generations until an optimum solution is found or a set number of generations have passed.

As in genetics the term genotype is used to describe the combination of information which is used to generate the individual.  Typically a genotype is a string of characters describing a structure.  The structure that is described and ultimately built from that genotype is termed the phenotype.  When programming a GA a genotype is often represented by a string of binary digits.  Each digit can be thought of an allele. This term describes one of the variant forms of a gene at a particular locus, or location, on the string and will code for a particular characteristic in the resulting phenotype.  For example, the gene for eye colour could be found at say digit 4 and if the allele is 1 then eye colour is blue otherwise it is 0 and eye colour is brown.   In order to generate a phenotype from a genotype it is necessary to map the codes of the genotype through some mapping function to the phenotype.

A genetic algorithm’s aim is to select the fittest of a population of phenotypes and modify and combine the chosen ones’ genotype to obtain a new genotype which is then given a place in the population at the expense of the most unfit.  This process is repeated over many generations to obtain a population with a higher order of fitness.  

This requires that we have a fitness function which will identify a measure of fitness for any individual.  This function effectively describes how well the individual is suited to the environment. A suitable algorithm is shown overleaf.

BEGIN

   Randomly generatate a population of M structures:-

   s(0) = {s(1,0),…s(M,0)}.

   /* s(M,0) refers to a structure M of generation 0 */

   t=0  /* t is the current generation */

   REPEAT

      Total fitness =0

      FOR i = 1 TO M DO 

        /* i is the current structure in the population */

        /* Compute and save measure of utility of string.Function */

        /* v(s(.,.)) returns the fitness (utility) of string s(.,.)*/ 

        fitness(i,t) = v(s(i,t))

        /* Calculate total fitness here */

  TotalFitness = TotalFitness + fitness(i,t)

ENDFOR

FOR i=1 TO M DO

   /*compute the selection probability for string s(.,.) */

   p(i,t) = fitness(i,t)/TotalFitness

ENDFOR

Generate new population based on those with highest selection probability, p(i,t).

Apply genetic operators (crossovers/mutations/inversions) to selected genotypes

Substitute children in population

t=t+1 /* ready for next generation*/

   UNTIL (t>predefined upper limit)

END

Genetic Operators

If there were no changes in the population’s genotypes then the GA would not work.  In order for the GA to move through its state space then genotypes must change and a new fitness level must be determined. The kind of changes that can be made to a genotype can be any that will speed up the search, however it is usual to use crossover and mutation operators. Each is described below.

Crossover

Here one or more points on two strings are selected at random.  The substrings defined by these points (start point and end point) are swapped over between strings.  An example follows.

Two structures (parents) are chosen at random.

Cut points are chosen at random (2 in this example).

                Chosen cut points


Parent 1 10111 0101110 101011

Parent 2 01101 0111000 011110

Child 1  10111 0111000 101011

Child 2 01101 0101110 011110

Two new children are formed by crossing over sub-strings, perhaps one child is chosen for the next generation.

Mutation

Mutation describes the chance alteration of one or more alleles in a genotype.  An example follows:


Before Mutation    10001001010110110

After Mutation      10000001010110110

Terminating Conditions

The algorithm usually proceeds until a particular terminating condition has been found.  Common terminating conditions include:
      A solution is found that satisfies minimum criteria 

This condition might be used if our desired solution is reasonably well defined or there is a subset of desired properties of the solution which have already been defined. 
Manual Inspection

The terminating condition’s minimum criteria might not be easy to describe algorithmically, for example a GA designed to produce an object with high artistic value will depend upon the expert and personal opinion of a judge.  The criteria is well defined in the mind of the person judging but the algorithm may well find it impossible to implement the criteria.  A manual inspection may be necessary in such cases.

Solutions which are open ended and have no minimum criteria defined might suit a more open termination approach such as:

Searching until a fixed number of generations has been reached
This approach has an obvious flaw since it is impossible to predict whether the next solution will be better than the current one –so the question arises “what is the upper limit?”

Here (and with the minimum criteria condition above) limits might be modified or replaced depending upon existing conditions and the project’s context, for example the algorithm might be adjusted to terminate when:
1. The allocated budget (computation time/money) has been reached.
2. The highest ranking solution's fitness is reaching or has reached a plateau such that successive iterations no longer produce better results 

To summarize:

The algorithm usually proceeds until a particular terminating condition has been found, for example:

1. A solution is found that satisfies minimum criteria 

2. Fixed number of generations reached 

3. Allocated budget (computation time/money) reached 

4. The highest ranking solution's fitness is reaching or has reached a plateau such that successive iterations no longer produce better results 

5. Manual inspection 

6. Combinations of the above. 
Factors affecting Gene Frequencies.

Natural Selection favours individuals with genes which give a high fitness for a particular environment.  A new gene bestowing high fitness would increase the chance of survival and therefore increase the frequency of that gene in individuals of the population at the expense of other less fit individuals. This increase would level off once it becomes established in the population.

Mutation would have little effect until a random change produced a gene that conferred high fitness to a particular individual.  The frequency of that gene would then increase along the lines of that described for natural selection.  In effect mutations are searching for new local optima in a search space.

Natural selection and mutation are not the only mechanisms involved in evolution. The frequency of genes in a population can be affected by other factors. For example, genetic drift, the fluctuation of allelic frequencies about their mean, can effect allelic frequencies in large and small populations, but in small populations it becomes significant, leading to the loss of some alleles and the domination of others. Genetic drift can occur as a result of not all individuals becoming parents or some offspring dying (even though they may carry very fit genes).  In small populations eventually an allele will either dominate or disappear. It can be summarised as “an accidental change in the gene frequency, especially in a small population.” Remember, genetic drift was not identified by Darwin  and is a separate evolutionary mechanism – that is, it is not a part of “natural selection” but rather a different evolutionary mechanism.
In a population where random mating occurs and the gene frequencies in the population were in equilibrium, then there would be little or no effect to the gene frequencies. This is known as the Hardy–Weinberg principle (HWP) (also Hardy–Weinberg equilibrium (HWE), or Hardy–Weinberg law). That is, if the frequency of a trait doesn't change over time the population is said to have genetic equilibrium (the Harvey-Weinberg principle). The Harvey-Weinberg principal requires four things to occur: no natural selection, random mating, no migration and no significant mutations.
Genetic drift, an accidental change in the gene frequency, may occur even if the above conditions are met. (usually caused by environmental effects on small populations). 
Migration can have a big effect on gene frequencies.  A population moving to a new environment will experience new evolutionary pressures.  The fitness associated with a particular allele depends upon the environment in which it lives. In a differing environment that fitness conferred by that allele may be wiped out and result in the loss of this allele in the genotype. 
