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Executive Summary

This report presents an in-depth analysis of the use of MATLAB to simulate the thermal equilibrium of an aluminium plate using finite difference methods (FDM). It begins by establishing the initial and boundary conditions, highlighting the importance of these parameters in accurately modelling heat transfer. The report then delves into the MATLAB code, explaining each section and its functions.
Key findings from the analysis reveal the sensitivity of the model to parameters such as grid spacing, time step, and tolerance settings, demonstrating their influence on both computational efficiency and accuracy. While the forward difference method employed is computationally efficient, the report identifies its limitations, including stability issues and error accumulation.
To address these challenges, the report suggests potential improvements, including adopting advanced numerical methods such as the Alternating Direction Implicit (ADI) method or transitioning to finite element, finite volume, or boundary element methods for handling complex geometries. Further recommendations include exploring more robust approaches to modelling thermal equilibrium to enhance the accuracy and reliability of simulations.
The report concludes by emphasising the practical value of MATLAB for thermal simulations while acknowledging the need for ongoing refinement to address the identified limitations. This work provides a solid foundation for further exploration and development in computational heat transfer modelling.
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1.0 Introduction

Understanding and controlling thermal behaviour is essential in various engineering applications. This report focuses on analysing heat transfer dynamics in a two-dimensional aluminium plate over time. The main goal is to employ MATLAB, and specifically the Explicit Finite Difference Method (EFDM), to calculate how the temperature distribution evolves within the plate until it reaches thermal equilibrium. Renowned for its effectiveness in solving partial differential equations, the EFDM is an ideal method for modelling transient heat conduction in solid materials . 
The report emphasises a user-friendly approach, where the MATLAB code is designed to accept user inputs for key parameters like grid spacing and time step. These inputs significantly influence the simulation's accuracy and computational efficiency, allowing users to customise the analysis based on their specific needs.
To ensure clarity, the report begins with an overview of the Explicit Finite Difference Method, followed by a detailed examination of the MATLAB code. It also explores how variations in user-defined parameters impact the results and addresses the limitations associated with the numerical method and the coding process.

1.1 Aim and objectives

The main aim of this report is to develop, implement, and evaluate a numerical model for solving the heat equation using the EFDM.
The objectives are as follows:
Numerical Methodology:  Discretise the EFDM form of the heat equation and understand its role in modelling thermal conduction. Apply the EFDM to solve the heat equation, using Taylor series to derive finite difference approximations for both spatial and temporal domains. Define stability criteria, including the Fourier number, to ensure accurate numerical results.
Code Implementation: Design and develop a MATLAB code using EFDM to solve the heat equation for user input variables, such as x and y dimensions, initial north boundary condition and a time step, prioritising accuracy and efficiency in its implementation.
Numerical vs Analytical Comparison: Use the developed code to compare numerical solutions with analytical results for the heat equation. This will facilitate an analysis of temperature distributions and any deviations.
Model Performance Analysis: Examine how grid spacing, time step size, and thermal equilibrium influence the performance of the numerical model and facilitate validation of MATLAB code
Limitations and Improvements: Identify shortcomings in the numerical method and coding approach, and propose enhancements to improve accuracy, stability, and efficiency.
Alternative Strategies: Explore other numerical methods, such as the ADI scheme, and suggest refinements for modelling thermal equilibrium and advancing numerical strategies.


1.2 Background Information and the heat equation

Jean-Baptiste Fourier is credited with the formulation of the heat equation, first published in 1822. Fourier's key idea was that heat flows through a material in a manner like a wave, and he described the mathematical relationship between temperature changes over time and space .
Heat diffusion is the process through which thermal energy moves within a material, transferring from areas of higher temperature to areas of lower temperature. This transfer is a key mechanism of heat transfer, driven by the random motion of particles within the material . In solids, it involves the movement of kinetic energy from hotter particles to neighbouring cooler particles, facilitated by the material's structure.
The process of heat diffusion to equilibrium describes how a material progresses toward a state of thermal equilibrium over time. Thermal equilibrium is achieved when the temperature becomes uniform, with no net heat flow and no further changes in temperature occurring .
Understanding heat diffusion to equilibrium is crucial for analysing how systems react to temperature variations and how they ultimately stabilise.
Using the principle of Fourier’s original heat equation, a more modern heat equation now exists and is defined as follows:

Where,

t = time 
T= Temperature as a function of x, y and t
 =  is thermal diffusivity (
    = Density of the material ()
k = Thermal Conductivity () 
    = Specific heat capacity of the material (
  = Second partial derivative of T with respect to x
= First partial derivative of T with respect to t         

The heat equation represents how temperature (T) is distributed across a two-dimensional region, considering heat conduction in both the x and y directions. It shows how the temperature field changes over time (t) due to heat flow in both directions. On the right side, the equation involves material properties (k) and the rate of change of temperature with respect to time .
To solve this equation, it is necessary to define initial and boundary conditions, which describe how temperature behaves at the edges of the plate regions. For solutions in uncomplex geometries, numerical methods like EFDM are commonly used  because analytical solutions cannot be generated. For the model related to this report, the EFDM will be applied. This method simplifies the heat equation into a linear form, removing derivative terms and allowing the use of basic operations such as addition and subtraction. The Taylor Series, a mathematical technique that represents functions as an infinite sum of terms, will be employed for this purpose. By applying the EFDM and Taylor Series, we can approximate the first and second derivatives.
Named after the British mathematician Brook Taylor, the Taylor Series allows us to approximate a function using polynomial terms. Truncating the series involves stopping after a certain term, rather than continuing with an infinite number of terms.

2.0 The Taylor Series and Explicit Finite Difference Method 

2.1 The Taylor series

The Taylor series is a mathematical method used to approximate a function by a polynomial. It provides a practical way to approximate functions using polynomials, making it particularly valuable in numerical methods like the EFDM which considers linear approximations to the 1st and 2nd derivatives from the Taylor Series .
For a smooth and continuous function , the Taylor series is expressed as follows:
+….


Here:
 is the function value at the point . Where  is the location of interest around which the polynomial approximation is built.
are the first, second, and higher derivatives at 
 represents the distance from 
By truncating the series after a few terms, the Taylor series enables the approximation of functions. For example, keeping only the first few terms can result in a linear or quadratic approximation, depending on the level of accuracy required .


2.2 Explicit Finite Difference Method

Finite Difference Methods (FDM) include forward, backward, and central difference approximations derived from Taylor Series. The forward difference method estimates the derivative of a function at a given point using the function's value at that point and a point slightly ahead. 


Where  is the distance from  and . Therefore, the forward difference approximation (FDA) is very sensitive to the  value that must be small for the error to be negligible, thus for such an approximation to be sufficiently accurate. 
The backward difference approximation is like the forward difference but uses the function's value at a given point and a point slightly behind it. This method is typically used in implicit schemes, where the approximation involves unknowns at the next time step, making the system more complex to solve. It is commonly referred to as the Implicit FDM and is expressed as follows. 


The central difference approximation estimates a derivative using values from points slightly ahead and slightly behind the given point. It is typically more accurate than the forward and backward difference methods. However, it can be more challenging to implement, especially near boundaries where data points may be limited. The central difference approximation is represented below. 


When approximating the second derivative, Taylor series expansions at  and  are added to generate an approximation to the second derivative as eq. 1.5.


For the model in this report, the forward difference approximation will be used to estimate the first derivative, while the central difference approximation will be applied to the second derivative terms for both  and  . This approach will convert the previously mentioned heat equation into a linear form, which will then be transformed into the MATLAB code.

2.3 Discretisation of the Spatial Domain

When applying these equations, it is crucial to note that they correspond to the nodes within the domain of the aluminium plate, defined by the grid spacing chosen by the user (h). As illustrated below, point 'P' represents the node under analysis, and the equations will be used to calculate the temperature at each node. The heat equation will be reformulated as demonstrated.

Figure 1 – Image depicting grid nodes to be considered around point ‘P’ (Assignment Brief, 2024)

The second derivatives for  and  can be approximated using nearby points in the grid. Specifically, the second derivative with respect to  is determined by incorporating the values at the points located to the east (E) and west (W) of the node being evaluated. The calculation is outlined below: 


For the second derivative with respect to , the points to the north (N) and south(S) of the point under evaluation the calculation below is used: 


For the first derivative, it is not required to derive from a space dimension, but from a time dimension. For this calculation the location will remain as point ‘P’ but will be measured from the aspect if time. This can be calculated using the forward difference approximation method below, where  is the temperature at point P at current time step, and  is the temperature at point P at the next time step.



2.4 Derivation of Explicit Finite Difference Form of Heat Equation using Fourier’s Number

The EFDM uses the forward difference approximation for the 1st derivative and the central difference approximation for the second derivative to discretise the heat equation. The EFDM form of the heat equation is given by . 



Where  is the Fourier number, a dimensionless parameter. It is defined by combining material properties such as thermal diffusivity (), the temporal step size (), and the spatial grid spacing (h). It is expressed as: 


2.5 Definition of Stability Criterion

The Explicit Finite Difference Method (EFDM) can lead to stability challenges, primarily due to truncation and round-off errors. To maintain the model's stability, it is essential to ensure that the Fourier number remains between 0 and 0.25. This value is influenced by the user's chosen time step. To address these stability concerns effectively, the MATLAB code must contain a section that enforces this range for the Fourier number as it is critical.

3.0 Initial Conditions, Boundary Conditions and Analytical Solution
3.1 Initial and Boundary Conditions

Initial boundary conditions are a crucial consideration for this report. The plate's initial temperature is uniformly set to zero degrees Celsius across its entirety, including all outer boundaries. The East and West boundaries are maintained at a constant temperature of zero degrees Celsius. These boundaries are treated as fully insulated, following the Neumann boundary condition, which ensures the conservation of heat within the plate. The mathematical representation of these conditions is given by:

This indicates that there is no heat flux through the East and West boundaries, as the temperature gradient perpendicular to these boundaries is zero.
The North boundary and South boundary conditions are user defined within the code, allowing for variability. Once specified, these conditions are to remain constant throughout the simulation until the model determines that thermal equilibrium has been achieved. The fixed temperature values at the North and South boundaries are examples of Dirichlet boundary conditions, which specify the temperature directly at the boundaries. These conditions can be mathematically expressed as:



Figure 2 - Initial plate and boundary conditions (Assignment brief, 2024)


3.2 Analytical Solution

To validate the EFDM used in the code, an analytical equation will be used. This equation highlights the critical role played by the chosen initial and boundary conditions in determining the solution's accuracy. The linear term addresses the Dirichlet boundary conditions at the top and bottom edges, while the summation term is designed to prevent any heat flux along the left and right edges. Ensuring that these conditions are properly defined is essential for both analytical and numerical approaches, as the MATLAB model's reliability relies on their compatibility. The analytical equation to be used is as follows  :




4.0 MATLAB Code Detail & Analysis
4.1 Codes’ details and explanations 

This section of the report will break down sections of the MATLAB code and explain what each aspect of the code is doing. 
The code starts by clearing the command window, closing any open figure windows and clearing any stored variables, this can be seen in figure 3 below:


Figure 3 – Initial MATLAB code clearing command window, variable & open figures (MATLAB,2025)

In the next part of the code, shown in Figure 4, the variable values required for the code are established. The brief specifies that ‘k’, ‘p’, and ‘c’ represent the aluminium plate's conductivity, density, and specific heat, respectively. Additionally, ‘alpha’ is calculated using the formula provided in the code, as illustrated in Figure 4.


Figure 4 -Variable values set for plate properties and value for alpha determined (MATLAB, 2025)

Once the plate properties are defined, the next section of the MATLAB code allows the user to input the dimensions of the plate for width ‘Xd’ and height ’Yd’. These dimensions are then validated by the code using a ‘while’ loop to ensure that positive numbers are used. If the user inputs a negative number, or an invalid value, the program will prompt them to enter valid values until acceptable inputs are provided and stored as variables (Figure 5).

Figure 5 – Variables checked and set for plate dimensions inputted by user (MATLAB, 2025)

The code moves on to the user defined grid spacing. Variable ‘h’ is defined as the input as to which the user will select their grid spacing size. A ‘while’ loop is then utilised to check the users grid spacing is suitable by checking that this value is divisible by both Xd and Yd variable values. The code in Figure 6 ensures this, if unsuitable grid spacing is selected by the user they will be prompted to re-enter until a suitable grid spacing is provided.

Figure 6 – Grid spacing input, validation and prompt if invalid (MATLAB, 2025)

Once the grid spacing ‘h’ is determined the code moves on to create the matrix ‘T1’. To do this the number of rows and columns along the X and Y axis are calculated using simple formulae. Initial and boundary conditions set to ‘zero’ as below in figure 7.

Figure 7 – Number of columns and rows calculated and initialisation of matrix ‘T1’ (MATLAB, 2025)
The user is then prompted to input their desired time step which is stored as variable ‘dt’. This time step is used to calculate the Fourier number, which must meet the condition of being greater than zero and less than or equal to 0.25. 
A ‘while’ loop is employed to validate the Fourier number, ensuring it falls within the acceptable range. If the invalid, the program prompts the user to input a new time step until a valid value is provided.

Figure 8 – Time step dt inputted, validated and prompt if invalid (MATLAB, 2025)

After initialising the matrix, the user is asked to specify the boundary temperatures for the North boundary of the plate. This initial boundary condition is then applied to the first row of T1, and the negative of this value set as the last row of T1.


Figure 9 – Setting initial North boundary condition

The next section of the code shown in figure 10 sets a thermal equilibrium flag to ‘false’, creates a variable for maximum change threshold and sets timer to zero. 
While thermal equilibrium is false, matrix T1 is copied and called ‘T_new’. Using T_new, the EFDM is used to calculate the temperature change at each node of T_new providing it is above the max change threshold. 

Figure 10 – Variables set, thermal equilibrium flag set and EFDM calculations take place (MATLAB, 2025)
Once all nodes have been calculated T-new overwrites T1 and the whole process starts again and repeats providing the conditions in figure 11 have not been met.
Figure 11 is calculation the maximum change value between T_new and T1 and checking to see if it less than the threshold set as ‘max_change_threshold’. If this condition is met, the thermal equilibrium flag is set to true, and the simulation stops. The calculation for thermal equilibrium is made here and the result set as variable ‘time-elapsed’.

Figure 11 – Calculation of difference between T_new and T1. Thermal equilibrium flag set to true if conditions met. (MATLAB, 2025)

Once the value for thermal equilibrium has been determined, it is required to be displayed to the user using the ‘disp’ function. To ensure the value is user friendly ‘if’ and ‘esleif’ functions are used. As the result is in the Si unit of seconds, it could be very large, or very small depending on the plate size and temperature used in the simulation. This part of the code determined whether to display the result in seconds, minutes, hours or days to the user. 

Figure 12 – Display of result of thermal equilibrium calculation. (MATLAB, 2025)

Along with the value of thermal equilibrium, the final matrix ‘T_new’ is also displayed to the user in the command window. 

Figure 13 – Matrix T_new display to command window. (MATLAB, 2025)

In figure 14 a new matrix, ‘AT’, is created with the same dimensions as ‘T1’ and initialised with zeros. The code then calculates the temperature change at each node for every time step, using the analytical formula. The resulting values in the ‘AT’ matrix are then displayed to the user.

Figure 14 – Analytical solution derived from heat equation used to create analytical solution matrix. (MATLAB, 2025)

Once analytical and numerical matrices have been created and displayed, the code then validates the numerical EFDM solution against the analytical solution. Figure 15 how the absolute difference is calculated by subtracting T-new from AT, creating T_Compare, which is then displayed to the user. 


Figure 15 – Matrix T_compare created by calculation the difference between AT and T_new. (MATLAB, 2025)

Figure 16 depicts the section of code that produces graphical charts of the temperature distribution from both the numerical (figure 1) and analytical solution (figure 2).  Here chart colours, titles, axis labels and chart limits are set. Similarly, the visualisation of the difference between the EDFM and analytical solution is displayed using the section of code shown in figure 17.

Figure 16 – EFDM and analytical solution displayed in visual format (MATLAB, 2025)

Figure 17 – Difference between result of EFDM and analytical solution displayed in visual format (MATLAB, 2025)

4.2 Validation of the code 

The code can now be used to determine the thermal distribution of a 2D aluminium plate as specified by the user. Using the analytical method, the EFDM method used within the code and now be validated. In the example results shown in figure 18, the code was run with a plate size of 3 meters, grid spacing of 0.5 meters, a time step of 970 seconds and a North boundary temperature of 50 degrees Celsius. 

Figure 18 – EFDM matrix vs Analytic matrix at thermal equilibrium results (MATLAB, 2025)
The results indicate that the temperature distributions within the plate at thermal equilibrium are comparable when derived from both numerical and analytical methods. However, minor discrepancies exist between the two, likely due to the approximations and discretisation inherent in the numerical approach. Despite these differences, both methods deliver reliable estimations of the plate's temperature distribution under the specified conditions. The colourmaps below further confirm the similarity in the temperature patterns.

Figure 19 – Visual colourmaps of EFDM and analytical solution (MATLAB, 2025)

Further to the above results, the section of the code that creates a matrix comparing ‘T1’ (EFDM method) and ‘TA’ (analytical method) results in matrix ‘T_compare’ which is displayed below.

Figure 20 – Matrix ‘T_Compare’ displayed in command window (MATLAB, 2024)
For validation purposes, this would suggest that the EFDM method is fairly accurate, but some small errors are present. This could be due to a few issues including round off errors, truncation errors and the tolerance used within the code. These errors are explored further in section 4.3.

4.3 Sensitivity Analysis
4.3.1 Grid spacing

The influence of grid spacing on achieving thermal equilibrium will be assessed by running the code with varying grid spacing values, while keeping the plate dimensions, time step and tolerance condition constant. The grid dimensions will be fixed at 6m by 6m to ensure consistency, and the North boundary temperature will remain constant at 50°C. The results will be tabulated, and a graph will be created to demonstrate the relationship between thermal equilibrium time and the corresponding grid spacing values. 

Figure 21 – Analysis of effect of grid spacing within code (MATLAB, 2025)

Figure 22 – Graph of effect of grid spacing on thermal equilibrium (MATLAB, 2025)

The results table and accompanying line graph reveal a clear trend. The time required to achieve thermal equilibrium becomes increasingly optimised as certain conditions are adjusted. In numerical approximations, such as those employed here, truncation errors are directly related to the grid spacing, denoted as . For instance, in the central difference method for approximating the second derivative, the error scales proportionally to . By reducing the grid spacing, the truncation errors decrease, enhancing the overall accuracy of the model.
These findings highlight that using a finer grid spacing significantly improves resolution and accelerates convergence. Conversely, larger grid spacing compromises accuracy, introduces inefficiencies, and can lead to numerical instability if too large. The observed oscillations in the results likely stem from a delicate balance, or imbalance, between the resolution of the grid and the numerical accuracy of the approximation method .

4.3.2 Time Step

The effect of varying time step values on achieving thermal equilibrium will be assessed by running the code with different time step settings, while keeping the grid spacing and tolerance condition constant. The grid dimensions will be fixed at a width and height of 6 meters, with the North boundary temperature again set at 50°C. The results are compiled into a table, and a graph generated to visualise the relationship between the thermal equilibrium time and time step within the code.

Figure 23 – Analysis of effect of time step within code (MATLAB, 2025) 

Figure 24 – Graph of effect of time step within code (MATLAB, 2025) 
The graph shows that as the time step decreases, the thermal equilibrium time also reduces. A smaller time step enables more frequent updates to the temperature at each node, resulting in a more accurate approximation of thermal diffusion across the plate. However, the increased number of calculations with smaller time steps can amplify round-off errors, which may introduce inaccuracies in the results if not managed properly . This can be seen as the line graph changes from a downward linear pattern to a downward exponential curve.  This highlights the trade-off between accuracy and numerical stability when selecting an appropriate time step.
As default MATLAB uses double-precision setting , meaning that its accuracy is limited to 16 digits, meaning accuracy of thermal equilibrium calculations is limited. 

4.3.3 Tolerance Setting

When analysing the effect of the tolerance on thermal equilibrium, the below table was created. Again, the dimensions of the plate are fixed at 6m by 6m, grid spacing and time step are also constant. This time the tolerance of the MATLAB model (max_change_threshold) was changed and results recorded. 

Figure 25 - Analysis of tolerance on thermal equilibrium result (MATLAB, 2025)

Figure 26 – Graph of effect of tolerance on thermal equilibrium result (MATLAB, 2025)
As the tolerance is reduced, the thermal equilibrium time increases. This suggests that a lower tolerance leads to higher precision. When you reduce the tolerance, the system is required to meet more stringent conditions before it is considered to have reached equilibrium. This leads to more iterations and thus longer simulation times, but again allowing for round off errors to be amplified.
With a higher tolerance figure, lower precision is observed. With a higher tolerance, the system can reach equilibrium with less precision, so the simulation completes more quickly, using less iterations. Although less accurate, round off errors will also be minimised as less calculations will be performed prior to reaching thermal equilibrium. 

5.0 Limitations of the model

Numerical methods come with inherent drawbacks that can influence the precision and dependability of their results. One common issue is round-off error, which arises due to the finite precision of computer arithmetic. These small inaccuracies can build up over multiple calculations . Another challenge is truncation error, which occurs when continuous equations are simplified using discrete methods. This often involves using coarser grids or larger time steps, leading to less accurate results . 
The limitations of the code stem from the simplifications used to model thermal equilibrium. Using MATLAB, thermal equilibrium is assessed by comparing the difference between analytical and numerical methods to a predefined threshold. While this approach is computationally efficient, it doesn’t always reflect the true physical principles of heat transfer and equilibrium. Thermal equilibrium is achieved when the entire plate reaches a uniform temperature, with no net heat flow within the system. A key point often overlooked is that a small difference between successive iterations might simply indicate slow convergence rather than true equilibrium. This view is supported by the findings of .

6.0 Suggested improvements to the model and future developments 

While the current model provides a solid foundation for simulating thermal equilibrium in a 2D aluminium plate, several improvements could enhance its accuracy and efficiency.
Higher-Order Numerical Methods: The code uses EFDM, which may introduce truncation errors and inaccuracies, particularly for non-linear or highly dynamic systems. Using higher-order numerical methods, such as the Crank-Nicolson scheme or higher-order finite element methods, could improve accuracy by reducing errors associated with the discretisation process 
Parallel Computing: As the model grows in complexity or size, computation time becomes a limiting factor. Leveraging parallel computing or using GPU acceleration could significantly speed up the simulation, especially when dealing with large grids . This would enable real-time simulations or allow for more detailed analysis of larger systems.
Validation with Experimental Data: To improve the credibility of the model, future developments should include comparisons with experimental data under various conditions. This would allow for fine-tuning the model and validating the assumptions made during its development, ultimately increasing the model’s accuracy and reliability in practical applications .

To enhance the accuracy and robustness of the model, adopting the Alternating Direction Implicit (ADI) method or other implicit Finite Difference Methods (FDM) could address the stability issues observed with explicit approaches, particularly for finer grid spacing or smaller time steps. Additionally, exploring alternative numerical methods such as the Finite Element Method (FEM), Finite Volume Method (FVM), or Boundary Element Method (BEM) would enable the model to handle more complex geometries and boundary conditions effectively . These approaches are particularly advantageous for irregular or curved surfaces, which are challenging for traditional FDM grids. Finally, refining the method used to determine thermal equilibrium is crucial. Employing dynamic equilibrium criteria that better reflect physical principles, such as tracking net heat flow across the plate or convergence metrics based on energy conservation, could improve the model's realism and reliability . Such developments would expand the model's applicability and ensure more precise simulations across a wider range of scenarios.

7.0 Conclusion

This report presents a comprehensive analysis of the thermal equilibrium of a 2D aluminium plate using both numerical and analytical methods. The implementation of the EFDM in MATLAB allows for the simulation of temperature distribution, with the model validated against an analytical solution to ensure its reliability. The results indicate that while both methods provide similar temperature distributions, minor discrepancies exist, likely due to the limitations of the numerical approach, such as round-off and truncation errors.
The sensitivity analysis highlights the importance of grid spacing, time step, and tolerance in determining the accuracy and efficiency of the simulation. Finer grid spacing and smaller time steps improve the resolution but also introduce potential stability issues. Additionally, the tolerance setting plays a crucial role in balancing precision and computational efficiency.
Despite the strengths of the model, there are areas for improvement, including the incorporation of higher-order numerical methods, parallel computing, and the extension to transient heat transfer. By addressing these limitations, the model could become more accurate and computationally efficient, making it suitable for more complex simulations and real-world applications. Overall, this study provides valuable insights into thermal modelling and offers a solid foundation for further development in heat transfer simulations.
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clc                    % Clear Command Window
clear all              % Clear all variables
close all              % Close all currently open figures

% Define plate properties
k = 143;             % Thermal conductivity
p = 2.8*10^3;        % Density in kg/m^3
c = 795;             % Specific heat
alpha= k/(p*c);


% Ask the user to choose the dimensions of the plate (Xd and Yd)
% While loop ensures both Xd and Yd values are >0
Xd = input('Enter the width of the plate (Xd) in meters: ');
while Xd <= 0
    disp('Xd must be a positive value.');
    Xd = input('Enter the width of the plate (Xd) in meters: ');
end

Yd = input('Enter the height of the plate (Yd) in meters: ');
while Yd <= 0
    disp('Yd must be a positive value.');
    Yd = input('Enter the height of the plate (Yd) in meters: ');
end


% Ask the user to choose grid spacing (h)
h = input('Enter the grid spacing (h) in meters: ');

% Safeguards to validate the user inputs
while rem(Xd,h)~=0 || rem(Yd,h)~=0 || h>=min(Xd,Yd)
    fprintf ('Value returned is not valid as it is not divisible into both the Xd and Yd values : ')
    h = input ('Specify another grid Spacing that divides fully into both Xd and Yd dimensions: ');
end

% - Number of rows = y + 1/h same for x (x + 1/h)
NoRow=Yd/h+1; %Number of rows is equal too total lengh of plate divided by the grid spacing plus 1
NoCol=Xd/h+1; %Number of columns is equal too total width of plate divided by the grid spacing plus 1

% - Initialise Matrix T1

T1=zeros(NoRow,NoCol);

% Consider time measurment as being as realistic as possible, SI unit for time in seconds

dt = input ('Specify Time Step in seconds: ');

% Find Fourier Number to see if system is stable fO=alpha*ts/h^2

while true
    fo = (alpha*dt)/(h^2);                                   %Calculate Fourier number
    maxdt = h^2/(4*alpha);
    if fo <= 0.25                                            %Error condition for fourier number
        break;
    else
        fprintf('The Time step provided will not provide a stable condition\nThe time step must be less than %0.3f seconds\n', maxdt)
        dt=input ('Enter a smaller time step in seconds: ');     %Requests a new time step if fourier number is not acceptable
    end

end

% North and South initial boundary conditions set  

T0 = input('Enter initial north boundary temperature in degrees Celcius: ');
T1(1,:) = T0;           % North boundary
T1(end,:) = -T0;        % South boundary3


% Define criteria for thermal equilibrium

max_change_threshold = 0.000001;   % Maximum change in temperature a66
% llowed per cycle
thermal_equilibrium = false;    % Thermal equilibrium flag
time_elapsed = 0;               % Initialise time counter
T_new = T1;
% Iterative solution using EFDM
while ~ thermal_equilibrium;
    T1 = T_new; % Initialise T_new as a copy of T1
    max_change = 0; % Track maximum temperature change in this iteration

    %update interior nodes
    for i = 2:NoRow-1
        for j = 1:NoCol
            if j > 1 && j < NoCol
                T_new(i,j) = fo * (T1(i+1,j) + T1(i-1,j) + T1(i,j+1) + T1(i,j-1) - (4-1/fo)*T1(i,j));
            elseif j==1
                T_new(i,j) = fo * (T1(i+1,j) + T1(i-1,j) + T1(i,j+1) + T1(i,j+1) - (4-1/fo)*T1(i,j));
            else
                T_new(i,j) = fo * (T1(i+1,j) + T1(i-1,j) + T1(i,j-1) + T1(i,j-1) - (4-1/fo)*T1(i,j));
            end
        end
    end

    %  calculate the maximum difference between T_new and T1

    max_change = max(abs(T_new - T1), [], "all");

    if max_change < max_change_threshold
        thermal_equilibrium = true;

    end
    T1=T_new;
    time_elapsed=time_elapsed + dt;

end
% Display thermal equilibrium has been reach and time taken to user
disp(' '); % Blank line
disp('--------------------Results of inputs displayed below--------------------');
disp(' '); % Blank line

if time_elapsed < 60
    fprintf('Thermal equilibrium reached in = %.3f seconds\n', time_elapsed);
elseif time_elapsed < 3600
    fprintf('Thermal equilibrium reached in = %.3f minutes\n', time_elapsed / 60);
elseif time_elapsed < 86400
    fprintf('Thermal equilibrium reached in = %.3f hours\n', time_elapsed / 3600);
else
    fprintf('Thermal equilibrium reached in = %.3f days\n', time_elapsed / 86400);
end

disp(' '); % Blank line
disp('Temperature Results of explicit Finite Difference Method (EFDM) = ');
disp(T_new);

% Calculate the Temperatures at Every Node of the Plate at Each Time Step

AT = zeros(NoRow,NoCol);                                     %% Initialise Matrix for Analytical Solution

% Compute interior points using Fourier series
for i = 1:NoRow                                               %% Loop through rows
    for j = 1:NoCol                                           %% Loop through columns
        x_local = (j-1)*h;
        y_local = (i-1)*h;
        sum = 0;                                              %% Initialise sum term
        for n = 1:100
            sum = sum + (1/(100 * k * pi)^2)*(1-(-1)^k)*sin(k*pi*y_local/Yd)/sinh(k*pi*Xd/Yd)*(cosh(k*pi*x_local/Yd)-cosh(k*pi*(x_local-Xd)/Yd));
        end
        AT(i,j) = -T0+(2*T0/Yd)*y_local + sum;
    end
end

% % Display the temperature matrix
disp('Temperature Results from Analytical Solution = ');
disp(flip(AT));

% % Comparison of both temperature matrices

T_Compare = abs(AT-flip(T_new));


% % Display comparison of both temperature matrices
disp('Difference between Analytical Solution and EFDM = ');
disp(T_Compare);

% Graphical Analysis of Numerical Result Against the Analytical Solution

figure(1);
contourf(flip(T_new), 'LineStyle', 'none');
colormap("jet");
colorbar;
clim([min(T_new, [], 'all'), max(T_new, [], 'all')]);
title('Temperature Distribution EFDM');
xlabel('X Axis');
ylabel('Y Axis');
axis equal tight

figure(2);
contourf((AT), 'LineStyle', 'none');
colormap("jet");
colorbar;
clim([min(AT, [], 'all'), max(AT, [], 'all')]);
title('Temperature Distribution Analytical');
xlabel('X Axis');
ylabel('Y Axis');
axis equal tight

figure(3);
contourf((T_new - flip(AT)), 'LineStyle', 'none');
colormap("jet");
colorbar;
caxis([0, max(T_Compare, [], 'all')]);  % Explicit colorbar limits
title('Difference Between EFDM and Analytical Solutions');
xlabel('X Axis');
ylabel('Y Axis');
axis equal tight;
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clc % Clear Command Window
clear all % Clear all variables
close all % Close all currently open figures
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% Define plate properties

k = 143; % Thermal conductivity
p = 2.8%10%3; % Density in kg/m3

c = 795; % Specific heat|

alpha= k/(p*c);
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% Ask the user to choose the dimensions of the plate (Xd and Yd)
% Wwhile loop ensures both Xd and Yd values are >0

Xd = input(’Enter the width of the plate (Xd) in meters: ');
while Xd <= 0

disp('Xd must be a positive value.');

Xd = input('Enter the width of the plate (Xd) in meters: ');
end

Yd = input('Enter the height of the plate (Yd) in meters:
while Yd <= 0

disp('Yd must be a positive value.');

Yd = input('Enter the height of the plate (Yd) in meters: ');

end
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% Ask the user to choose grid spacing (h)
h = input('Enter the grid spacing (h) in meters:

% Safeguards to validate the user inputs
while rem(Xd,h)~=0 || rem(Yd,h)~=0 || h>=min(xd,Yd)

fprintf ('Value returned is not valid as it is not divisible into both the Xd and Yd values
h = input ('Specify another grid Spacing that divides fully into both Xd and Yd dimensions:

end
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% - Number of rows =y + 1/h same for x (x + 1/h)
NoRow=Yd/h+1; %umber of rows is equal too total lengh of plate divided by the grid spacing plus 1
NoCol=Xd/h+1; %Number of columns is equal too total width of plate divided by the grid spacing plus 1
% - Initialise Matrix T1

T1=zeros (NoRow, NoCol) ;
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% Consider time measurment as being as realistic as possible, SI unit for time in seconds

dt = input ('Specify Time Step in seconds: ');
% Find Fourier Number to see if system is stable fO-alpha*ts/h~2

while true

fo = (alpha*dt)/(h"2); %Calculate Fourier number
maxdt = h*2/(4*alpha);
if fo <= 0.25 %Error condition for fourier number
break;
else
fprintf('The Time step provided will not provide a stable condition\nThe time step must be less than %0.3f seconds\n', maxdt)
dt=input ('Enter a smaller time step in seconds: '); %Requests a new time step if fourier number is not acceptable
end

end
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% North and South initial boundary conditions set

To - input('Er\ter‘ initial north boundary temperature in degrees Celcius: ')j
TI(L,:) = % North boundary
Tiend,:) = % South boundary
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% Define criteria for thermal equilibrium

max_change_threshold = ©.@01; % Maximum change in temperature allowed per| cycle
thermal_equilibrium = false; % Thermal equilibrium flag
time_elapsed = % Initialise time counter
T_new = T1;
% Iterative solution using EFDM
while ~ thermal_equilibrium;
1 = T_new; % Initialise T_new as a copy of T1
max_change = @; % Track maximum temperature change in this iteration

%update interior nodes
for i :NoRow-1
for j = 1:NoCol
if 3> 18 3 < NoCol
Tnew(i,3) = fo * (T1(i+1,3) + T1(i-1,3) + TL(1,3+1) + TL(L,3-1) - (4-1/F0)*T1(1,3));

elseif j
Tnew(i,3) = fo * (T1(i+1,3) + T1(i-1,3) + TL(1,3+1) + TL(L,3+1) - (4-1/F0)*T1(1,3));
else
T_new(i,3) = fo * (T1(i+1,3) + T1(i-1,3) + TL(1,3-1) + TL(L,3-1) - (4-1/F0)*T1(1,3));
end

end
end
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% calculate the maximum difference between T_new and T1

max_change

max(abs(T_new - T1), [], "all”

if max_change < max_change_threshold
thermal_equilibrium = true;

end
T1=T_new;
time_elapsed-time_elapsed + dt;
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% Display thermal equilibrium has been reach and time taken to user

disp(" '); % Blank line
disp("
disp(" '); % Blank line

if time_elapsed < 60
fprintf('Thermal equilibrium
elseif time_elapsed < 3600
fprintf('Thermal equilibrium
elseif time_elapsed < 86400
fprintf('Thermal equilibrium
else
fprintf('Thermal equilibrium
end

reached

reached

reached

reached

in

in

in

in

-Results of inputs displayed below-

%.3f seconds\n', time_elapsed);
%.3f minutes\n', time_elapsed / 60)
%.3f hours\n', time_elapsed / 3600)

%.3f days\n', time_elapsed / 86400)
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disp(" '); % Blank line
disp('Temperature Results of explicit Finite Difference Method (EFDM) = ');
disp(T_new);
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% Calculate the Temperatures at Every Node of the Plate at Each Time Step
AT = zeros(NoRow, NoCol) ; %% Initialise Matrix for Analytical Solution

% Compute interior points using Fourier series
for 1 = 1:NoRow %% Loop through rows
for § = 1:NoCol %% Loop through columns
x_local = (3-1)*h;
y_local = (i-1)*h;
%% Initialise sum term
1100
sum + (1/(100 * k * pi)*2)*(1-(-1)"k)*sin(k*pi*y_local/Yd)/sinh(k*pi*Xd/Yd)*(cosh(k*pi*x_local/Yd)-cosh(k*pi*(x_local-Xd)/¥d));

AT(i,3) = -Te+(2*Te/¥d)*y_local + sum;
end
end

% % Display the temperature matrix
disp('Temperature Results from Analytical Solution =
disp(flip(AT));
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% % Comparison of both temperature matrices
T_Compare = abs(AT-fLip(T_new));
% % Display comparison of both temperature matrices

disp('Difference betueen Analytical Solution and EFDM = ');
disp(T_Compare);
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% Graphical Analysis of Numerical Result Against the Analytical Solution

figure(1);
contourf(flip(T_new), 'LineStyle', 'none');
colormap("jet");

colorbar;

clim([min(T_new, [1, 'all'), max(T_new, [1, 'all')]);
title('Temperature Distribution EFDM');

xlabel('X Axis');

ylabel('Y Axis');

axis equal tight

figure(2);
contourf((AT), 'LineStyle', 'none');
colormap("jet");

colorbar;

clim([min(AT, [], 'all'), max(AT, [], 'all')]);
title(' Temperature Distribution Analytical');
xlabel('X Axis');

ylabel('Y Axis');

axis equal tight




image25.png
figure(3);

contourf((T_new - flip(AT)), 'LineStyle', 'none');
colormap("jet");

colorbar;

caxis([@, max(T_Compare, [], 'all')]); % Explicit colorbar limits
title('Difference Between EFDM and Analytical Solutions');
xlabel('X Axis');

ylabel('Y Axis');

axis equal tight;




image26.png
Temperature
50.0000
33.3307
16.6641

0
-16.6641
-33.3307
-50.0000

Temperature
50.0000
33.3333
16.6667

0.0000
-16.6667
-33.3333
-50.0000

Results of explicit

50.0000
33.3307
16.6641
0
-16.6641
-33.3307
-50.0000

50.0000
33.3307
16.6641
0
-16.6641
-33.3307
-50.0000

Finite Difference Method (EFDM) =

50.0000
33.3307
16.6641
0
-16.6641
-33.3307
-50.0000

50.0000
33.3307
16.6641
0
-16.6641
-33.3307
-50.0000

Results from Analytical Solution =

50.0000
33.3333
16.6667
0.0000
-16.6667
-33.3333
-50.0000

50.0000
33.3333
16.6667
0.0000
-16.6667
-33.3333
-50.0000

50.0000
33.3333
16.6667
0
-16.6667
-33.3333
-50.0000

50.0000
33.3333
16.6667
-0.0000
-16.6667
-33.3333
-50.0000

50.0000
33.3307
16.6641
0
-16.6641
-33.3307
-50.0000

50.0000
33.3333
16.6667
-0.0000
-16.6667
-33.3333
-50.0000

50.0000
33.3307
16.6641
0
-16.6641
-33.3307
-50.0000

50.0000
33.3333
16.6667
-0.0000
-16.6667
-33.3333
-50.0000




image27.png
4 Figure 1 - O 4 Figure 2
File Edit View Insert Tools Desktop Window Help File Edit View Insert Tools Desktop Window Help

Nade | @08 sE Dede 208 KE

Temperature Distribution Analytical

Temperature Distribution EFDM

Y Axis

50

40

30

20

10

-10

20

Y Axis

50

40

30

20

10

-10

20

-30

-40

-50




image28.png
Difference between Analytical Solution and EFDM =
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Gridspacing Analysis of 6m x 6m Plate

Grid Spacing (m)| Time Step (s) (Fixed | Tolerance (Fixed) | Thermal Equilibrium Time (s)
2 150 0.001 99300
15 150 0.001 93750
12 150 0.001 88800
1 150 0.001 85200
0.75 150 0.001 85200
0.6 150 0.001 83400
0.5 150 0.001 83550
0.4 150 0.001 83100
0.3 150 0.001 82800
0.25 150 0.001 82650
0.2 150 0.001 82500
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Time Step Analysis of 6m x 6m Plate

Grid Spacing (m)| Time Step (s) (Fixed | Tolerance (Fixed) | Thermal Equilibrium Time (s)
0.6 1400 0.001 113400
0.6 1200 0.001 111600
0.6 1000 0.001 109000
0.6 800 0.001 106400
0.6 600 0.001 102600
0.6 400 0.001 97200
0.6 200 0.001 87600
0.6 100 0.001 77600]
0.6 50 0.001 67500]
0.6 25 0.001 57350]
0.6 10 0.001 43920
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Tolerance Analysis of 6m x 6m Plate

Grid Spacing (m) (Fixed) [Time Step (s) (Fixed)[ Tolerance | Thermal Equilibrium Time (s)
0.6 1400 0.1 49000
0.6 1400 0.01 81200
0.6 1400 0.001 113400
0.6 1400 0.0001 145600
0.6 1400 0.00001 177800
0.6 1400 0.000001 208600
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