Week 5:  Decision Support tools for operational management (3)

Optimisation techniques (continued): 
We touched upon regression analysis in our previous discussion of time series methods, of trend projection, and the least squares method.  At this point, it may be worth reviewing that material to refresh your understanding of the principles involved.
This week we extend the support that “calculating the line of best fit” to the data available enables provides for a decision-maker to project (forecast) future trends based on quantitative analysis of past and current data.
The activities for this week comprise 
1. a worked example of using linear regression to project relationships between variations in the retail housing sector; 
2. a careful reading of a case study of using linear regression techniques; 
Regression Analysis 
In ‘pure theory’ terms, regression analysis is a tool which enables decision-makers to evaluate (quantitatively) relationships between variable factors – typically two types of variable (linear regression): 
· The dependent variable – the factor we wish to predict or explain;
· The independent variable – the factor used to explain or predict changes in the dependent variable.
The purpose of regression analysis[footnoteRef:1] is not to establish a causal connection (cause and effect) between the variables.  It is, rather, to find evidence for a correlation on the basis of which to make a prediction, an estimate or to explain a trend.  Its mathematical basis uses least square methods and standard deviations to provide estimates of the ‘best fit’ trend line for the data points that plot the values of the dependent and independent variable(s). [1:  If you are puzzled as to why the technique is called “regression” analysis, then don’t be; it derives from history (so the story goes): the 19th century biologist Francis Galton developed and extended the technique to explain how inherited characteristics (e.g. peoples’ heights) over generations tend to ‘regress’ towards the normal (or average) height.  (See: Galton, F. (1883, repr. 1989). "Kinship and Correlation (reprinted 1989)". Statistical Science (Institute of Mathematical Statistics) 4 (2): 80–86).] 

There is no better way to understand and appreciate the usefulness of regression analysis than to use it; practice how it may be applied to multiple business contexts in which “finding the best fit trend line” amongst variable data may contribute to estimating or predicting future changes.
The outcome of a regression analysis is a measure of the degree to which two (or more) variables are correlated – known as the “correlation coefficient” of the sample, normally symbolised as “r”.
· The sample correlation coefficient r is a measure of the strength of the linear relationship between two variables, based on sample observations:
· It is unit free (a range value, not in the same units as the data).
· It ranges between -1 and +1
· The closer r is to -1, the stronger the negative linear relationship (inverse correlation)
· The closer r is to +1, the stronger the positive linear relationship (positive correlation)
· The closer r is to 0, the weaker the linear relationship
· +1 or -1 are perfect correlations where all data points fall on a straight line
[image: ]

The values of r range from -1.00 to +1.00, with values within the interval representing the strength of the (positive or negative) correlation between the variables of interest.  This defines the ‘line of best fit’ in a graphical representation of the trend line which best matches the dispersion of values in terms of their distance from the ‘best fit’.  Some examples of possible r values and how these effect the slope and fit of the trend line are shown below:
[image: ]
Values of r in the illustrations show that (a) a descending slope in the trend line indicates a negative (inverse) correlation between the dependent and independent variables; (b) a positive correlation is shown by an ascending slope; (c) no correlation is indicated by a trend line parallel with the x-axis (independent variable); (d) values of r equal to -1.00 or +1.00 indicate a prefect (negative or positive) correlation (all data points fall on the line).
Calculation of the regression involves three variables:
· The intercept = the value of the dependent variable y when x = 0 (the point from which the trend line starts.
· The slope = the amount by which the y-values increase or decrease (on average) for each change in the x-value.
· The deviation (or probability of error) = the measure of how far actual data points differ from the projected values (usually calculated using standard deviations).
Thus, the correlation coefficient is calculated using the following formula (the symbols x-bar, y-bar, represent the arithmetic means of the set of data values):
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In other words, the correlation coefficient is the ratio r of the sum of the products of differences between each point (x, y) and the arithmetic mean (average) of all (x, y’s) divided by the standard deviations. (Compare the formula with that discussed earlier for the “least squares method”).
In order to represent the trend line of ‘best fit’ on a graph, we use the following simple regression equation for the estimated y-values – using the calculated intercept and slope (and, for some data sets, an estimate of random error in the dispersion):
[image: ]
In this simpler version of the regression equation:
· b0 is the estimated average value of Y when the value of X is zero (the intercept).
· b1 is the estimated change in the average value of Y as a result of a one-unit change in X (the slope).
Example:
We can apply this simple regression equation to the following example from the estate agent house pricing sector:
· An estate agent wishes to examine the relationship between the selling price of a house and its size (measured in square feet) as one factor in determining a fair price for the property.
· A random sample of 10 houses is selected
· Dependent variable (Y) = house price in £1000s
· Independent variable (X) = size of house (in square feet).
The estate agent uses the following table of data values:
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The purpose of the analysis is to project the relationship between house price (dependent variable) and size in square feet (independent variable).  Obviously, many factors affect the price at which a property will sell: location, demand, condition of the property, availability of similar properties, and so on.  The sole objective of this example, however, is to make a decision about the amount by which a house price will increase (presumably, it could decrease in certain circumstances) relative to the size of the house on the market.
The data can be modelled using the “Regression” function in Excel as follows:
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[Note: To use the “Regression” function in Excel, you will have to have downloaded and installed the statistical “Add-On” package available from MS Office™].
Using the Excel “Regression” function to plot a trend line for the relationship between house size and price yields the following:
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So the intercept is at (approx.) £98.25K when house size is at zero (which of course, has no practical meaning for this example, since a house cannot have a zero size (in sq. ft.)).  The intercept is merely an indicator if the possible starting point of the trend.  The slope is calculated to be about 0.11 * price per square foot.
The effect of the analysis is to predict (from this small sample) that:
[image: ]

The intercept b0 is circled, even though it has no practical meaning for this example.  It serves only to indicate the start point of the trend line of interest.

Of more interest is the slope – correlating the increase in house size with increase in house price.  For an estate agent, making an estimate of the likely selling price of a property, a linear correlation of house size with expected selling price forms one part of their advice to the seller as to a likely price at which a property may sell:

[image: ]

Since the regression analysis provides only an estimate, we can round these predicted values to predict that, on this model, a house price forecast will rise by about £110 per additional square foot of the property of interest.

If we apply the result of this analysis to a property coming on to the market that has a square foot area of 2,000 (sq.ft.), then we obtain the following:
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In reality (of course) an estate agent would decide upon a reasonable purchase price for a property based on considerably more data than a projection of values related only to square foot area.  Nonetheless the example shows how a simple linear regression analysis may add to the decision support resources available to the agent to decide upon and to formulate a prediction as to a property’s likely worth.

Dealing with Error in Regression Analysis
The example above uses only the simple form of the regression equation (intercept and slope only).  Greater confidence in predictions based on ‘the best fit line’ for sets of data values (X, Y) can be evaluated by considering:
(a) The assumptions that underlie the use of the simple form of the equation;
(b) The calculated degrees of error which may arise in large, highly dispersed data sets.
Assumptions 
The simple form of linear regression relies upon the following assumptions about the distribution of data values (Y) for each value of X:
For each value of X, there is a group of Y values, and these 
· Y values are normally distributed. The means of these normal distributions of Y values all lie on the straight line of regression.
· The standard deviations of these normal distributions are equal.
· The Y values are statistically independent.  This means that in the selection of a sample, the Y values chosen for a particular X value do not depend on the Y values for any other X values.
If you are not familiar with the statistical concepts of normal distribution and standard deviation, then you should review their meaning and the methods of their calculation, here (SD) and here (ND).
Graphically we can represent these assumptions about the distribution of Y values as follows:
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Considering the (possibly random) errors (or variations attributable to other factors) in matching the intercept and slope to a sample means taking possible errors or distribution and deviation into account.  This introduces additional factors into the regression calculation.
To understand how we calculate the degree of error associated with a regression analysis, we add in an additional factor into the simple regression equation as shown:
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The random error term added in above corresponds to the likelihood that the deviation of Y values, for specific X values is accountable to random variation, rather than a failing of the linear regression to find the ‘best fit line’.  We can think of the “error term” as represented in the following way (below):
[image: ]
It is an activity (exercise 2) for this part of the module that you identify and define how these measures of variance may affect the reliability of a regression analysis forecast of a future trend line.  They are summarised in the following two graphics:
[image: ]
SST (total variation) represents the sum of the variances calculated from the “explained variation” and the “unexplained variation” (attributable to factors other than the X):
[image: ]

Activity 1 (7 hours):
Estimating the reliability of a linear regression:
	Exercise 1
	Task

	Use SSR, SSE and SST to evaluate
the reliability of a linear regression 
analysis.
	For the example of simple linear regression worked 
through above, calculate the SST (by summing the 
regression sum of squares (SSR) and the error sum 
of squares (SSE)).

Post your solution to at least one other participant in 
this module and request to see their solution.

Evaluate the extent to which you believe this 
measure of variance casts doubt upon the originally projected ‘line of best fit’ as a predictor for the relationship between property price and house 
area (in square feet).

	Exercise 2:
Try it Yourself!
	Consider the sample problems of least squares regression analysis given here,

In each case, try to work out a solution yourself, before you check your answers against the solutions given on the web site.

	Purpose
	Regression analysis is one of the most frequently used decision-support tools in operational management.  The underlying calculations are not difficult; the main purpose of these exercises is to encourage you to experiment with this method of analysis and to consider the variety of business-related contexts to which it may apply – formulating from your own experience work-related processes within which forecasting and prediction based on past and current data may be better informed by the use of this technique. 

	Guidance
	Work through the example given.  Convince yourself that you understand how the correlation coefficient r measures the strength of the possible correlation between variables.  Consider various possible values for r and sketch the possible graph of a ‘line of best fit’ for a hypothetical sample – using trial values for the intercept, slope and error values.

The solutions for the sample exercises on the web site reference are provided.  Try them first, for yourself and then compare them with the solutions provided.

Think about processes and situations in your own work-experience where this form of analysis may provide useful information for forecasting and decision-making – examples could range from ‘inventory management’, ‘staff work scheduling’, ‘forecasting sales’, ‘projecting revenues or costs’, ‘estimating job completion times’, and so on.

Post your examples to the discussion forum.  Where possible, include some sample (or even real) data (suitably anonymised) so that other module participants may attempt to compare their analysis with yours.


Activity 2 (5 hours):
Application of Regression Analysis – a case study:
	Exercise 3
	Task

	Make a careful reading of the case study of seasonal regression analysis applied to sales in the soft drinks sector provided here.


	The case study provided is not an easy reading.  

First work through the reading slowly and highlight and annotate sections or examples which you have difficulty with.

Pay particular attention to the way in which the author includes seasonal variation in sales in their use of regression.

Annotate your copy of the reading and post questions / comments to the discussion forum.  These might concern questions about how to interpret the content, comparisons with similar decision-making processes in your own work-related experience, requests for help in making sense of the analysis and discussion provided in the reading.


Summary:
In these sessions we have extended the range of decision support tools for operational decision-making based on regression analysis. 

The exercises and reading questions are not marked – but you should post your solutions (or questions about how to reach a solution) to the module discussion forum.

Coming Next (Week 6):
· Linear optimisation methods (simplex methods) – introduction to linear programming techniques for selecting optimal solutions to decision-making problems.


Summary of Activities
	Activity 1 (7 hours):
Exercises on using linear regression:
Activity 2 (5 hours):
Reading and annotating a case study of applying regression analysis:



References used:
Caruana, A., (2001), “Steps in forecasting with seasonal regression: a case study from the carbonated soft drink market”, Journal of Product and Brand Management,Vol.10, No.2, pp.94-102.
Galton, F. (1883, repr. 1989). "Kinship and Correlation (reprinted 1989)". Statistical Science (Institute of Mathematical Statistics) 4 (2): 80–86).
Investopedia, “Normal Distribution” at http://www.investopedia.com/terms/n/normaldistribution.asp (Accessed: 19/08/2013)
Investopedia, “Standard Deviation” at  http://www.investopedia.com/terms/s/standarddeviation.asp (Accessed: 20/09/2013)
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Calculating the
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Simple Linear Regression
Equation (Prediction Line)

The simple linear regression equation provides an estimate
of the population regression line
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Simple Linear Regression Example:

Data
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Simple Linear Regression Example:
Using Excel
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Simple Linear Regression Example:
Graphical Representation

House price model: Scatter Plot and Prediction Line
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Simple Linear Regression
Example: Interpretation of b,

houge\price 98.24833)+ 0.10977 (square feet)

by is the estimated average value of Y when the
value of X is zero (if X = 0 is in the range of
observed X values)

« Because a house cannot have a square footage of
0, by has no practical application
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Simple Linear Regression
Example: Interpreting b,

hoﬁe\price =98.24833 square feet)

+ b, estimates the change in the average value of Y
as a result of a one-unit increase in X

— Here, b, = 0.10977 tells us that the mean value of
a house increases by .10977(£1000) = £109.77,
on average, for each additional one square foot
of size
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Simple Linear Regression
Example: Making Predictions

Predict the price for a house with 2000 square feet:

house price = 98.25 +0.1098 (sq.ft.)
= 98.25 +0.1098(2000)

=317.85

The predicted price for a house with 2000 square feet
is 317.85(£1,000s) = £317,850
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Assumptions Underlying Linear Regression

For each value of X, there is a group of Y values, and these

« Yvalues are normally distributed. The means of these normal
distributions of Y values all lie on the straight line of regression.

« The standard deviations of these normal distributions are equal.

« The Y values are statistically independent. This means that in the
selection of a sample, the Y values chosen for a particular X value do
not depend on the Y values for any other X values.
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Simple Linear Regression
Model, cont.
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Measures of Variation
« Total variation is made up of two parts:

SST = SSR + SSE
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where:

E = Mean value of the dependent variable
Y; = Observed value of the dependent variable
Y; = Predicted value of Y for the given X; value

Basic Business Statistics, 11e @ Prentice-Hall, Inc. 2008





image14.jpeg
Measures of Variation, cont.

« SST = total sum of squares  (Total Variation)

— Measures the variation of the Y, values around their mean |V

« SSR = regression sum of squares (Explained
Variation)

— Variation attributable to the relationship between X and Y

« SSE = error sum of squares (Unexplained Variation)
— Variation in Y attributable to factors other than X
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Measures of Variation
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