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1. Introduction

Heat diffusion is a fundamental process in engineering and science, with applications ranging from material processing to thermal management in mechanical systems. For systems to be dependable and efficient, heat transmission must be accurately modelled. The Explicit Finite Difference Method (EFDM) is used in this study to solve the two-dimensional heat diffusion problem for an aluminium plate.
The EFDM is a numerical technique that solves partial differential equations by discretising spatial and temporal domains. This method offers simplicity in implementation while providing valuable insights into the evolution of temperature distributions over time (Powell, 2002).
The report begins by introducing the governing equation for heat diffusion and its mathematical formulation. The numerical discretisation process is explained, followed by a detailed description of the initial and boundary conditions. The MATLAB implementation of the model is then presented, highlighting key aspects of the code design and logic. The results are validated by comparing the numerical solution with an analytical solution at thermal equilibrium. The impact of grid spacing, time step size, and thermal equilibrium tolerance on model performance is evaluated through a sensitivity analysis.
The objectives of this report are to develop a numerical model for 2D heat diffusion using EFDM, validate the model against an analytical solution, analyse the sensitivity of key parameters on the model's accuracy and stability and then to Identify any limitations and propose potential improvements to the approach. By accomplishing these goals, this report aims to demonstrate a thorough comprehension of numerical heat transfer modelling and the practical application of EFDM.



[bookmark: _Toc188735615]2. Governing Equation

[bookmark: _Toc188735616]2.1 The Heat Equation
The heat equation is known as a “partial differential equation” which is used to describe the distribution of temperature in a material over time. In the early 19th century, Joseph Fourier initially developed this theory as part of his work on heat conduction to simulate the diffusion of a substance across a specific area. The field of Fourier analysis, which is extensively employed in many scientific and engineering fields, was founded on Fourier's work. Since then, it has been discovered that the heat equation and its variations are essential to many areas of pure and applied mathematics (Njogu, 2009).
The following equation can be used to model the heat diffusion process through a two-dimensional aluminium plate:
[bookmark: _Toc188735147]Equation 1: Heat Equation


Where:
	t = Time
T = Temperature
x = Specific Dimension in the X-Direction
y = Specific Dimension in the Y-Direction
	α =  = Thermal Diffusivity ()
k = Thermal Conductivity ()
𝜌 = Density ()
𝑐 = Specific Heat ()



[bookmark: _Toc188735617]2.1.1 Equation Assumptions
1. The plate has uniform thermal properties ( 𝜌, 𝑐 and k are constant across the plate).
2. There are no internal heat sources within the material.
3. The system is insulated, with heat transfer occurring only within the domain defined by the plate.

[bookmark: _Toc188735618]2.1.2 Applications
It can be used in environmental science to study heat diffusion in natural systems, engineering to optimise heat management systems, and materials science to help understand thermal characteristics. Furthermore, it plays a crucial role in the practical use of numerical techniques, including the Adomian decomposition method, which have been developed to effectively solve the heat equation given beginning and boundary conditions (Njogu, 2009) (A.Ayadi, 2011). 
[bookmark: _Toc188735619]3. Explicit Finite Difference Form of the Constitutive Equation

[bookmark: _Toc188735620]3.1 Numerical Differentiation
This section examines methods for approximating a function's first and second derivatives numerically.
[bookmark: _Toc188735148]Equation 2: Taylor series of function  about point 𝑥 = 


The value of a function at a point  is related to the value of the function at a nearby point () by the following Taylor series:
[bookmark: _Toc188735149]Equation 3: Value of a function at a point 


This can be rearranged to:
[bookmark: _Toc188735150]Equation 4: Rearranged yields in Equation 3




[bookmark: _Toc188735621]3.1.1 Forward Difference Approximation
This can then be used to construct the forward difference approximation:
[bookmark: _Toc188735151]Equation 5: Forward difference approximation



This equation is only an approximation, but does become more accurate as  gets smaller, resulting in an exact calculation when  .


[bookmark: _Toc188735622]3.1.2 Backward Difference Approximation 
The backward difference approximation is created by examining how the function varies as it decreases:
[bookmark: _Toc188735152]Equation 6: Decreasing Value of a function at a point 


By rearranging the yields, we get:
[bookmark: _Toc188735153]Equation 7: Rearranged yields in Equation 6


[bookmark: _Toc188735154]Equation 8: Backward difference approximation
This can be used to construct the backward difference approximation:



[bookmark: _Toc188735623]3.1.3 Central Difference Approximation
These two approximations can be combined to produce an improved one:

-
=
[bookmark: _Toc188735155]Equation 9: Improved approximation


Therefore, rearranging the yields produces:
[bookmark: _Toc188735156]Equation 10: Rearranged yields in Equation 9


This can be used to construct the central difference approximation:
[bookmark: _Toc188735157]Equation 11: Central difference approximation





[bookmark: _Toc188735624]3.2 Second Order Derivatives
Approximations to higher order derivatives can be obtained using a similar process. If we combine the two estimates:

+
=

[bookmark: _Toc188735158]Equation 12: Higher order derivatives approximation

Therefore, rearranging the yields produces:
[bookmark: _Toc188735159]Equation 13: Rearranged yields in Equation 12



This can be used to construct the central difference approximation to the 2nd derivative:
[bookmark: _Toc188735160]Equation 14: Central difference approximation to the 2nd derivative



(Chern, 2018)

[bookmark: _Toc188735625]3.3 Explicit Finite Difference Scheme
The 2D heat diffusion equation is:
[bookmark: _Toc188735161]Equation 15: Heat Equation


[image: A grid with black dots

Description automatically generated]
The finite difference method (FDM), which discretises the spatial and temporal domains into a uniform grid, is used to solve this equation numerically. The four neighbours of each grid point P are North (N), East (E), South (S), and West (W), with a consistent distance between them, as shown in Figure 1:
[bookmark: _Toc188735123]Figure 1 - Finite difference discretization grid (Metsch, 2013)

[bookmark: _Toc188735626]3.4 Taylor Series and Difference Approximations

[bookmark: _Toc188735627]3.4.1 First Derivative (Temporal) Approximation
Using the forward difference approximation for the time derivative:
[bookmark: _Toc188735162]Equation 16: Forward difference approximation


Where:  is the temperature at grid point P at time t, and ​ is the temperature at the same grid point at time .

[bookmark: _Toc188735628]3.4.2 Second Derivative (Spatial) Approximations
[bookmark: _Toc188735163]Equation 17: Central difference approximations
Using central difference approximations for the spatial derivatives:


Where: , , , and  are the temperatures at points N,E,S and W, respectively at time t.



[bookmark: _Toc188735629]3.5 Substituting Finite Difference Approximations
Substituting the derivatives in the heat equation with the finite difference approximations gives the following equation:
[bookmark: _Toc188735164]Equation 18: Heat equation (substituting finite difference approximations)


[bookmark: _Toc188735165]Equation 19: Explicit finite difference equation
Rearranging this equation to isolate  derives the explicit finite difference equation for the temperature update at each grid point:


Where:  is the Fourier number.
Subject to the specified initial and boundary conditions, this equation is applied at every interior grid point.

[bookmark: _Toc188735630]3.6 Discretisation of Spatial and Temporal Domains

[bookmark: _Toc188735631]3.6.1 Spatial Discretisation
Each grid point indicates a distinct location within the uniform grid that divides the spatial domain.
The spacing between adjacent points is represented using: 

[bookmark: _Toc188735632]3.6.2 Temporal Discretisation
The temporal domain is divided into discrete time steps of size . From time t to , the simulation iteratively updates the temperature at each grid point.

[bookmark: _Toc188735633]3.7 Stability Criterion
The Fourier number  must satisfy   in order for the explicit finite difference scheme to be stable. This then imposes a constraint on the time step : 
When this condition is broken, the solution becomes unstable, and the numerical errors increase exponentially over time (Chern, 2018) (Kaus) (Adak, 2020).



[bookmark: _Toc188735634]4. The Initial, Boundary Conditions & Analytical Solution
Initial and boundary conditions must be supplied in order to solve the 2D heat equation numerically. These parameters limit the way heat interacts with the aluminium plate's boundaries and provide the initial temperature distribution throughout the domain.

[bookmark: _Toc188735635]4.1 Initial Conditions
The entire aluminium plate is assumed to have a uniform initial temperature distribution of:
						
This condition establishes a baseline temperature before any heat transfer occurs.

[bookmark: _Toc188735636]4.2 Boundary Conditions
The boundary conditions specify the thermal interactions between the plate and its environment. The following conditions are applied for this problem:
1. Top Boundary :
· Fixed temperature – The top edge of the plate is maintained at a fixed temperature:
 		for	 	&	
2. Bottom Boundary :
· Fixed temperature – The bottom edge of the plate is maintained at a fixed temperature:
[bookmark: _Hlk188605267] 		for	 	&	
3. Left Boundary 
· The left edge is thermally insulated, meaning there is no heat flux across this boundary:
 		for	 	&	
4. Right Boundary 
· The right edge is thermally insulated, meaning there is no heat flux across this boundary:
 	for	 	&	

By maintaining a temperature gradient across the plate, these boundary conditions permit heat flow between the upper and lower borders of the plate while keeping the sides insulated.



[bookmark: _Toc188735637]4.3 Analytical Solution for Validation
[bookmark: _Toc188735166]Equation 20: Analytical solution of the temperature at thermal equilibrium (Chang C.Y., 2001)
The following analytical solution of the temperature at thermal equilibrium will be used to test the code:



[bookmark: _Toc188735638] 4.3.1 Explanation of the Analytical Solution
· Fixed Boundary Conditions: The top and bottom edges are maintained at  and , respectively. 
· Insulated Boundaries: The left and right edges have zero heat flux, reflected in the  terms.
· Steady-State Behaviour: The analytical solution represents the system at thermal equilibrium, where .
The terms in the summation account for the effects of spatial variations in both  and , and the convergence of the series improves the accuracy of the solution. This means it is a suitable analytical solution as it satisfies the initial and boundary conditions applied to the aluminium plate as well as serves as a benchmark to assess the accuracy of the numerical results.



[bookmark: _Toc188735639]5. Code Details and Explanations

[bookmark: _Toc188735640]5.1 Workspace Management & Material Properties
[bookmark: _Toc188735124]Figure 2 - Code: Section 1-2
[image: ]

Environment cleanup commands to reset the workspace, as well as the material properties to compute the thermal diffusivity.

[bookmark: _Toc188735641]5.2 User Input Management
[bookmark: _Toc188735642]5.2.1 Dimensions & Grid Spacing
The user specifies the plate’s dimensions ( and ) and grid spacing (). The code then ensures the grid spacing is positive, smaller than the dimensions, and divides them without remainder:
[bookmark: _Toc188735125]Figure 3 - Code: Section 3
[image: ]

The following section ensures a uniform grid:
[bookmark: _Toc188735126]Figure 4 - Code: Section 4
[image: ]


[bookmark: _Toc188735643]5.2.2 Initial & Boundary Conditions
The plate’s initial temperature matrix is initialised to zero. The user inputs a fixed temperature for the north boundary, then the boundary conditions are applied to the top, bottom, and sides of the plate:
[bookmark: _Toc188735127]Figure 5 - Code: Section 5
[image: ]


[bookmark: _Toc188735644]5.2.3 Temporal Considerations, Stability Check & 
The time step is entered by the user and validated against the stability criterion which ensures numerical stability for the explicit finite difference scheme:
[bookmark: _Toc188735128]Figure 6 - Code: Section 6-7
[image: ]


[bookmark: _Toc188735645]5.3 Convergence Criterion
The convergence criterion defines the threshold for temperature changes at thermal equilibrium:
[bookmark: _Toc188735129]Figure 7 - Code: Section 8
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[bookmark: _Toc188735646]5.4 Stopping Condition & Numerical Discretisation
The stopping condition ensures that iterations continue until the maximum error falls below the convergence criterion. By implementing the explicit finite difference equation, we get lines 81-84 for temperature updates for interior grid points. Neumann boundary conditions are updated within the same loop from lines 86-91 for the left and right boundaries:
[bookmark: _Toc188735130]Figure 8 - Code: Section 9
[image: ]


[bookmark: _Toc188735647]5.5 Analytical Solution
The code calculates the analytical temperature distribution at each grid point using the given analytical solution of the temperature at thermal equilibrium equation. This is used as a benchmark to validate the numerical solution:
[bookmark: _Toc188735131]Figure 9 - Code: Section 10
[image: ]



[bookmark: _Toc188735648]5.6 Code Validation, Results & Output
The numerical solution is validated against the analytical solution, and the maximum absolute error is displayed, along with the time taken to achieve equilibrium. Temperature charts are output to give a visual representation of the numerical and analytical results, as well as an error map:
[bookmark: _Toc188735132]Figure 10 - Code: Section 11
[image: ]

(John Paul Mueller, 2021)

[bookmark: _Toc188735649]6. Code Validation
The numerical solution was verified by comparing its output at thermal equilibrium with the analytical solution for the 2D heat diffusion equation under the same initial and boundary conditions. Temperature maps, absolute error distribution, and discrepancy analysis are all included in the comparison.

[bookmark: _Toc188735650]6.1 Validation Inputs
The inputs used to validate the code are as follows:
	X dimension of the plate: 10m
	Fixed temperature for the north boundary of the plate: 50°C

	Y dimension of the plate: 10m
	Time step: 3600 seconds

	Grid spacing: 2m
	



[bookmark: _Toc188735651]6.2 Numerical & Analytical Comparison

	Numerical Results
	Analytical Results
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[bookmark: _Toc188735652]6.2.1 Absolute Error Between Numerical & Analytical Solutions
Below is the absolute error matrix, which quantifies the difference between the numerical and analytical solutions. This shows that the maximum absolute error between the numerical and analytical solutions is 0.1074°C.
	[image: ]
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[bookmark: _Toc188735653]6.3 Outputs
The code also outputs the total time taken to achieve equilibrium in seconds and converts this to hours for easier representation, as well as the maximum absolute error.
[image: A black text on a white background
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[bookmark: _Toc188735654]6.4 Analysis
The highest errors occur near the north and south boundaries, where the temperature gradients are steepest. Small errors are inevitably introduced by the finite difference approximations used to calculate spatial derivatives, which is the cause of these inaccuracies. Additionally, the precision of the temperature field is limited by the relatively coarse grid spacing, which has an impact on the numerical accuracy. For inner grid points, the central difference scheme is stable and reliable since there are fewer inaccuracies near the centre of the plate.
By meeting the Fourier number condition, which stops errors from being amplified during iteration, the numerical implementation guarantees stability. However, the way boundary conditions are handled numerically may result in small variations. Despite these discrepancies, the absolute errors remain small, with a maximum value of 0.1074°C, indicating that the code performs well under the specified conditions.


[bookmark: _Toc188735655]7. Sensitivity Analysis

[bookmark: _Toc188735656]7.1 Grid Spacing Influence
	[image: ]
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The grid spacing was varied from 4m to 0.2m whilst maintaining fixed values for time step and tolerance. As the grid spacing decreased, the thermal equilibrium time reduced significantly until . Although lower outputs are seen for finer grids, this trend illustrates how model resolution improves with reduced grid spacing. Given the convergence to a constant thermal equilibrium time, grid refinement lower than  appears to have little effect on accuracy.

[bookmark: _Toc188735657]7.2 Time Step Influence
	[image: ]
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The time step values were varied from 2000s to 25s whilst maintaining fixed values for the grid spacing and tolerance. The thermal equilibrium period rose dramatically with larger time steps, indicating the effect of coarse temporal resolution on solution convergence. The equilibrium time showed a steady downward trend as the time step decreased, with smaller time increments achieving faster convergence. This outcome highlights the importance of choosing an optimal time step to balance computational efficiency and accuracy.


[bookmark: _Toc188735658]7.3 Tolerance Influence
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The tolerance values were varied from 0.1 to 0.000001 whilst maintaining fixed values for the grid spacing and time step. The results showed that when tolerance levels were tightened, the thermal equilibrium time increased considerably. This trend highlights the compromise between processing effort and numerical precision. For practical applications, selecting a tolerance value that balances acceptable accuracy with reasonable computation time is crucial.

[bookmark: _Toc188735659]8. Main Model Limitations

[bookmark: _Toc188735660]8.1 Limitations Due to the Numerical Method
[bookmark: _Toc188735661]8.1.1 Round-off / Truncation Errors
Round-off and truncation errors are inherent to numerical procedures. As discussed by (Overton, 2001), round-off errors occur due to the limited accuracy of computer arithmetic, particularly in floating-point computations. Truncation errors occur because the finite difference approach substitutes discrete estimations for continuous derivatives. These mistakes can accumulate over time, which could have an impact on the final results accuracy, especially for models that need a lot of iterations (Joel H. Ferziger, 2002).

[bookmark: _Toc188735662]8.1.2 Stability Issues
When using explicit finite difference methods, numerical stability is an important consideration. To guarantee convergence, the selected time step and grid spacing must meet stability requirements, such as the Courant-Friedrichs-Lewy (CFL) condition. Inadequate selection of these factors could result in the solution to diverge and produce physically unrealistic results. Small fluctuations can spread over iterations even with stable settings, causing numerical instability over time in lengthy simulations (LeVeque, 2007).


[bookmark: _Toc188735663]8.1.3 Inability to Manage Complex Geometries
The models ability to simulate complex geometries or boundary conditions is limited by the uniform grid structure. A simple Cartesian grid cannot adequately represent the curved surfaces or uneven domains that are frequently found in real-world applications. For such situations, advanced techniques like finite element or unstructured grid techniques would be required (O.C. Zienkiewicz, 2005).

[bookmark: _Toc188735664]8.2 Coding Limitations
[bookmark: _Toc188735665]8.2.1 Tolerances
Thermal equilibrium is determined when successive iterations in the implemented code achieve changes smaller than a predefined tolerance. Despite being computationally efficient, this might not accurately represent the actual physical state of equilibrium, particularly in non-linear or extremely sensitive systems (O.C. Zienkiewicz, 2005). This approach assumes uniform thermal behaviour across the domain, which may not always be accurate. Additionally, in systems with slow-converging regions, using tolerance as a stopping condition may result in simulations ending too soon (Richard L. Burden, 2015).

[bookmark: _Toc188735666]9. Suggested Improvements & Future Developments 

[bookmark: _Toc188735667]9.1 Alternative Numerical Methods
Larger time steps without divergence are possible using implicit finite difference methods, such as the Crank-Nicolson scheme, which offer better stability and are less restricted by the Courant-Friedrichs-Lewy condition. Additionally, by separating calculations along various axes, alternating direction implicit (ADI) methods may improve computational performance for multidimensional problems (D. W. Peaceman and H. H. Rachford, 1955).
Advanced methods such as the boundary element method (BEM), finite element method (FEM), or finite volume method (FVM) are more appropriate for complex geometries. These methods make it possible to precisely represent non-uniform meshes and uneven domains. FEM in particular offers versatility in managing different boundary conditions and material qualities (O.C. Zienkiewicz, 2005).



[bookmark: _Toc188735668]9.2 Coding Enhancements
Adaptive grid refinement, which dynamically increases resolution in areas of large gradients, can be used to increase accuracy. This would maintain accuracy while maximising computing effort. Equilibrium states might be more accurately represented by improved convergence criteria that take into account physical restrictions such as energy conservation (Marsha J. Berger, 1984). Integrating error control techniques such as time step adjustment based on local error estimations could increase stability (E. Hairer, 1993), while incorporating validation tools such as automated benchmarking against analytical or experimental results would ensure reliability and allow for iterative model refinement (William L. Oberkampf, 2010). 

[bookmark: _Toc188735669]10. Conclusion
This study utilised explicit finite difference methods (EFDM) to effectively develop and analyse a 2D heat diffusion model. Sensitivity study confirms key findings that show the model can replicate thermal equilibrium under different grid spacing, time increments, and tolerance conditions. The model's reliability within its defined parameters was demonstrated by the validation process, which verified alignment between theoretical and simulated results. Sensitivity research showed that accuracy is greatly increased at the expense of processing time with lower grid spacings and time steps. A trade-off between accuracy and efficiency is also highlighted by the fact that lower tolerance values guarantee accurate findings but increases simulation time. The project's objectives of simulating heat diffusion, confirming findings, and carrying out sensitivity analysis were all achieved. Key contributions include identifying model limitations, such as instability and difficulty with complex geometries, and proposing improvements, such as adaptive refinement and implicit schemes. Future research should concentrate on expanding the model to efficiently handle multi-dimensional issues and irregular geometries.
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[bookmark: _Toc188735674]12.3 MATLAB Code
% 1. Workspace Management Commands
clc;
clear;

% 2. Define Material Properties
k = 143; % Thermal conductivity (W/m.°C)
rho = 2.8e3; % Density (kg/m^3)
c = 795; % Specific heat (J/kg·°C)

% Thermal Diffusivity Calculation
alpha = k / (rho * c); % Thermal diffusivity in m^2/s

% Display Properties & Thermal Diffusivity
disp('Aluminium Properties & Thermal Diffusivity:');
fprintf('Thermal Conductivity (k): %.2f W/m.°C\n', k);
fprintf('Density (rho): %.2f kg/m^3\n', rho);
fprintf('Specific heat (c): %.2f J/kg°C\n', c);
fprintf('Thermal diffusivity (alpha): %.2e m^2/s\n\n', alpha);

% 3. Spatial Consideration User inputs
CompatibleInput = false;
while ~CompatibleInput
    X = input('Enter the X dimension of the plate (in meters): ');
    Y = input('Enter the Y dimension of the plate (in meters): ');
    h = input('Enter the grid spacing (in meters): ');

    if h > 0 && h < min(X, Y) && mod(X, h) == 0 && mod(Y, h) == 0
        CompatibleInput = true;
        fprintf('The grid spacing selected is compatible with the plate dimensions.\n\n');
    else
        fprintf(['\nThe grid spacing selected is not compatible with the plate dimensions.\n' ...
            'Please ensure that:\n', ...
            '1. The grid spacing is larger than 0.\n', ...
            '2. The X and Y dimenstions are larger than 0.\n', ...
            '3. The X and Y dimenstions are divisible by the grid spacing without remainders.\n\n']);
    end
end

% 4. Calculate the number of rows and columns
NR = X / h + 1; % Number of rows
NC = Y / h + 1; % Number of columns

T1 = zeros(NR, NC); % Sets the generated grid to 0's

% 5. Temperature matrix T1
Tn = input('Enter the fixed temperature for the north boundary of the plate (°C): '); % North boundary
Ts = -Tn; % South boundary
T1(1, :) = Tn;  % Sets the temperature for the north boundary
T1(end, :) = Ts; % Sets the temperature for the south boundary

% 6. User input for temporal consideration
validTimeStep = false;
Fo_max = 1 / 4; % Maximum Fourier number
dT_max = h^2 / (4 * alpha); % Maximum permissible time step

while ~validTimeStep
    dT = input('Enter the time step (dt) in seconds: ');
    if dT > 0 && dT <= dT_max
        validTimeStep = true;
        fprintf('The time step selected (%.5e seconds) satisfies the stability criterion.\n\n', dT);
    else
        fprintf(['\nThe time step selected does not satisfy the stability criterion.\n' ...
            'Please ensure that:\n', ...
            '1. The time step is larger than 0.\n', ...
            '2. The time step is smaller than the maximum permissible time step (%.5e seconds).\n\n'], dT_max);
    end
end

% 7. Initialise temperature matrix T2
T2 = T1; % Copy of T1 for the next time step

% 8. Convergence Criterion threshold
CC = 0.01; % Convergence threshold

% 9. Calculation of T2
E = CC + 1; % Initial error value
Count = 0; % Iteration counter

while E > CC
    T1 = T2;
    for R = 2:NR-1
        for C = 2:NC-1
            T2(R, C) = T1(R, C) + alpha * dT / h^2 * (T1(R-1, C) + T1(R+1, C) + T1(R, C-1) + T1(R, C+1) - 4 * T1(R, C));
        end

        % Update Neumann boundary conditions
        C=1; % East boundary condition
        T2(R, C) = T1(R, C) + alpha * dT / h^2 * (T1(R-1, C) + T1(R+1, C) + T1(R, C+1) + T1(R, C+1) - 4 * T1(R, C));
        
        C=NC; % West boundary condition
        T2(R, C) = T1(R, C) + alpha * dT / h^2 * (T1(R-1, C) + T1(R+1, C) + T1(R, C-1) + T1(R, C-1) - 4 * T1(R, C));
    end

    % Calculate error
    E = max(abs(T2 - T1), [], 'all');
    Count = Count + 1;

    % Live temperature map
    figure(1);
    contourf(flipud(T2));
    title('Aluminium Plate Heat Distribution Numerical Solution');
    colormap('jet');
    colorbar;
    xlabel('X-axis'); ylabel('Y-axis');
    pause(0.01);
end

% 10. Analytical solution
TA = zeros(NR, NC);
for Row = 1:NR
    for Col = 1:NC
        x = h*(Col - 1);
        y = h*(Row - 1);
        S = 0;
        for K=1:100
            S=S+(1/(100*K*pi)^2)*(1-(-1)^K)*sin(K*pi*y/Y)/sinh(K*pi*X/Y)*(cosh(K*pi*x/Y)-cosh(K*pi*(x-X)/Y));
        end
        TA(Row, Col) =Ts+(2*Tn/Y)*y+S; % Calculate the analytical solution for each grid point
    end
end

% 11. Code Validation
figure(2);
contourf(TA);
title('Aluminium Plate Heat Distribution Analytical Solution');
colormap('jet');
colorbar;
xlabel('X-axis'); ylabel('Y-axis');
pause(0.01);

% Calculate the absolute error
ErrorMatrix = abs(flip(TA)-T2);

figure(3);
contourf(ErrorMatrix);
title('Error Between Numerical and Analytical Solutions');
colormap('jet');
colorbar;
clim([0 max(ErrorMatrix,[],'all')])
xlabel('X-axis'); ylabel('Y-axis');
pause(0.01);

% Display results
fprintf('Results:\n\n');

disp('The Numerical solution is:')
disp(T2)
disp('The Analytical solution is:')
disp(flip(TA))
disp('Absolute Error Between Numerical & Analytical Solutions:')
disp(ErrorMatrix)

EQ = Count * dT; % Time to equilibrium
fprintf('The time taken to achieve equilibrium is %.2f seconds.\n', EQ);
fprintf('This is equivalent to %.2f hours.\n', EQ / 3600);
fprintf('Maximum absolute error: %.4g °C\n', max(ErrorMatrix, [], 'all'));
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% 1. workspace Management Commands
cle;
clear;

% 2. Define Material Properties
k = 143; % Thermal conductivity (W/m.°C)
rho = 2.8e3; % Density (kg/m'3)

© = 795; % Specific heat (3/kg-°C)

% Thermal Diffusivity Calculation
alpha = k / (rho * c); % Thermal diffusivity in m"2/s

% Display Properties & Thermal Diffusivity
disp(*Aluminium Properties & Thermal Diffusivity:’);
fprintf('Thernal Conductivity (k): %.2f W/m.°C\n’, k);
fprintf(‘Density (rho): %.2f kg/m*3\n', rho);
Fprintf('Specific heat (c): %.2f 3/kg°C\n’, €);

fprintf('Thernal diffusivity (alpha): ¥.2e m"2/s\n\n’, alpha);
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% 3. Spatial Consideration User inputs

CompatibleInput = false;

while ~CompatibleInput
X = input(’Enter the X dimension of the plate (in meters): ');
Y = input(‘Enter the Y dimension of the plate (in meters): ');
h = input('Enter the grid spacing (in meters): ');

ifh> @8 h < min(X, V) && mod(X, h)
CompatibleInput = true;
fprintf('The grid spacing selected is compatible with the plate dimensions.\n\n');

else
fprintf(['\nThe grid spacing selected is not compatible with the plate dimensions.\n’

*Please ensure that:\n', ...

'1. The grid spacing is larger than @.\n', ...

'2. The X and Y dimenstions are larger than 0.\n', ...

'3. The X and Y dimenstions are divisible by the grid spacing without remainders.\n\n']);

© 88 mod(Y, h)

end
end

% 4. Calculate the number of rows and columns
NR = X / h+1; % Number of rows
NC =Y/ h+1; % Number of columns

T1 = zeros(NR, NC); % Sets the generated grid to @'s

% 5. Temperature matrix T1
Tn = input(’Enter the fixed temperature for the north boundary of the plate (°C):
Ts = -Tn; % South boundary

TL(1, 1) = Tn; % North boundary

Ti(end, @) = Ts; % South boundary

5 % North boundary
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% 6. User input for temporal consideration
validTinestep - false;

Fo_max = 1 / 4; % haxinum Fourier nunber

T mex < b2 / (4 * alpha); % Mexinun permissible tine sted

while ~validTimeStep
dT = input('Enter the time step (dt) in seconds

iF AT > © 88 dT <= dT_max

validTimeStep = true;
fprintf('The time step selected (¥.5e seconds) satisfies the stability criterion.\n\n’, dT);

else

fprintf(['\nThe tine step selected does not satisfy the stability criterion.\n®
*Please ensure that:\n',
'1. The time step is larger than 0.\n',
‘2. The time step is smaller than the maximun permissible time step (¥.5e seconds).\n\n'l, dT_max);

end
end

% 7. Initialise temperature matrix T2
T2 = T1; % Copy of T1 for the next time step

% 8. Convergence Criterion threshold
CC = 0.01; % Convergence threshold
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75 % 9. Calculation of T2
7% E = CC+1; % Initial error value

77 Count = 0; % Tteration counter
75

79 while E > CC

80 =125

51 for R = 2:NR-1

52 O For C = 2:NC-1

83 T2(R, €) = TL(R, €) + alpha * dT / h"2 * (T1(R-1, €) + T1(R+1, €) + T1(R, C-1) + TL(R, C+1) - 4 * T1(R, ©));
s end

85

86 % Update Neumann boundary conditions

87 5 % East boundary condition

88 T2(R, ©) = TL(R, ©) + alpha * dT / h*2 * (T1(R-1, €) + T1(R+1, C) + T1(R, C+1) + TL(R, C+1) - & * T1(R, ©));
8

% C=NC; % West boundary condition

B T2(R, ©) = TL(R, ©) + alpha * dT / h*2 * (T1(R-1, €) + T1(R+1, C) + T1(R, C-1) + TL(R, C-1) - & * T1(R, ©));
%2 end

o3

94 % Calculate error

95 E = max(abs(T2 - T1), [1, 'all');

% Count = Count + 1;

o7

B % Live temperature map

B figure(1);

100 contourf (flipud(12));

101 title('Aluniniun Plate Heat Distribution Numerical Solution');

102 colormap('jet');

103 colorbar;

104 xlabel('X-axis'); ylabel('V-axis');

105 pause(0.21);

106 end




image8.png
108
109
110
m
112
113
114
115
116
17
115
119
120
121
122
123
124
125
126
127
125
129
130

% 10. Analytical solution
TA = zeros(NR, NC);
For Row = LiNR

for Col

Ne
h*(col - 1);
y = h*(Row - 1);

S=5+(1/(1087K*pi)2)* (1- (~1)~K) *sin(K*pi*y/¥)/sinh (K*pi*X/¥)* (cosh (K*pi®x/¥)-cosh(K*pi® (x-X)/¥));
end
TA(Row, Col) =Ts+(2°Tn/¥)*y+5; ¥ Calculate the analytical solution for each grid point
end
end

% 11. Code Validation
Figure(2);

contourf(Ta);

title("Aluminium Plate Heat Distribution Analytical Solution');
colormap('jet’);

colorbar;

xlabel("X-axis'); ylabel('Y-axis');

pause(@.01);




image9.png
122 % 11. Code Validation

123 Figure(2);
124 contourf (TA);

125 title("Aluminium Plate Heat Distribution Analytical Solution');
126 colormap(‘jet’);

127 colorbar;

128 xlabel('X-axis'); ylabel('Y-axis');

129 pause(@.01);

130

131 % Calculate the absolute error

132 Errortlatrix = abs(flip(TA)-T2);

133

134 Figure(3);

135 contourf (Erroriiatrix) ;

136 title("Error Betucen Numerical and Analytical Solutions');

137 colormap('jet’);

138 colorbar;

139 clin([@ max(Errorflatrix,[], a11")])

140 xlabel('X-axis'); ylabel('Y-axis');

141 pause(@.01);

142

143 % Display results

142 Fprintf('Results:\n\n');

145

145 disp('The Numerical solution is

147 disp(T2)

145 disp('The Analytical solution is:')

149 disp(flip(TA))

150 disp(Absolute Error Between Numerical & Analytical Solutions:')
151 disp(Erroriiatrix)

152

153 EQ = Count * dT; % Time to equilibrium

154 fprintf('The time taken to achieve equilibrium is ¥.2f seconds.\n', EQ);
155 fprintf('This is equivalent to ¥.2f hours.\n', EQ / 3660);

156 fprintf(‘Maxinum absolute error: %.4g °C\n', max(ErrorMatrix, [1, 'all’));
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The Numerical solution is:
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The Analytical solution is:
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Aluminium Plate Heat Distribution Numerical Solution
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The time taken to achieve eguilibrium is 2376€00.00 seconds.
This is equivalent to 66.00 hours.
Maximum absolute error: 0.1074 °C
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INFLUENCE OF THE TOLERANCE CONDITION
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