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[bookmark: _Toc220760806]Chapter 1: Introduction
[bookmark: _Toc220760807]Context and Background:

The prediction of temperature progression in solid materials is a problem within heat transfer and has applications in engineering and materials science. Understanding transient heat conduction in metallic plates is essential for the design and analysis of thermal systems such as heat exchangers, electronic components, and structural elements subjected to thermal loading (Incropera & DeWitt, 2007; Özişik, 2013). Assumptions of uniform material properties, no internal heat generation, and perfect insulation are commonly made (Croft & Lilley, 1977). The temperature field within a solid can be described by the two-dimensional transient heat equation (Özişik et al., 2017).
[bookmark: _Toc220760808]Aims and Objectives:

In this report, the transient temperature distribution within an aluminium plate is investigated. The governing heat conduction equation is solved numerically using the Explicit Finite Difference Method (EFDM) (Smith, 1986; Langtangen & Linge, 2017). The aluminium plate is discretised using grid spacing, and the evolution of temperature is computed using a time step (Mazumder, 2015).
[bookmark: _Toc220760809]Methodology/Approach:

The model incorporates material properties for aluminium and applies a combination of boundary conditions to represent the thermal constraints on the aluminium plate (Özişik, 2013; Bejan, 2013). Starting from a uniform temperature, the solution is stepped in time until thermal equilibrium is reached. To assess the accuracy and validity of the numerical model, the steady-state numerical results are compared against an analytical solution (Press et al., 2007).
[bookmark: _Toc220760810]Summary of Structure:

The primary objective of this report is to develop a MATLAB code implementing the EFDM for two-dimensional transient heat conduction, examine the influence of spatial and temporal discretisation parameters, and demonstrate convergence towards the analytical steady-state temperature distribution (Özişik et al., 2017).








[bookmark: _Toc220760811]Chapter 2: Governing Equation.
[bookmark: _Toc220760812]Background to Heat Conduction:

Heat conduction is the transfer of thermal energy within solids (Carslaw & Jaeger, 1959). Prediction of conduction is essential for designing components with thermal loads (Incropera & DeWitt, 2007). Transient heat conduction issuews, when temperature varies with space/time commonly arise in manufacturing processes, electronic devices, and energy systems (Özişik, 2013; Bejan, 2013).
[image: Conduction Heat Transfer]
[bookmark: _Toc220760751]Figure 1 - Heat conduction/transfer of thermal energy within solids
[bookmark: _Toc220760813]The Heat Equation:

The heat equation shows temperature changes in materials from conduction. It is derived from the conservation of energy and Fourier’s law of heat conduction (Özişik, 2013; Croft & Lilley, 1977). Analytical solutions are available for simple geometries, but numerical methods such as finite difference methods are often required for difficult problems (Smith, 1986; Langtangen & Linge, 2017).
[bookmark: _Toc220760814]Mathematical Formulation of the 2D Heat Equation:

Two-dimensional domain with no internal heat generation and constant material properties, the transient heat conduction equation is:

This above equation assumes isotropic heat conduction, uniform density, uniform specific heat capacity and uniform thermal conductivity (Croft & Lilley, 1977; Özişik, 2013).

[bookmark: _Toc220760815]Definition of Terms and Physical Meaning:
In the governing equation:  represents the temperature at spatial coordinates  and time . 
The term is the rate of change of temperature with respect to time. (Capturing the transient nature of the heat transfer process).
, , and  the thermal conductivity (W/m·°C), density (kg/m³) and specific heat capacity (J/kg·°C) of aluminium. 
Second order spatial derivatives and  describe heat diffusion in the horizontal and vertical directions.
 is known as the thermal diffusivity and expresses the rate at which temperature gradients dissipate within materials (Özışık, 2013). 

[bookmark: _Toc220760816]Applicability to the Present Study:
The 2D heat equation provides the governing equation for the numerical model, discretised in space and time using the finite difference method (Smith, 1986; Langtangen & Linge, 2017).

[bookmark: _Toc220760817]Chapter 3: Finite Difference Method.
The finite difference method (FDM) approximates derivatives using Taylor series expansions about discrete grid points (Croft & Lilley, 1977; Press et al., 2007; Smith, 1986). Central difference approximations are commonly used for second-order spatial derivatives due to higher accuracy (Özişik, 2013).

[bookmark: _Toc220760818]Taylor series:  expansions about a point.
 sufficiently smooth function
 step size.
Expand  about point :
[bookmark: _Toc220760819]Forward expansion:





[bookmark: _Toc220760820]Backward expansion:

These two expansions are the raw material for finite difference formulas.
[bookmark: _Toc220760821]First derivative approximations: Forward difference for 
Forward Taylor expansion:

Subtract  and divide by :

Rearrange:

Forward difference approximation:

Truncation error .

[bookmark: _Toc220760822]Backward difference for  
[bookmark: _Toc220760823]Backward expansion:



Rearrange:


Error .

[bookmark: _Toc220760824]Central difference 
Subtract backward expansion from forward expansion:

Divide by :

Central difference approximation:

Error 

[bookmark: _Toc220760825]Second derivative approximations: Central difference for 
Forward and backward expansions:

Rearrange / isolate :


Divide by :

Standard second derivative finite difference:
Error .

[bookmark: _Toc220760826]Finite Difference Approximations and Truncation Error:
Finite difference method (FDM) is a widely used numerical technique for solving partial differential equations in heat transfer problems. Replacing derivatives with algebraic approximations derived from Taylor series expansions about discrete grid points (Croft & Lilley, 1977; Press et al., 2007).
For a sufficiently smooth temperature field , a Taylor series expansion in time about yields the forward difference approximation for the first-order temporal derivative:

This approximation is first order accurate in time. Truncation error decreases as the time step reduces.
Taylor series expansions lead to the central difference approximations for the second-order spatial derivatives:

Central difference schemes are second order accurate, providing higher accuracy than forward or backward schemes for a given grid spacing.
Truncation error shows the error by replacing derivatives with finite differences. Understanding truncation errors is needed for proving numerical accuracy and analysing how grid spacing and time step influence the solution (Özışık, 2013).

[bookmark: _Toc220760827]Discretisation of the Spatial and Temporal Domains:
The domain of the aluminium plate is separated in a two-dimensional structured grid with uniform spacing . Each node is identified by indices . 

The spatial coordinates:

The temporal domain is separated into uniform time steps , and the temperature at time level  is:

[bookmark: _Toc220760828]Explicit Finite Difference Formulation:
The two-dimensional transient heat conduction equation is given by:

where  is the thermal diffusivity.
Finite difference approximations introduced:

Rearranging the explicit finite difference equation:

This formulation is explicit because the temperature at the next time step depends only on known values from the current time level.
[bookmark: _Toc220760829]Fourier Number and Stability Criterion:
The dimensionless Fourier number is defined as:

Fourier number is the ratio of heat transport during time step to the thermal energy stored in a control volume. It governs the balance of spatial and temporal discretisation.
For the two-dimensional explicit, numerical stability requires:

This stability condition is derived using von Neumann stability analysis, which examines the growth of numerical errors through Fourier mode decomposition (Croft & Lilley, 1977; Press et al., 2007). Violating this criterion leads to exponential growth of errors, resulting in non-physical oscillations and divergence of the solution.
[bookmark: _Toc220760830]Chapter 4: Initial Condition, Boundary Conditions and Analytical Solution.
[bookmark: _Toc220760831]Initial Condition:
The transient heat conduction problem in this report requires specification of initial temperature distribution over the computational domain. The aluminium plate is assumed to be first at uniform temperature of zero degrees Celsius. 
Expressed as:

This initial condition represents a plate that is first at thermal equilibrium with its surroundings before thermal boundary conditions are applied. It provides a simple starting point for transient simulation and ensures that subsequent temperature evolution is due to the boundary conditions.
[bookmark: _Toc220760832]Boundary Conditions:
To get a good solution to the heat equation, appropriate boundary conditions must be set along the edges of the plate. In this report, a combination of Dirichlet and Neumann boundary conditions are applied.
[bookmark: _Toc220760833]Dirichlet Boundary Conditions:
[bookmark: _Toc220760834]North boundary T0 (fixed): This is the only explicit Dirichlet boundary condition in the Matlab code.
[image: ]
[bookmark: _Toc220760752]Figure 2 - North Boundary screenshot
· The top edge of the plate (North boundary)
· Temperature is held constant at T0 = (50 degrees)
· Applies to all interior nodes along that edge (corners excluded = 0 degrees)

[bookmark: _Toc220760835]Mathematical form:


[bookmark: _Toc220760836]Other boundaries: East, West, and South:
Fixed at 0 °C because of how the matrix is initialized.
[image: ]
[bookmark: _Toc220760753]Figure 3 - Initialize temperature matrix screenshot
T1(:,1) = West
T1(:,NC) = East
T1(NR,:) = South
Time-stepping loop updates interior nodes:
[image: ]
[bookmark: _Toc220760754]Figure 4 - Time step loop screenshot
Mathematical form:

These conditions represent boundaries at constant temperature. This can be interpreted as the plate in contact with thermal reservoirs that enforce fixed temperatures along the north, east and south.
[bookmark: _Toc220760837]Justification of Boundary Conditions:
The particular conditions are chosen because they link exactly to a the analytical solution of the two-dimensional steady-state heat equation provided. Analytical solutions for heat conduction problems are only available for a limited set of geometries and boundary conditions (Özışık, 2013).
Having boundary conditions for which an analytical solution exists, it is possible to compare the numerical results using the Explicit Finite Difference Method with an exact solution at thermal equilibrium. The comparison will provide a detailed way of validating the numerical implementation, identifying errors and assessing the accuracy and stability.
[bookmark: _Toc220760838]Analytical Steady-State Solution:
At equilibrium, the transient equation reduces to Laplace’s equation. The analytical solution provides a benchmark to validate the EFDM results (Press et al., 2007; Özişik, 2013).
[image: ]
[bookmark: _Toc220760755]Figure 5 - Analytical solution screenshot
This series solution represents the exact temperature distribution within the plate at steady state. In practice, the infinite series is truncated after a sufficient number of terms to achieve the desired accuracy.
[bookmark: _Toc220760839]Chapter 5: Codes’ Details and Explanations.
This chapter provides snapshots of each section of the code with explanations.
[bookmark: _Toc220760840]Step 1: 
[image: ]
[bookmark: _Toc220760756]Figure 6 - Step 1 screenshot (Clean up commands)
This step is the first step of the code, clean up commands are used to reset the workspace to provide a starting point. 
[bookmark: _Toc220760841]Step 2: 
[image: ]
[bookmark: _Toc220760757]Figure 7 - Step 2 screenshot (Defining properties of aluminium)
This section defines the physical properties that are given in the brief. 
[image: ]
[bookmark: _Toc220760842]Step 3: 
[image: ]
[bookmark: _Toc220760758]Figure 8 - Step 3 screenshot (User inputs)
Step 3 is the section of the code where users are prompted to input plate dimensions when the code is run within the command window. Plate widths must be positive in value (12mx12m). Users are also prompted to enter the North Dirichlet boundary condition T0 value (50 degrees) and the grid spacing (For example 1m). The grid spacing value inputted must divide within the plate dimensions exactly for the code to run. 
[bookmark: _Toc220760843]Step 4: 
[image: ]
[bookmark: _Toc220760759]Figure 9 - Step 4 screenshot (Calculation of Number of rows/columns)
This step calculates how many grid points (nodes) needed in each direction of the plate, based on:
· Size of the plate (Xdim, Ydim)
· grid spacing (h)
Discretising a continuous plate into a finite difference mesh.
[bookmark: _Toc220760844]Step 5: 
[image: ]
[bookmark: _Toc220760760]Figure 10 - Step 5 screenshot (Temperature matrix)
Step 5 initializes the temperature field as a zero matrix and applies the fixed north boundary temperature, preparing the grid for the finite difference simulation.
· Sets up the numerical grid.
· Applies initial temperatures to all points.
· Enforces Dirichlet boundary condition (fixed temperature) on the north edge.
· Prepares the grid for the time-stepping iteration.
[bookmark: _Toc220760845]Step 6:
[image: ]
[bookmark: _Toc220760761]Figure 11 - Step 6 screenshot (dtMax calculation / time step input)
Step 6 calculates the maximum stable time step based on the spatial grid and thermal diffusivity, then prompts the user to choose a valid time step for the explicit finite difference simulation.
· Stability of the explicit finite difference method.
· User chooses a valid time step.
· Sets up the time increment for advancing the temperature field.
[bookmark: _Toc220760846]Step 7: 
[image: ]
[bookmark: _Toc220760762]Figure 12 - Step 7 screenshot (Temperature matix T2)
Step 7 initializes a copy of the temperature matrix for updates and calculates the Fourier number, which quantifies the relative effect of heat conduction per time step and is used in the finite difference update formula.
· Prepares T2 as a placeholder for updated temperatures.
· Calculates Fo, which governs: How quickly heat propagates in the simulation and Stability of the explicit scheme (must satisfy Fo <= 1/4 in 2D).
· Sets up the simulation for Step 9, where T2 is iteratively updated until convergence.
[bookmark: _Toc220760847]Step 8: 
[image: ]
[bookmark: _Toc220760763]Figure 13 - Step 8 screenshot (Convergence criterion CC)
Step 8 defines the convergence criterion for the simulation by setting a small allowable temperature change between iterations and initializing variables to track the maximum difference and elapsed time.
· Sets a high-precision tolerance (CC) for equilibrium.
· Initializes a variable to track the maximum change in temperature (maxDiff).
· Initializes a simulation timer (time).
[bookmark: _Toc220760848]Step 9: 
[image: ]
[bookmark: _Toc220760764]Figure 14 - Step 9 screenshot (Calculation for T2)
Step 9 iteratively updates the temperature of all interior nodes using the 2D explicit finite difference formula, checking the maximum change at each step, until the entire plate reaches thermal equilibrium.
· Iteratively updates interior temperatures using the 2D explicit finite difference method.
· Checks for convergence at each iteration.
· Updates the simulation clock.
· Stops when the system reaches steady state (all nodes change by less than CC.
[bookmark: _Toc220760849]Step 10: 
[image: ]
[bookmark: _Toc220760765]Figure 15 - Step 10 screenshot (Analytical solution at steady state)
[image: ]
[bookmark: _Toc220760766]Figure 16 - Step 10 screenshot (Plotting solution)
Step 10 calculates the exact steady-state temperature distribution on the plate using a truncated Fourier series solution of the 2D heat conduction equation and visualizes it for comparison with the numerical solution.
· Computes the exact analytical solution using a Fourier series.
· Uses the same grid as the numerical solution for direct comparison.
· Produces a visualization of steady-state temperature.
· Provides a reference to validate the numerical solution (Step 11)
[bookmark: _Toc220760850]Step 11:
[image: ]
[bookmark: _Toc220760767]Figure 17 - Step 11 screenshot (Code validation)
[image: ]
[bookmark: _Toc220760768]Figure 18 - Step 11 screenshot (Numerical vs Analytical comparison - heatmaps)
[image: ]
[bookmark: _Toc220760769]Figure 19 - Step 11 screenshot (error heatmap)
Step 11 validates the numerical solution by computing the absolute pointwise error relative to the analytical solution, reporting the maximum and mean errors, and visualizing both the numerical, analytical, and error distributions for comparison.
· Calculates pointwise error between numerical and analytical solutions.
· Quantifies accuracy with maximum and mean errors.
· Visualizes the results for easy inspection.
· Provides confidence that the numerical simulation is correct.
[bookmark: _Toc220760851]Step 12: 
[image: ]
[bookmark: _Toc220760770]Figure 20 - Step 12 screenshot (Time to Thermal Equilibrium)
Step 12 reports the total simulation time required to reach thermal equilibrium, converting it into seconds, minutes, hours, or days depending on its magnitude for easy interpretation.
· Reports total time to reach thermal equilibrium.
· Converts it into a human-readable format.
· Ensures users can understand how long the simulation physically took.
This step is purely informational; it doesn’t affect the simulation itself.

[bookmark: _Toc220760852]Chapter 6: Validation of the Model:
[image: ]
[bookmark: _Toc220760771]Figure 21 - User inputs screenshot
Above are the values added in Matlabs command window when running the code. 
Below are the heatmaps from the code when inputting all values. 
[image: ]
[bookmark: _Toc220760772]Figure 22 - All 2D heatmaps including error heatmap
Heatmap 1 T2: 
[image: ]
[bookmark: _Toc220760773]Figure 23 - Heatmap 1 T2




Command window values for T2.
[image: ]
[bookmark: _Toc220760774]Figure 24 - Command window values for T2
Heatmap 2 TA:
[image: ]
[bookmark: _Toc220760775]Figure 25 - Heatmap 2 TA
Command window values for TA:
[image: ]
[bookmark: _Toc220760776]Figure 26 - Commando window values for TA




Heatmap 3 Error distribution / comparison of heatmap 1 and 2 (T2-TA):
[image: ]
[bookmark: _Toc220760777]Figure 27 - Error heatmap
Error values between T2 and TA in command window:
[image: ]
[bookmark: _Toc220760778]Figure 28 - Command window error values between T2 and TA
Code validation results:
[image: ]
[bookmark: _Toc220760779]Figure 29 - Code validation results
Figure 29 shows the results of a thermal model validation and that the simulation performs with good accuracy and stability. Maximum error between the model predictions and the reference solution is 0.4051 °C and mean error is only 0.1157 °C, showing that predictions are close to expected values. The code states thermal equilibrium after approximately 5.46 days (471,600 seconds). These results prove that the code reliably gives the thermal behaviour of the system with only minor deviations.
[bookmark: _Toc220760853]Chapter 7: Sensitivity Analysis of Key Numerical Parameters.
Grid spacing, time step and tolerance influence accuracy and computational cost. Finer grids reduce truncation error but restrict the maximum stable time step. Smaller time steps improve temporal accuracy but increase runtime (Press et al., 2007; Özışık, 2013; Langtangen & Linge, 2017).
A sensitivity analysis is performed to evaluate the robustness of the numerical model.
[bookmark: _Toc220760854]Grid spacing: Finer grids reduce spatial truncation error but increase computational cost and restrict the maximum stable time step.
[bookmark: _Toc220760780]Figure 30 - Grid spacing table
[image: ]
Figure 30 shows the effect of grid spacing on thermal equilibrium time. Convergence is observed for small grid spacings, while coarser grids introduce numerical inaccuracies.
[bookmark: _Toc220760781]Figure 31 - Grid spacing against thermal equilibrium time graph

Figure 31 shows the change of thermal equilibrium time with grid spacing h. For small grid spacings (h ≤ 0.7), the equilibrium time stays constant at around 3.73 × 10⁵ s, proving grid convergence and numerical stability (Roache, 1998; Ferziger, Perić and Street, 2020). As the grid spacing increases (h ≳ 0.7), an increase in the equilibrium time is observed, reflecting reduced spatial resolution and increasing discretisation error linked to coarser meshes (Versteeg and Malalasekera, 2007). At the largest grid spacing (h = 3.0), a decrease in equilibrium time occurs, which is characteristic of numerical instability or loss of physical fidelity when the grid is too coarse to adequately resolve thermal gradients (Ferziger, Perić and Street, 2020). Consequently, a grid spacing within the converged region was selected to ensure an optimal balance between computational efficiency and solution accuracy, in line with established best practice in numerical verification studies (Roache, 1998).
Real world example:
For example, in CFD studies of mixed convection heat transfer around cooling coils, researchers perform formal grid independence tests to ensure that numerical results are not dependent on the spatial discretisation. In one such study, five different mesh densities ranging from approximately 5,000 to over 120,000 elements were evaluated by monitoring average Nusselt and Sherwood numbers; significant changes were observed between the coarsest meshes, but the values stabilised beyond a certain mesh density, indicating convergence and negligible truncation error for the finer grids (Abed and Abdel-Hafez, 2025). This allowed the investigators to select an optimal mesh that balanced computational cost with numerical accuracy, as further refinement did not materially change the thermal performance metrics. This behaviour aligns with the trend seen in Figure 31, where thermal equilibrium time converges at small grid spacings but diverges with coarser grids that do not resolve gradients adequately.
[bookmark: _Toc220760855]Time step: Smaller time steps improve temporal accuracy and stability but significantly increase runtime.
[bookmark: _Toc220760782]Figure 32 - Time step table
[image: ]
[bookmark: _Toc220760783]Figure 33 - Time step against thermal equilibrium time graph

Figure 33 shows the relationship between time step and thermal equilibrium time. As time step increases, equilibrium time increases, reflecting the growing influence of temporal discretisation error (Ferziger, Perić and Street, 2020). At small time steps (Δt ≲ 200 s), equilibrium time increases rapidly, indicating strong sensitivity to the chosen time step and a lack of temporal convergence (Versteeg and Malalasekera, 2007). As time step increases beyond approximately 500 to 1000 s, the curve begins to flatten, showing reduced sensitivity to further increases in time step and indicating that the solution has approached temporal convergence (Roache, 1998). On this basis, a time step within the range 500 to 1000 s was selected, providing an appropriate compromise between numerical accuracy and computational efficiency, consistent with established verification practices for time-dependent simulations (Ferziger, Perić and Street, 2020).
Example:
This relationship is a well-documented challenge in Building Energy Simulation for instance, Crawley et al. (2001) demonstrate that while larger time steps reduce the computational burden, they risk misrepresenting the transient thermal behavior of building envelopes, potentially overestimating the time required for internal spaces to reach a balanced thermal state.

[bookmark: _Toc220760856]Thermal equilibrium tolerance: Stricter tolerances improve accuracy but may lead to excessive computational effort or premature convergence.
[bookmark: _Toc220760784]Figure 34 - Thermal equilibrium tolerance table
[image: ]
[bookmark: _Toc220760785]Figure 35 - Tolerence against thermal equilibrium time graph

Figure 35 illustrates the relationship between tolerance and time required for a system to reach thermal equilibrium. As the tolerance becomes smaller (indicating a stricter definition of equilibrium), the time needed increases sharply, reaching very large values for near-zero tolerances. This reflects the fact that thermal systems approach equilibrium asymptotically, with the final stages of equilibration occurring very slowly. Conversely, allowing a larger tolerance significantly reduces the equilibration time, with most of the time savings occurring at small increases in tolerance. Overall, the graph highlights a strong trade off between accuracy and time, showing that modest tolerances can achieve practical equilibrium much faster than extremely strict ones.

[bookmark: _Toc220760857]Chapter 8: Limitations of the Numerical Model:

[bookmark: _Toc220760858]Truncation Error:
Finite difference method is used to solve the 2D heat conduction problem. This method approximates spatial and temporal derivatives using finite differences, introducing truncation errors. Central difference schemes in space and a forward difference in time result in truncation errors of order and , staed by (Patankar, 1980).
Sensitivity analysis demonstrates that reducing grid spacing leads to improved numerical and analytical solutions by a reduction in maximum and mean errors. Coarser grids show increased deviation, particularly near boundaries where temperature gradients are steep and are consistent with established numerical heat transfer theory (Incropera et al., 2007).
[bookmark: _Toc220760859]Round-Off Error:
These come from finite precision of floating-point arithmetic. While negligible for coarse grids, their impact becomes more pronounced as grid resolution increases and convergence tolerances are tightened (Ferziger and Perić, 2002).
Sensitivity analysis shows low values of  and convergence tolerance , reduction in numerical error becomes small. Round-off error begins to dominate. Fluctuations in convergence behaviour near the tolerance threshold provide evidence of limitations.
[bookmark: _Toc220760860]Stability Constraints:
The explicit FDM employed in this study is conditionally stable and requires the Fourier number to satisfy:

(Versteeg and Malalasekera, 2007).
Sensitivity analysis confirms this limit results in numerical instability. Reducing grid spacing necessitates a small time step, increasing computational time to reach steady state. 
[bookmark: _Toc220760861]Geometric and Boundary Condition Constraints:
The numerical approach is based on a structured grid, which restricts the model to rectangular shapes. Complex/curved geometries/boundaries, or varying material properties can’t be shown accurately without modification. This limitation is linked to finite difference methods and contrasts with more flexible numerical approaches such as the finite element method (Zienkiewicz et al., 2005).
[bookmark: _Toc220760862]Limitations of the Coding Implementation:
[bookmark: _Toc220760863]Thermal Equilibrium Criterion:
Thermal equilibrium is the maximum temperature change between iterations falls below a tolerance. This is computationally efficient but doesn’t represent true physical equilibrium (Patankar, 1980). Sensitivity analysis shows that strict tolerances increase the predicted time to equilibrium without an improvement in accuracy, indicating that the criterion reflects numerical convergence rather than steady state.
[bookmark: _Toc220760864]Dependence on User-Defined Parameters:
Accuracy and stability of the code are influenced by defined parameters (grid spacing, time step size, convergence tolerance, terms used in analytical solution). Sensitivity analysis shows small changes in parameters leads to variations in error magnitude and convergence time, underscoring the numerical code. (Ferziger and Perić, 2002).
[bookmark: _Toc220760865]Summary of Model Limitations:
The numerical model states several limitations: truncation and round-off errors restrict accuracy; conditional stability imposes strict limits on time step size; computational cost increases with grid refinement; and simplified geometry limits applicability. Sensitivity analysis provides evidence of these theoretical limitations and influence model behaviour.
[bookmark: _Toc220760866]Chapter 9: Suggested Improvements and Future Developments:
[bookmark: _Toc220760867]Future improvements:
Finite Difference Method used successfully shows transient heat conduction in a 2D aluminium plate, improvements will improve numerical efficiency and accuracy.
A limitation of the explicit method is its stability, which shows a restricted time-step constraint through the Fourier number criterion. This could be addressed by adding implicit or semi-implicit methods such as Crank Nicolson method, which is stable for diffusion problems and second order accurate in time (Smith, 1986; Özişik, 2013). Implicit methods require solving systems of equations at each time step, they help larger time steps and reduced overall computational time (Versteeg and Malalasekera, 2007).
Also improvements could be adaptive mesh refinement and adaptive time stepping. Refining grid in areas with steep temperature gradients while maintaining coarser grids elsewhere will reduce truncation error without excessive computational cost (Ferziger, Perić and Street, 2020). Adaptive time stepping similarly improves efficiency by altering time step during phases of transient solution (Patankar, 1980).
The finite difference method is limited to structured grids and rectangular geometries. To model complex geometries alternative numerical methods such as the finite volume method or finite element method could be employed. These approaches offer greater geometric flexibility and improved conservation properties, making them more suitable for practical engineering applications (Versteeg and Malalasekera, 2007; Zienkiewicz et al., 2005).
Definition of thermal equilibrium could be improved by adopting energy based convergence criteria. This criteria could provide a physically meaningful indication of steady state than a purely numerical tolerance on temperature change (Incropera et al., 2007; Patankar, 1980). 
Stated developments would improve the robustness, accuracy, and applicability of the numerical model, providing a stronger foundation for advanced heat transfer simulations.

[bookmark: _Toc220760868]Chapter 10: Conclusion
The conclusion should provide a brief overview of the report's findings, and results. A conclusion typically reviews the aims and objectives that are established at the beginning of the report.
This report has given a study of transient heat conduction in a 2D aluminium plate using Explicit Finite Difference Method (EFDM). The aim was to develop a numerical code capable of calculating the temperature distribution over time and to validate it against an analytical steady-state solution. 
Through discretisation of the spatial and temporal domains, implementation of boundary conditions and solution of the finite difference equations, the code successfully simulated the steps of temperature until thermal equilibrium was reached.
Validation against the analytical solution showed that numerical results matched the temperature distribution with errors low, confirming the accuracy of the EFDM method. Sensitivity analysis highlighted the influence of grid spacing, time step, and convergence tolerance on solution accuracy and computational efficiency, providing insight into the trade-offs in numerical simulations. 
Limitations of the current model, which are stability constraints and sensitivity to discretisation parameters were identified and potential improvements such as implicit schemes, adaptive meshing and advanced equilibrium criteria were suggested for future work.
Overall, the report demonstrates that the Explicit Finite Difference Method is an effective and accessible tool for modelling transient heat conduction in simple geometries. This study cements the importance of selection of numerical parameters and boundary conditions while providing a foundation for more advanced simulations in complex systems.
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[bookmark: _Toc220760870]Appendix: Matlab Code
%Step 1: Clean up commands, workspace reset
clear;
clc;
close all;
%% Step 2: Define physical properties of Aluminium (Given in assignment)
k  = 143;              % W/m.C
rho = 2.8*10^3;        % kg/m^3
cp = 795;              % J/kg.C
alpha = k/(rho*cp);    % Thermal diffusivity
fprintf("Thermal diffusivity α = %.3e m²/s\n",alpha);
%% Step 3: User inputs for spatial consideration
% Prompt user to input X and Y dimensions (Plate size)
Xdim = input("Enter plate width Xdim (m): ");
while Xdim <= 0
    Xdim = input('Enter a positive plate width: ');
end
Ydim = input("Enter plate height Ydim (m): ");
while Ydim <= 0
    Ydim = input('Enter a positive plate height: ');
end
% Prompt user to input North boundary temperature (User input)
T0 = input("Enter North boundary temperature T0 (°C): ");
% Grid spacing of plate (User input)
h = input("Enter grid spacing h (m): ");
while h <= 0 || h >= Xdim || h >= Ydim || rem(Xdim,h) ~= 0 || rem(Ydim,h) ~= 0
    h = input('Enter a valid h (divides both Xdim and Ydim exactly): ');
end
%% Step 4: Number of rows and columns (Calculation for plate)
NR = Xdim/h + 1;   % rows (x-direction)
NC = Ydim/h + 1;   % columns (y-direction)
%% Step 5: Create Temperature matrix (East, West and South boundaries)
T1 = zeros(NR, NC);  % Initialize temperature matrix
T1(1,2:NC-1) = T0;        % North boundary fixed
T1;
%% Step 6: Calculate dtMAX and time step input
dtMAX = h^2 / (4 * alpha);  % Stability condition (Fo <= 1/4)
dt = input(['Enter time step dt (s), <= ' num2str(dtMAX) ': ']);
while dt <= 0 || dt > dtMAX
    dt = input(['Enter a positive dt <= ' num2str(dtMAX) ': ']);
end
%% Step 7: Initialise temperature matrix T2
T2 = T1;               % Copy initial temperature field
Fo = alpha*dt/h^2;     % Fourier number
%% Step 8: Convergence criterion
CC = 0.01;            % Maximum allowable temperature difference (°C)
maxDiff = CC+1;        % Initialize maximum difference
time = 0;             % Initialize simulation time
%% Step 9: Calculation of T2 until convergence
while maxDiff > CC
    for i = 2:NR-1
        for j = 2:NC-1
            T2(i,j) = T1(i,j) + Fo * ( ...
                T1(i+1,j) + T1(i-1,j) + ...
                T1(i,j+1) + T1(i,j-1) - ...
                4*T1(i,j) );
        end
    end
    maxDiff = max(max(abs(T2 - T1)));  % Calculate max difference
    T1 = T2;                           % Update temperature field
    time = time + dt;                  % Increment time
end
%% Step 10: Analytical Solution at steady state
Nterms = 10000;             % Sufficient for convergence (Use the first 100 terms of a mathematical series)
TA = zeros(NC, NR);         % Initialize analytical temperature matrix (This creates an empty table (matrix) filled with zeros)
x = linspace(0, Xdim, NR);  % columns (This creates a list of x-positions across the plate width)
y = linspace(0, Ydim, NC);  % rows (Same as above in height)
for j = 1:NC        % y-direction
    for i = 1:NR    % x-direction
        sumSeries = 0;
        for n = 0:Nterms
            m = 2*n + 1;  % odd integers
            term = (1/m) * sin(m*pi*x(i)/Xdim) * ... %(sin controls how temperature varies horizontally)
                ( exp(-m*pi*(Ydim-y(j))/Xdim) - exp(-m*pi*(Ydim+y(j))/Xdim) ) / ... %(exp controls how temperature decays vertically)
                ( 1 - exp(-2*m*pi*Ydim/Xdim) ); %(Xdim / Ydim = plate dimensions)
            sumSeries = sumSeries + term; %(Adds the current term to the running total)
        end
        TA(j,i) = (4*T0/pi) * sumSeries; %(Calculates final temp at that point and stores it in the table)
    end
end

% Plot analytical solution
figure
contourf(x, y, TA) %(Draws colour map)
colorbar %(Adds a scale showing what temperature each color means)
xlabel('X (m)')
ylabel('Y (m)')
title('Temperature Analytical Distribution at Steady State')
axis equal tight %(Keeps the plot dimensions physically correct)
set(gca,'YDir','normal') %(Ensures vertical axis increases upwards, like normal coordinates.)
disp('Numerical Temperture Distribution to Thermal Equalibrium T2:')
disp(T2)
disp('Analytical Temperature Distribution to Thermal Equalibrium TA:')
disp(flip(TA))
%% Step 11: Code Validation
disp('Error Between Numerical and Analytical T2-TA:')
Error = abs(T2 - flip(TA)); % Pointwise absolute error
disp(Error)
maxError = max(max(Error));
meanError = mean(Error(:));
fprintf('--- Code Validation Results ---\n');
fprintf('Maximum absolute error: %.4f °C\n', maxError);
fprintf('Mean absolute error: %.4f °C\n', meanError);
% Numerical vs Analytical comparison (2D heat maps)
figure
subplot(1,3,1)
contourf(x, y, flip(T2))
colorbar
xlabel('X (m)')
ylabel('Y (m)')
title('Numerical Temperature Distribution')
axis equal tight
set(gca,'YDir','normal')
subplot(1,3,2)
contourf(x, y, TA)
colorbar
xlabel('X (m)')
ylabel('Y (m)')
title('Analytical Temperature Distribution')
axis equal tight
set(gca,'YDir','normal')
% Error heatmap
subplot(1,3,3)
contourf(x, y, flip(Error))
colorbar
xlabel('X (m)')
ylabel('Y (m)')
title('Error Distribution: |T2 - TA|')
axis equal tight
set(gca,'YDir','normal')
%% Step 12: Time to Thermal Equilibrium
if time < 60
    fprintf('Time to reach thermal equilibrium: %.2f seconds\n', time);
elseif time < 3600
    fprintf('Time to reach thermal equilibrium: %.2f minutes\n', time/60);
elseif time < 86400
    fprintf('Time to reach thermal equilibrium: %.2f hours\n', time/3600);
else
    fprintf('Time to reach thermal equilibrium: %.2f days\n', time/86400);
end
disp('Time in seconds')
time
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%% Step 2: Define physical properties of Aluminium (Given in assignment)
k = 143; % W/m.C

rho = 2.8*10"3; % kg/m”3

cp = 795; % J/kg.C

alpha = k/(rho*cp); % Thermal diffusivity

fprintf("Thermal diffusivity a = %.3e m2/s\n",alpha);
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The Aluminium properties to be considered are:
e Conductivity: k=143 W/m.C
e Density: p=2.8 x 10° kg/m’
e Specific Heat: ¢ =795 J/kg.C
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%% Step 3: User inputs for spatial consideration
% Prompt user to input X and Y dimensions (Plate size)
Xdim = input("Enter plate width Xdim (m): ");
while Xdim <= @
Xdim = input(‘Enter a positive plate width: );
end
Ydim = input("Enter plate height Ydim (m): ");
while Ydim <= @
Ydim = input('Enter a positive plate height: ');
end
% Prompt user to input North boundary temperature (User input)
T@ = input("Enter North boundary temperature TO (°C): ");
% Grid spacing of plate (User input)
h = input(“"Enter grid spacing h (m): ");
while h <= @ || h >= Xdim || h >= vdim || rem(Xdim,h) ~= @ || rem(Ydim,h) ~
h = input('Enter a valid h (divides both Xdim and Ydim exactly): *);

end
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Step 4: Number of rows and columns (Calculation for plate)
= Xdim/h + 1; % rows (x-direction)
Ydim/h + 1; % columns (y-direction)
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%% Step 5: Create Temperature matrix (East, West and South boundaries)
T1 = zeros(NR, NC); % Initialize temperature matrix

T1(1,2:NC-1) = Te; % North boundary fixed

T1;
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%% Step 6: Calculate dtMAX and time step input

dtMAX = h?2 / (4 * alpha); % Stability condition (Fo <= 1/4)

dt = input(['Enter time step dt (s), <= ' num2str(dtMAX) ": ']);
while dt <= @ || dt > dtMAX

dt = input(['Enter a positive dt <= ' num2str(dtMAX) ": ']);

end
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%% Step 7: Initialise temperature matrix T2
T2 = Tilg % Copy initial temperature field
Fo = alpha*dt/h”2; % Fourier number
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%% Step 8: Convergence criterion

CC = 90.000001; % Maximum allowable temperature difference (°C)
maxDiff = CC+1; % Initialize maximum difference
time = 0; % Initialize simulation time
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while maxDiff > CC
for i = 2:NR-1
for j = 2:NC-1
T2(i,j) = T1(i,j) + Fo * ( ...
T1(i+1,3j) + T1(i-1,3) + ...
T1(i,j+1) + T1(i,j-1) - ...
4*T1(4,3) );

end

end
end
maxDiff = max(max(abs(T2 - T1))); % Calculate max difference
T1 = T2; % Update temperature field
time = time + dt; % Increment time
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%% Step 1ek Analytical Solution at steady state

Nterms

TA = zeros(NC, NR);
linspace(@, Xdim, NR);

X

y
for

end

= 10000; % Sufficient for convergence (Use the first 100 terms of a mathematical series)

linspace(@, Ydim, NC); % rows (Same as above in height)

% Initialize analytical temperature matrix (This creates an empty table (matrix) filled with zeros)
% columns (This creates a list of x-positions across the plate width)

) / ... %(exp controls how temperature decays vertically)

j = 1:NC % y-direction
for i = 1:NR % x-direction
sumSeries = 0;
for n = @:Nterms
m = 2*n + 1; % odd integers
term = (1/m) * sin(m*pi*x(i)/Xdim) * ... %(sin controls how temperature varies horizontally)
( exp(-m*pi*(Ydim-y(j))/Xdim) - exp(-m*pi*(Ydim+y(j))/Xdim)
( 1 - exp(-2*m*pi*Ydim/Xdim) ); %(Xdim / Ydim = plate dimensions)
sumSeries = sumSeries + term; %(Adds the current term to the running total)
end
TA(j,1i) = (4*T@/pi) * sumSeries; %(Calculates final temp at that point and stores it in the table)
end
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% Plot analytical solution

figure

contourf(x, y, TA) %(Draws colour map)

colorbar %(Adds a scale showing what temperature each color means)
xlabel(*X (m)")

ylabel('y (m)")

title( ' Temperature Analytical Distribution at Steady State')

axis equal tight %(Keeps the plot dimensions physically correct)
set(gca, 'YDir', 'normal’) %(Ensures vertical axis increases upwards, like normal coordinates.)
disp(‘Numerical Temperture Distribution to Thermal Equalibrium T2:')
disp(T2)

disp(‘'Analytical Temperature Distribution to Thermal Equalibrium TA:')
disp(flip(TA))
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%% Step 11: Code Validation

disp('Error Between Numerical and Analytical T2-TA:')
Error = abs(T2 - flip(TA)); % Pointwise absolute error
disp(Error)

maxError = max(max(Error));

meanError = mean(Error(:));

fprintf('--- Code Validation Results ---\n');
fprintf('Maximum absolute error: %.4f °C\n', maxError);
fprintf('Mean absolute error: %.4f °C\n', meanError);
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% Numerical vs Analytlcal comparison (ZD heat maps)
figure

subplot(1,3,1)

contourf(x, y, flip(T2))

colorbar

xlabel(*X (m)")

ylabel('y (m)")

title( ‘Numerical Temperature Distribution')
axis equal tight

set(gca, 'YDir', ‘normal’)

subplot(1,3,2)

contourf(x, y, TA)

colorbar

xlabel(*X (m)")

ylabel('y (m)")

title('Analytical Temperature Distribution')
axis equal tight

set(gca, 'YDir', ‘normal’)

S
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% Error heatmap
subplot(1,3,3)

contourf(x, y, flip(Error))
colorbar

xlabel(*X (m)")

ylabel('y (m)")

title('Error Distribution: |T2 - TA|')

axis equal tight
set(gca, "’ YD1r , normal )
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%% Step 12: T1me to Thermal Equilibrium

if time < 60
fprintf('Time to
elseif time < 3600
fprintf('Time to
elseif time < 86400
fprintf('Time to
else
fprintf('Time to
end

reach thermal equilibrium:
reach thermal equilibrium:
reach thermal equilibrium:

reach thermal equilibrium:

disp('Time in seconds')

time

%.2f seconds\n', time);
%.2f minutes\n', time/60);
%.2f hours\n', time/3600);

%.2f days\n', time/86400);
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Thermal diffusivity a = 6.424e-05 m?/s

Enter plate width Xdim (m): 12

Enter plate height Ydim (m): 12

Enter North boundary temperature T@ (°C): 5@
Enter grid spacing h (m): 1

Enter time step dt (s), <= 3891.6084: 3600
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Numerical Temperture Distribution to Thermal Equalibrium T2:
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Analytical Temperature Distribution to Thermal Equalibrium TA:
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Error Between Numerical and Analytical T2-TA:
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--- Code Validation Results ---

Maximum absolute error: ©0.4051 °C

Mean absolute error: ©.1157 °C

Time to reach thermal equilibrium: 5.46 days

Time in seconds

time =

471600
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Grid Spacing (h)

Time Step (Fixed)

Tolerance (Fixed)

Thermal Equilibrium Time (Days)

Thermal Equilibrium Time (Seconds)

4 150 0.001 4 345300

3 150 0.001 4.33 374100

2 150 0.001 4.33 373800
15 150 0.001 4.32 373650
1.2 150 0.001 4.32 373500
1 150 0.001 4.32 373500
0.75 150 0.001 4.32 373350
0.6 150 0.001 4.32 373350
0.5 150 0.001 4.32 373350
0.4 150 0.001 4.32 373350
0.3 150 0.001 4.32 373350
0.25 150 0.001 4.32 373350
0.2 150 0.001 4.32 373350
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Grid Spacing h (Fixed) |Time Step Tolerance (Fixed) Thermal Equilibrium Time (Days) |Thermal Equilibrium Time (Seconds)
0.75 2000 0.0001 10.72 926000
0.75 1500 0.0001 10.35 894000
0.75 1000 0.0001 9.84 850000
0.75 800 0.0001 9.55 824800
0.75 600 0.0001 9.17 792600
0.75 400 0.0001 8.64 746800
0.75 200 0.0001 7.73 668200
0.75 100 0.0001 6.82 589400
0.75 50 0.0001 5.91 510500
0.75 25 0.0001 5 431575
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Grid Spacing h (Fixed) |Time Step (Fixed) Tolerance Thermal Equilibrium Time (Days) |Thermal Equilibrium Time (Seconds)
1 500 0.1 15.42 hours 55500
1 500 0.01 2.88 248500
1 500 0.001 5.91 510500
1 500 0.0001 8.95 773000
1 500 0.00001 11.98 1035500
1 500 0.000001 15.02 1298000
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T1(1,2:NC-1) = Te; % North boundary fixed
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T1 = zeros(NR, NC); % Initialize temperature matrix
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ameE ==

while maxle'F > CC
for i = 2:NR-1
for j = 2:NC-1
T2(5 5) = T1¢(




