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Literature review
It is by now widely accepted within the field of education and teaching that the acquisition of new knowledge occurs in the context of what the person already knows (e.g. Sidney & Alibali, 2015). This constructivist model of learning is often evident in the classroom where the teacher, in introducing a new topic will first attempt to activate pupils’ prior knowledge or ‘schemas’ which are considered to be relevant to the new work; for example, a teacher might use a starter activity aimed to remind or refresh students’ memories of previously learned work which has links to the current topic. In doing this, the teacher might be considered to be activating the student’s pre-existing schemas or ‘mental structures’ into which the new information can be accommodated and assimilated, thereby creating new, richer and more complex ‘schemas’ that might better equip the individual to effectively deal with future ‘related’ cognitive challenges  (e.g. Piaget 1980b; Vygotsky, 1987). This model is particularly powerful when considering how mathematical learning takes place, since concept development in mathematics is often believed to occur in a highly linear fashion from more elementary to advanced concepts (e.g. Chambers and Timlin, 2013). Nevertheless, in reality this is perhaps an oversimplification of the learning trajectory that occurs in mathematics, which research suggests is more dynamic and bi-directional than this characterisation (e.g. Pririe and Lieren, 1989; (Peterson et al., 2018). 
Based on this analysis, understanding how previous knowledge supports new learning is essential to understanding how cognitive development occurs and thus has important implications to the design of effective teaching practices. Remaining within the constructivist paradigm Sidney and Alibali (2015) discuss the cognitive mechanism of ‘analogical transfer’ to describe the process whereby the learner ‘uses’ previously learned knowledge to support new learning; if the process is successful, transfer is said to have occurred.  Drawing on the work of Gick and Holyoak, (1987) they identify two essential aspects to successful analogical transfer: identification of a suitable ‘analogue’ and adaptation of the relevant aspects of that analogue to the current problem. Successful or ‘positive transfer’ is said to have happened if both processes have been accomplished successfully. The authors suggest that transfer can be disrupted in one of two ways. Firstly, there could be a failure to identify a helpful analogue, which would result in no transfer, or alternatively a misleading analogue that is ill-suited to the problem could interrupt the process of transfer. Secondly, a helpful analogue may have been selected but the individual is unable to transfer the relevant information appropriately (for which there may be numerous reasons, e.g. see Nokes and Belenky, 2011; Bassok, 1996; Gick and Holyoak, 1980). Relevant to this concept of analogical transfer is Gentner’s (1983) structure-mapping theory which characterises the features of a strong cognitive analogue (Sidney and Alibali, 2015). Gentner’s model distinguishes between surface (perceptual) features, which describe the attributes of discrete entities within a system (e.g. such as the operational features and characteristics associated with addition, subtraction, multiplication,  division, fraction, integers and so forth) and structural features within a system which are concerned with the relationships between the attributes within a system (for example, how the addition and multiplication operations might relate to fractions and the integers and differ between the both and so forth). As a cognitive construct which has some evidential support (e.g. Catrambone and Holyoak, 1989; Gickand Holyoak, 1980; Novick, 1988), it is believed that when learners are confronted by a problem, if only the surface (perceptual) features have been ‘mapped’ or ‘taken on board’, prior knowledge is not necessarily helpful for understanding the problem, whereas, if the structural features of the novel system have been mapped to current knowledge then it is more likely that it will be understood and successful analogical transfer will occur. The distinction between surface and structural understanding or mapping resonates with Skemp’s delineation of surface and deep learning (Skemp, 1976). Such an analysis points to the importance, in particular in mathematics, of conceptual or deep understanding as opposed to a shallower superficial understanding. This idea is highlighted by the observation that experts in a given domain, such as mathematics or chess for example, tend to be better able to select an appropriate supportive analogue (or cognitive construct) that shares structural similarities with a confronted problem or ‘system’ than novices; this is a process which the novice may find more challenging due to their increased likelihood of focusing on the surface attributes of the system with which they are confronted (Chi, Feltovick, and Glaser, 1981). If it is only the surface attributes of a problem that have been perceived or mapped rather than the deeper structural features of a problem, individuals may be more likely to misapply a perceptually similar but incorrect analogue. For example, in the case of fraction addition, an individual might misapply procedures for the addition of integers by treating the numerator and denominators of the fraction as separate numbers and not appreciating how the fraction sign alters the meaning of the integers in the numerator and denominator of the fractions. 
The distinction between conceptual and procedural knowledge is often made in the mathematical education literature (e.g. Baroody and Dowker, 2003; Hiebert and Lefevre, 1986) where, broadly speaking procedural knowledge refers to knowledge of sets of actions that can be used for particular problems and conceptual knowledge refers to a deeper understanding of the structural relationships  between elements in a domain as well as “knowledge of the meanings of structure and processes used in the domain” (Rittle-Johnson, Siegler, and Alibali, 2001 cited Sidney and Alibali, 2015, p162). Importantly, conceptual knowledge is widely recognised to support new learning in domains that have not yet been mastered and hence supports procedural knowledge (e.g. Hecht and Vagi, 2011). In light of such research, the importance of focusing teaching effort first and foremost on developing learners’ conceptual or relational understanding of mathematical domains, as opposed to emphasising the procedural and mechanical aspects of the discipline with little to no prior conceptual grounding, is something that researchers and educational experts often argue for (e.g. Bolger, 2007).  It is an often expressed view in the mathematical education literature that in practice, computational procedures are often introduced prematurely and before a relationally solid foundation is laid, and that this may be counterproductive to the learner’s understanding and success in the subject (e.g. Dickson, Brown, and Gibson, 1984). In the case of teaching fractions, Bolger (2007) supports this point with the following quote from the Nuffield Maths Teachers’ Handbook, (1991) which suggests how the teaching of mathematics can be reduced to the teaching of simple disconnected rules devoid of any mathematical structure or meaning: “The headlong rush into computation with fractions, using such mumbo-jumbo as ‘add the tops but not the bottoms’ or ‘turn it upside down and multiply’, has often been attempted before the idea of a fraction or fractional notation has been fully understood”. This contention is in line with the following statement made by Ginsburg, (1997); “children think of mathematics as an isolated game with peculiar sets of rules and no evident relation to reality” (cited in Dickson, Brown and Gibson 1982, p308). The paper by Bolger (2007) goes on to outline an inter-school research study into pedagogical approaches to learning fractions and the merits of the teaching methods used in Singapore schools where teaching methods focus heavily on developing students’ conceptual understanding. In agreement with other researchers in the field of mathematics education, the authors express the view that teaching which attempts to develop students’ abstract understanding before they have developed a concrete and pictorial understanding (of fractions) risk developing misconceptions during the learning process.  
In this study the term misconception is used to refer to misunderstandings that lead to predictable and systematic errors. Not all errors that learners make are driven by conceptual limitations but may be due to errors caused by misreading or misunderstanding the question, ‘cognitive overload’, or ‘jumping to conclusions’ (Ryan and Williams, 2007). According to these authors, misconceptions are errors that reflect “intelligent constructions” by the learner, p 67) but in the absence of a structural or relational understanding of the domain in which they are working, these constructions are inconsistent with the mathematical structure and lead to such errors (Brown and Vanlehn, 1982). In other words, the learner may be using an unhelpful schema or analogue which may share certain perceptual similarities to the current mathematical problem, or may indeed fail to select an appropriate analogue which they nonetheless may have available. Understanding the misconceptions that students have in mathematics is important since they not only affect students' learning of a given area, but due to the connectivity and relational nature of conceptual structures within mathematics (for example, knowledge of fractions is required in more advanced mathematical areas such as algebra, Redmond, 2009) they may also adversely affect further learning (Baki, 2008; Yenilmez & Yasa, 2008). Despite outlining what constitutes a misconception, there is a degree of uncertainty in ‘diagnosing’ or classifying an error as revealing a conceptual problem in a test-like assessment, hence learners are often asked for their reasoning in relation to a diagnostic task (Ryan and Williams, 2007). Interviewing the child can help better understand the conceptual basis behind the observed error and in turn provide a richer source of information from which to design a teaching intervention. Although the current study did not make use of interview methods due to impracticalities imposed by the setting, a careful analysis of pupils’ responses to questions was conducted in order to understand the conceptual knowledge base underpinning incorrect answers, which in turn influenced the emphasis that was placed on particular subsequent teaching strategies and models. 
The current study aims to assess the misconceptions that children have with fractions and the effectiveness of a subsequent teaching programme designed to help pupils overcome these misconceptions. The conceptual misunderstandings that pupils develop throughout the course of their learning of fractions is well-documented (e.g. APU 1978, Chan, Leu & Chen, 2007; Isik & Kar, 2012) and have been attributed both to the inherent complexity or structure of fractions (Aksoy and Yazlik, 2017) as well as less than optimal teaching methods which tend to focus on operational or procedural approaches to working with fractions prior to a conceptual understanding of them is achieved; for instance, students are often asked to calculate with fractions by being given the rules before having any concrete sense of what the operations mean in the context of fractions  (Aksu, 1997). Consequently, students routinely learn the rules on how to operate with fractions throughout their school years but in the absence of a sound conceptual context which supports these rules they can quickly forget how to operate with them (Siap & Duru, 2004). Along with decimals and percentages, one of the difficulties in learning the concept of fraction and operating with fractions if that they have a multiplicity of meanings, for example a sub-area of a defined whole region, a subset of a set of discrete objects, part of a unit of any value (i.e. not just a part of one), a point on a number line in between two consecutive whole numbers, the result of a division operation and so forth (Dickson, Brown and Gibson, 1984). Furthermore, some of these models may be better suited than others for teaching a given topic in fractions, and failing to select an appropriate model for developing a particular fractional concept may be detrimental to the learner’s understanding of it. For instance, despite being an appropriate entry-level model for the teaching of the part-whole relationship (Pesen, 2007), there are certain usages of the area-model in teaching the concept of addition and subtraction of fractions which can lead to certain misconceptions being reinforced. This can happen if for example the sum 3/8 + 3/8 is represented visually as two separate circles divided into 8 separate pieces with 3 pieces of each shaded in. It is possible in this case that the child may interpret the answer in relation to the whole area of both circles and give an answer of 6/16 rather than 6/8, and thus serve to justify the misconception of adding the numerators and denominators separately (Dickson, Brown and Gibson, 1982). Problems might also arise when adding fractions that result in a number more than a whole unit such as 5/8 + 7/8; in this case the area model might naturally lead students to the incorrect answer of 12/16 rather than 1   or 1   (Dickson et al., 1982). Although the area-model might be the easiest for learner’s to relate to (Pesen, 2007) it is important that it is used in a way that can avoid such misconceptions and that teachers can draw upon other models which may be more suitable to the specific learning need of the student. For example, in the case of adding fractions that result in a number greater than a unit, a number line model may better illustrate the concept while avoiding the pitfalls of the area model (Dickson et al., 1982). 
As pointed out by Lamon (2005) fractions can prove difficult for children to grasp as their schemas or mental models around the addition, subtraction, multiplication and division of whole numbers are no longer applicable (as they currently stand) to these operations in the context of fractions. For example, it is frequently noted that students might think of 5/20 as being greater than ¼ since both the numerator and denominators of 5 and 20 respectively are larger than 1 and 4 (Bezuk and Kramer, 1989). Such errors may be due to children’s confusion around the fact that fractions consist of two numbers, yet only represent one amount (Cramer and Wyberg, 2009). Other studies have found slightly different results, perhaps due to the difference in age of the participants, for example, the APU (1980) study found that when a group of 11 year olds were asked to compare the size of fractions with mixed numerators and denominators, 36% made errors which appeared to involve ignoring the numerators and follow the ‘rule’ of ‘the larger the denominator, the smaller the fraction’ (Lee and Boyadzhiev, 2015, p30) while 10 % made errors that appeared to be the reverse of this by judging fractions with the larger numerators to be the smallest. Due to the complexity and variable interpretations of fractions, Bezuk & Kramer (1989) advocate the use of ‘manipulatives’ and visual aids such as fraction strips and cubes to support and enhance the development of pupils’ understanding of fractions.
It is widely believed that the teaching of mathematical topics such as fractions should occur at a concrete level prior to moving on to more abstract approaches. However, it is interesting to note that in a comprehensive study of teaching the concept of fraction equivalence to children between the ages of 10 and 12 by Hart and colleagues (see chapter 4 of Hart et al., 1989) that despite teaching which used a number of visual and concrete teaching aids such as blocks and fraction strips, that at post-test children maintained some commonly held misconceptions and were not able to demonstrate the equivalence of two fractions such as 1/7 and 2/17 using the visual methods that were used in teaching them these concepts. When asked about the teaching methods, secondary school children said that they found the visual illustrations demonstrating equivalency useful, however these were either not used or used incorrectly when answering questions at post-test. Additionally, one student who was successful in answering the assessment questions mentioned that he preferred working with the numbers rather than the diagrams, and many after a period of 3-months after the assessment, couldn’t remember ever using materials during the learning block of the study. It is quite difficult to interpret such a finding, however, the study did not conclude that the use of such materials were of no use or counterproductive – in fact the authors remain advocates of the approaches they utilised as a means of developing conceptual mathematical knowledge. One possible reason for the findings is that the teaching part of the intervention comprised just a couple of one-hour ‘lessons’ and hence it can’t expected that an area as complex as fractions is going to be fully understood after such a short period of instruction; it is likely that repeated exposure to such teaching will be required over a prolonged period of time for the concepts to fully embed in the child’s mind. Furthermore, the use of materials that help facilitate concept development are merely part of a more comprehensive teaching system which can support the use of and indeed justify the abstraction of general rules and procedures which in turn come to take precedence over the concrete. Approaches which focus only on the procedural is missing the vital link which exists within mathematics between concrete and abstract representations (Hart et al., 1989). 
The current study is concerned with the misconceptions that a class of year 8 ‘middle-lower attainment’ students have with certain fraction topics and then assesses the effectiveness of a teaching programme designed to address and overcome these misconceptions. The fraction topics that are assessed include: fraction addition/subtraction; comparing and ordering fractions; calculating fractions of a value. A pre-test/pos-test approach was used in which students were given a sample of 10 questions assessing the previously mentioned concepts and given the same questions again after a period of around 3 weeks following the completion of the scheme of work (i.e. the teaching block) covering these topics, in order to be able to assess the impact of the teaching on pupil performance on the same test. Similar to the studies carried out by the Hart et al (1982) the teaching approach may be summarised as initially focusing on developing pupils’ conceptual understanding through the use of concrete visual examples, following which the pupils are invited to generalise a rule for the particular operation (e.g. generalise a rule for the addition of fractions, producing equivalent fractions etc.)

School and policy practice 
Each pupil owned an A4-sized booklet which contained all the topics that were to be covered during a particular term. The booklet consisted of a range of topics and a single side of A4 was dedicated to each one, in which a brief description/explanation was given along with a few worked examples that demonstrated the methodology along with a few examples for the student to complete. This was usually done at some point during a lesson on that topic. Although the topics in the booklet followed a logical developmental progression, the scheme of work afforded some flexibility in terms of the order in which some topics could be taught as there were a number of different equally suitable topic sequences that could have been devised from this.  

Methodology 
Participants 
The participants of the study were 18 year 8 pupils in a middle/lower set. There were 30 in the class, but due to absences at pre-test and/or post-test, only 18 pupils managed to complete both pre and post-test assessments. The topics that they were due to cover during this term were on fractions, decimals, ratios and percentages. Prior to my involvement they had been taught how to multiply together two fractions. Based on my knowledge of the school, the participants of this study would have been taught the topics covered in the current scheme of work in the previous year, however to a less advanced level. For example, they would have been taught how to add up fractions with the same denominators in year 7, but perhaps not fractions with different denominators. It is also likely that the participants would have received teaching on simplifying fractions to their simplest forms, and encountered the concept of fraction equivalency prior to this teaching intervention. 
Design of the study (pre-/post-test)
The current study examined the effectiveness of a teaching programme on some topics in fractions, these included: comparing the value of two fractions; ordering fractions in term of magnitude (or value); adding and subtracting fractions, and finding a fraction of an amount other than one. Note that these topics were not necessarily taught in that order, and further detail relating to the sequence of lessons will be provided in the next section. This particular study was concerned with conceptual misunderstandings that learners can have with fractions and the teaching programme utilised methods aimed to overcome these. In order to be able to assess the misconceptions that students may have had and to evaluate the teaching programme, the target class who were involved in the teaching intervention were given a series of eleven questions on the fraction topics mentioned above prior to the series of lessons on those topics, which will be referred to as the ‘pre-test’ from here on (see appendix 1).  The objective of the pre-test was two-fold. Firstly, in order to evaluate the effectiveness of the teaching programme it was necessary to gain a baseline measure of pupils’ ability in these particular fraction areas prior to the intervention. Secondly, pupils’ performance on the pre-test was expected to provide valuable information as to the misconceptions and misunderstandings that these particular students may have had, and hence could be used to tailor the scheme of work to the particular needs of the students of this class. Although this data did not influence the content of the scheme of work vastly (as the lesson content was already based on a comprehensive sample of research literature), it did give a good idea as to the current level of ability of the class; this was valuable as at that time the class was new and hence unfamiliar to the teacher and gave some indication as to which areas of the scheme of work on fractions required additional attention. Having said this, the nuances of the entire teaching programme could obviously not be devised on the basis of the outcomes of this test, but of course would also occur naturally throughout the course of the teaching sessions in response to student needs. 
Following an initial debrief, which is explained in the section “Ethics and consent” below, pupils were asked to carry out the pre-test under exam conditions, and were given approximately 40 minutes to complete the test, which was felt to be sufficient to work through the assessment at a comfortable pace for the class. The time limit was merely a guide so that pupils were not given too much time, as a lack of a definite time might influence students’ motivation to complete the test in a timely fashion and potentially result in minor behavioural issues. However, it was important to afford pupils sufficient time to be able to demonstrate their abilities without the pressures brought on by overly restrictive time limits.  
Following the series of lessons, which spanned a period of approximately 3 weeks (equivalent to 9 lessons), another test, which will be referred to as the ‘post-test’ from here on, was administered (see appendix 1). The post-test was identical to the pre-test, and was given to the pupils at the beginning of the lesson following the final lesson in the scheme of work which included the topics to be assessed. Considering that there had been a period of just over 3 weeks (9 lessons) between the two tests and that the pupils were not told in advance at the start of the study that they would be asked to answer identical questions at post-test, it was felt that including the same pre and post-test did not present the risk of a significant carry-over effect from the first to the second test. It was felt that given the substantial time period between the first and second test, that any differences observed in the performance of the two tests would be largely attributed to the intervening teaching programme. 



Content of the Pre-/post-tests (including limitations of the tests)
Adding/subtracting fractions: The questions on adding and subtracting fractions contained ones in which: both numerators and denominators were the same (e.g. 1/3 + 1/3); denominators were the same (e.g. 4/15 + 1/15), and both numerators and denominators were different (e.g. 2/5 + 1/10). The questions with two different denominators were comprised of two different types: those in which one of the denominators was also the lowest common multiple (LCM) (e.g. 2/5 + 1/10), and also those in which the least common denominator was neither of the denominators (but could, as it happens, be found by multiplying both denominators together e.g. 2/3 – 3/5). It is expected that the questions included would, together, be able to detect the common types of misconceptions that have previously been highlighted in the literature for example, adding the numerators and denominators separately as in ½ + 1/3 = 2/5, or adding the numerators and placing over the largest denominator as in the example ½ + 1/3 = 2/3 (APU, 1980; Hart et al., 1989; Lee and Boyadzhiev, 2015; Bezuk & Kramer, 1989)
Comparing the value (or magnitude) of fractions: Due to the limited number of questions in the pre and post-test assessments, the questions that required participants to select the smallest of a pair of fractions included only fractions with mixed numerators and denominators. In previous research (e.g APU report 1980; Hart et al., 1989) these were shown to be the most problematic for children between the ages of 11 and 15, as compared to cases where the fractions either had the same numerators or denominators. It is likely therefore, that if pupils were able to correctly compare fractions with mixed numerators and denominators, they would also be able to effectively deal with cases where the numerators or denominators were the same. There were three questions of this type; two in which one of the denominators was also the LCM (e.g. 2/3 or 5/9 and 5/6 or 11/12) and one in which the denominators shared a least common multiple which could be found by multiplying together both denominators e.g. 2/3 or 3/5). Asking participants to always select the smallest fraction as opposed to sometimes select the largest of the two fractions, was intended to reduce the likelihood of confusion. It was felt that the conceptual knowledge and skill required to compare the magnitude of fractions could be assessed most accurately and minimise the chance of ‘false negative’ results by keeping the wording of the question the same for each fraction pair. 
Considering the misconception that larger numerators and denominators represent a fraction of greater value (Bezuk and Kramer, 1989), some questions deliberately included a comparison in which the fraction with the smallest numerator and denominator was also the largest. In this way, any misconceptions of this type could be detected by the test. There were also questions which would be answered incorrectly if the participant ignored the numerator and applied the rule “the bigger the denominator, the smaller the fraction” (Lee and Boyadzhiev, 2015, p30) as was seen in the responses of 36% of 11 year olds in the APU report (1980). 
There are a number of other misconceptions that could be responsible for errors in this task as discussed in the previous section. One such misconception that has been frequently highlighted (e.g. APU, 1980; Bezuk and Kramer, 1989; Cramer and Wyberg, 2009; Hart et al., 1989; Lamon, 2005; Lee and Boyadzhiev, 2015) is the misapplication of the rule “whatever you do to the top you must do to the bottom”. This can lead children to erroneously attempt to construct an equivalent fraction by adding or subtracting the same number to the numerator and denominator of a fraction, as opposed to dividing or multiplying by the same factor. When comparing the size of two fractions it is possible that a child misapplying such a rule might attempt to convert one of the fraction pairs using this additive method in order to obtain the same numerator or denominator as the other fraction and then make their comparisons on this basis. There is one question included in the test which asks participants to state the smallest of the fractions 5/6 and 11/12, which might lead them to erroneously state that the two fractions are equivalent since there is an equal difference of 6 between the numerators and denominators of the fractions. 
The questions were designed in such a way that together (as a collection of questions) they would provide clues as to the kinds of misconceptions the participants had, even in the absence of narrative feedback from the student. 
Ordering fractions: This question asked participants to order the three fractions 2/3, 5/6, and 7/12 in order from smallest to largest. Again these particular fractions were selected so as to be able to potentially discriminate between various common misconceptions that have been highlighted in the literature as mentioned above.  
Limitations
Although every effort was made to include questions which could detect some of the most commonly held conceptual misunderstandings that children may have in operating with fractions, given the number of possible misconceptions and hence the number of permutations of question that would be needed to  ‘detect’ all such misconceptions, it was not possible to create a sufficiently comprehensive assessment that could reliably achieve this aim, hence the need for caution when interpreting the errors made by participants. 
Prior to being given the assessment, participants were asked to provide calculations to support their answers, however some did not include any. This leads on to one of the major limitations of the study, which was the lack of narrative accounts from participants, which might have provided valuable insight into their reasoning and conceptual misunderstandings. 



Evaluation  
Although the mathematical procedures and techniques that allow people to work with mathematical objects are clearly useful and indeed central to the discipline, it is widely argued by experts involved in mathematical education that the teaching of these procedures should not occur in the absence of teaching which grounds the procedural aspects of the discipline in a foundation which has a firm conceptual basis (e.g. Dickson et al., 1984; Bolger, 2007; Hecht and Vagi, 2011). As has been pointed out by many authors, fractions is an area of mathematics that causes particular problems for learners, and understandably so due to the various meanings that they can have, for example, as part of a whole, as representing more than a unit (in the case of ‘top-heavy’ fractions), as a single value resulting from a division operation, and as a ratio in a different form and so forth (Lee and Boyadzhiev, 2015). As well as the difficulties brought about by the inherent complexity of the concept of ‘fraction’, the argument is often made that less-than-optimal teaching strategies compound these inherent difficulties. Specifically, the often quoted criticism levelled against teachers is that teaching fractions focuses prematurely on how to operate with them in a mechanistic way prior to the development of a firm conceptual and relational grounding in the topic which for example makes links to learners’ existing knowledge of whole numbers (McNamara and Shaughnessy, 2010). If teaching focuses on calculating with fractions by giving the rules before helping develop learners’ concrete sense of what the operations mean in the context of fractions it is likely that that the rules learnt are in danger of being quickly forgotten (Aksu, 1997; Siap and Duru, 2004). Furthermore, due to the multiple ways in which fractions can be conceptualised, not all models are equally useful for teaching all topics within the domain of fractions; for example, as discussed in a previous section, the number-line model may be better able to illustrate the addition of fractions that lead to a number greater than one as opposed to the area-model (e.g. Dickson et al., 1982). 
In accordance with these contentions, the approach employed for the teaching of fractions in this study focused heavily on developing learners’ conceptual understanding of fractions through visual illustrations (e.g. the ‘area’ or ‘set model’ and the ‘number line model’) and then linking these with the more abstract representations and procedural rules that are required to calculate with fractions. By providing concrete representations of fractions and operations involving fractions, it was hoped that learners would develop a sense of what these operations meant in the context of fractions, and in turn enable them to generalise rules for these operations, which might be more meaningful for them given that they would have been supported to build up these rules form the bottom up (i.e. progressing from the concrete to the abstract). 
Fractional representations
The first lesson of the teaching intervention introduced fractions using the area model as this is widely considered to be the most suitable entry point for the teaching of fractions (e.g. McNamara, and Shaughnessy, 2010; Hecht and Vagi, 2011) and then this followed on to representations of a fraction as a sub-set of a set, which differs from the area model in that the elements are discrete objects. Furthermore, the equal-size of the parts was emphasised and the concept was reinforced effectively by asking pupils to mark the answers of a fictional student which showed fractional values such as ¾ alongside an incorrect fractional illustration (using the area model) in which 3 out of 4 parts were shaded but where the parts were of unequal size (e.g. see McNamara and Shaughnessy, 2010). In order to expand the concept of a fraction further to emphasise that a fraction is also a single value, the area, sub-set, and the common written representation of a fraction as, say ¾  were presented alongside a number-line representation of the fraction as a single value. Furthermore, the strategy of sometimes reading the fraction 1/3 as ‘one-third’ as opposed to ‘one out of three’ or ‘one over three’  was also used as it can help learners to develop the notion of a fraction as representing a single value (Lee and Boyadzhiev, 2015). 
Fraction of a quantity
Following the introduction of a variety of models of the unit fraction, the concept of fractions of a quantity other 1 was developed. Drawing from the methods used in Singapore (e.g. Bolger, 2007), an approach similar to their ‘bar-method’ was utilised to show what a fraction of an amount translates to in concrete terms. Pupils were initially given blank rectangles or ‘bars’ and practiced dividing them into halves, thirds, and quarters etc. From here the idea of finding a fraction such as 1/3 or 2/3 of 12 for example was developed, where 12 represented the length of the whole bar. By becoming familiar with visualising the fractional amounts of a quantity in this way, they were able to generalise the method of ‘dividing by the numerator and multiplying by the denominator’, which, rather than being remembered as a ‘rule’ disconnected from reality, was developed from their own concrete experiences of fractions. 
Fraction equivalence and comparing fractions
The equivalence of different fractional representations of equal value (e.g. 2/3 = 8/12 etc.) was illustrated through use of the ‘area model’ using rectangles and circles divided into equal parts. Equivalency of different fractional representations of the same value was demonstrated by the equal areas that were shaded in the two diagrams, despite there being a different number of sub-pieces shaded. This equivalency was further reinforced by a number line representation of fractions such as ½, 2/4, and 3/6 (see Lee and Boyadzhiev, 2015). In addition, the concept of equivalence was further enriched by the method used by Hart et al., (1982), and which drew upon the previously learnt concept of ‘fraction of a quantity’.  For instance learners were given a set of 12 drawn objects and asked questions such as ‘what is 2/4 of 12?’ and ‘what is ½ of 12?’ and then asked to state what they noticed about the two answers. Since 2/4 and ½ of 12 were equal, students could infer that ½ was indeed equal to 2/4, hence they were provided further support for the fact that 2/4 = ½, which had already been ‘proved’ visually with the previous example. 
After laying the conceptual framework, pupils were invited to suggest a method for checking whether fractions were equivalent, and given examples to check/mark solutions which involved the use of an additive/subtraction as opposed to a multiplication/division approach. This approach of asking learners to spot common errors was intended to reinforce the correct procedural methods and has been shown to be an effective learning strategy (e.g. Ryan and Williams, 2007). Similar visual manipulations were utilised in order to develop the concept of comparing fractions. For instance, in order to compare the fractions ¼ and 3/8, pupils were shown two rectangles, one divided into 4 equal squares (of which one was shaded) and the other into 8 equal squares (of which 3 had been shaded). Pupils were then encouraged to think about how the two pictures could be adapted to enable a ‘direct’ comparison of one visual representation with the other, which led to students stating that the diagram divided into 4 pieces should be divided into 8 pieces. It was also suggested that the number of parts could be changed from 8 to 4, but that this would not be the most useful option as it would result in a non-whole number in the numerator of one of the fractions (i.e. 3/8 would be transformed to 1.5/4). From working in this way, pupils suggested the approach of getting both fractions over the same denominator as a means of being able to compare them with one another. This was then linked to the idea of ‘least common multiple’ of the denominators of a fraction, and hence the procedural methods for comparing the size of fractions was built upon concrete examples of why these particular procedures needed to be carried out. Once the conceptual foundation had been set, the teaching focussed mostly on the procedural methods of comparing fractions.
Adding and subtracting fractions
The concept of fraction addition and subtraction is traditionally developed using an ‘area’ model (Dickson et al., 1984) and this method was used in the current scheme of work in order to ground the operation of addition and subtraction of fractions in concrete terms. However, as noted by the aforementioned authors, there are certain usages of the area-model in teaching the concept of addition and subtraction of fractions which can lead to certain misconceptions being reinforced. This can happen if for example the sum 3/8 + 3/8 is represented visually as two separate circles divided into 8 separate pieces with 3 pieces of each shaded in. It is possible in this case that the child may interpret the answer in relation to the whole area of both circles and give an answer of 6/16 rather than 6/8, and thus be used to justify the misconception of adding the numerators and denominators separately (Dickson, Brown and Gibson, 1982). Given this possible misconception, the above calculation was shown by shading in the same rectangle in two different colours – red and blue in the fractions 3/8 and 3/8 respectively. While 3/8 of the rectangle was coloured in red and 3/8 in blue, it was clear that 6/8 was coloured in red or blue, and hence justified the rule for adding fractions with the same denominator. 
Even though the denominators were different, the strategy of representing the addition of two fractions on a single diagram also worked for the case ½ + ¼ since the pupils could easily relate their knowledge of what a quarter and half a circle looks to produce a circle in which ¾ was shaded in. However, where the fractions were not as easy to visualise as in the case of 1/6 + 1/3 for example, using separate diagrams for each fraction was required. Given that the two diagrams were divided up into a different number of equal pieces, pupils were then encouraged to think about how the two pictures could be adapted to enable the addition to be carried out, which led to students stating that the diagram divided into 3 pieces should be divided into 6 pieces. As in the case of ‘equivalent fractions’ this visual method ‘provoked’ pupils to suggest the approach of ‘getting’ the fractions over the same denominator in order to be able to add or subtract them. This was then linked to the idea of ‘least common multiple’ of the denominators of a fraction, and hence the procedural methods for adding/subtracting fractions. 






Results of the pre and post-test assessments
The graph below (fig 1) displays the average score of each student at pre-test and post-test. It can be seen that there is a substantial increase of 43% in the average test score after the students had completed the teaching programme on fractions. 


Figure 1. Average test scores of each student before and after the teaching programme
The data relating to the pre and post-test scores of each of the 18 participants is illustrated in figure 2 below. It can be seen that each pupil scored more highly on the post-test than the pre-test, but that this difference varied considerably between participants. An increase from 9% to 100% for pupils 6 and 8 (i.e. a difference of 91%) represents the biggest increase, while an increase from 18% to 36% for pupil 15 (i.e. a difference of 18%) was the smallest increase. 

Figure 2. Pre and post-test scores for each participant.

The test contained questions that assessed different aspects of fraction knowledge and were categorised into the following three domains: 
1) fraction addition/subtraction (6 questions)
2) comparing/ordering fractions (4 questions)
3) calculating fractions of a quantity (2 questions).
Given that the test assessed abilities in different fraction domains, the following section will present data relating to the performances of pupils within each of these three domains. 


Figure 3. Average pre/post-test scores in each of the 3 domains 
The graph above shows that the average score of participants in all three domains was higher after the teaching programme than prior to it, with the largest improvement being observed in students’ ability to add/subtract fractions. Pupil-level data in each of the three domains will be discussed further below. 










Adding/subtracting fractions
The graph below (figure 1) shows the pre and post-test scores of pupils in the adding/subtracting fraction domain. 
 
Figure 4. Pre and pot-test scores in the domain of fraction addition/subtraction
It can be seen from the graph that most of the participants (apart from two) gained 0% at pre-test, and that 5 gained full marks at post-test. In two cases (i.e. for participants 12 and 15) the same score of 0% was achieved at both pre and post-test. On closer inspection of the test papers for these individuals, it was interesting to note that the answers given were not the same at pre-test and post-test, which suggests that the teaching may have had some kind of impact on how the learners viewed the process of fraction addition, but unfortunately this was not sufficient to lead to a complete understanding of the process. In both cases, at pre-test participants had answered incorrectly by adding the numerators and denominators of the two fractions as in the following example:   (incidentally, this was the cause for the majority of the students’ errors at pre-test). However, at post –test both participants’ solutions showed confused use of some of the strategies that had been taught during the teaching programme. For example, for the sum 
one of the participants correctly demonstrated the need to change the 2/5 to an equivalent fraction with a denominator of 10, hence producing 4/10, but proceeded to get 4/10 + 1/10 = 5/10 + 2/10 rather than just 5/10. In the other questions, the idea of getting the denominators to be equal was evident, but there was considerable confusion shown in his solutions, for which the method could not be clearly understood – this is where asking pupils to describe their methods might have been helpful. For the other participant, the confusion appeared to be greater still, but there was evidently some appreciation that the denominators of the two fractions needed to be the same in order to add. 
As this topic had been taught approximately 3 weeks prior to the test, it seems as though the pupils had retained some knowledge of the procedure required to add fractions, but this was incomplete, and hence led to various incorrect ways of trying to get a solution. The majority of participants who did not achieve full marks in the ‘addition/subtraction’ domain at post-test managed to achieve correct solutions to the examples where the denominators of the fractions were the same. However, they showed an incomplete understanding of the process of adding/subtracting fractions when the denominators were different, but, nevertheless showed an awareness that the denominators of the fractions needed to be the same in order to add or subtract. Furthermore, the correct multiplying factor was also chosen, but, for some (unknown) reason the correct answer was not achieved. 
Comparing/ordering fractions
Skills in this domain were assessed by three questions which asked participants to state which of a pair of fractions was the smallest, and one question which asked them to order a sequence of three fractions in ascending order from the smallest to the largest. The average score of each participant on this series of questions is shown in the graph below (figure 3). 

Figure 5. 
It can be seen from the above graph that, unlike the adding/subtraction domain, where the post-test scores were either equal to or higher than the pre-test scores, there are cases where participants have scored less after the series of lessons than at the start of the teaching programme. Six participants gained the same grade at pre and post-test, three scored lower at post-test, while nine scored more at post-test, six of whom scored 100%. 
Of the six students who achieved the same result at pre and post-test, four got the same questions correct, while two got different questions correct. In the majority of cases in which 100% was not achieved at post-test, pupils were more likely to get the question which asked them to compare 2/3 and 3/5 incorrect. This differed from the other questions in this domain where one of the denominators was also the LCM of the two denominators, since in this case the LCM was neither of the denominators and hence added another level of complexity to the problem. Most incorrectly selected 2/3 as the smaller of the two fractions and presumably follows the common misconception that the smaller numerator and denominators gives the smaller fraction (e.g. Bezuk and Kramer, 1989). 
Since these questions required participants to circle the correct answer rather than produce the correct solution themselves ‘from scratch’, guessing might have been more of a factor here than in the questions on adding/subtracting fractions. For this reason, if the students did not get all the questions in this section correct, it is difficult to conclude whether a higher grade at post-test indicated a genuine improvement in understanding, or conversely, whether a lower grade meant that the student had a weaker understanding at post-test than at pre-test. In two cases in which the participant achieved the same score at pre and post-test, it is possible that they might have got confused with the question on ordering fractions since they ordered the fractions in the opposite way as to what was asked (i.e. instead of ordering in ascending order, they ordered in descending order). Due to the absence of calculations shown by students for this question, it was difficult to assess the quality of their understanding here. 
Fraction of a quantity


Figure 6. 
Again, in contrast the average pre and post-test scores, which shows a clear improvement at post-test, the pupil-level data shows more variability. Here, six participants scored the same at pre and post-test, however two of which scored full marks in both test, hence couldn’t show improvement, which means that 4 showed no improvement where improvement was possible. A further two participants showed a drop in score at post-test, but a majority of ten participants scored higher at post-test, as would be expected. For the participants who scored the same at pre and post-test in this domain, the same question was answered correctly (i.e. 1/3 of 9). The other question asking for 5/6 of 12 was answered incorrectly either by dividing the value by the denominator and ignoring the numerator, or by not answering the question at all. For the two participants (10 and 15) who achieved a lower score at post-test, the answers were marked as incorrect either because one or both questions in this domain had not been answered. This might be due to the individual at post-test knowing that a certain method wouldn’t work on the one hand but on the other hand not being confident of the correct method, hence showing more reluctance to ‘have a go’ and risk making an incorrect attempt at post-test. Interestingly, participant 10 answered both questions correctly at pre-test (100%) hence it is unclear if this participant genuinely has less understanding at post-test or that the initial score is not an accurate reflection of his ability in this area. The potential for copying answers from neighbours at pre or post-test cannot be ruled out and without knowledge of the seating plan at the time of the tests, it is not possible to cross-reference the results with the seating plan to check whether this was possibly the case. Of course lack of motivation to complete the test cannot be ruled out either – it is possible that if the individual spent a ‘long time’ on the previous questions in the test and was not very comfortable in their fraction knowledge, they may have been demotivated by the time they got to the last question. 

Conclusion and recommendations for future study
As would be expected, the average test scores were higher after the teaching programme than prior to it, and this increase was substantial with the average score rising from 22% at pre-test to 43% at post-test, representing an increase of 21%. Furthermore, the overall performance of each pupil improved after the teaching block, reflecting each student’s improved state of knowledge and understanding of fractions as a result of the teaching. From a constructivist point of view, the process of learning in this case refers to the ‘construction’ of mental models/cognitive schemas/analogues that enabled the participants to more effectively deal with the mathematical problems with which they were presented (Gick and Holyoak, 1987; Piaget, 1980b; Sidney and Alibali, 2015). As previously explained, the test was subdivided into questions that examined student knowledge within three fraction ‘domains’ which included: adding/subtraction, comparing/ordering by size, fractions of a value. 
Within the domain of addition/subtraction, the difference between the pre and post-test scores appeared to remain more clear and distinct across participants and in line with what was expected than was the case in the other domains. For instance, most participants achieved lower scores prior to the teaching block and higher scores following it; this was true of all but two participants who scored the same at pre and post-test. In contrast, in the domain of ‘comparing/ordering’ there were more cases in which the results were contrary to expectations, with either the participants scoring the same at pre and post-test, or less at post-test than at the beginning prior to the teaching block. Such unexpected outcomes was also the case for the ‘fraction of a quantity’ domain, however these counter-intuitive cases were in the minority. One possible reason why the performance of learners differed in these ways between the domains might be attributed to the nature or format of the questions in these domains. Whereas the questions on ‘adding/subtracting’ fractions required participants to calculate their solutions ‘from scratch’, for the questions in the ‘comparing/ordering’ domain participants had only to select the correct solution out of a limited set of options; for the ‘comparing’ questions there were 2 possibilities, one of which was correct, while for the ‘ordering’ questions there were 6 possible ways of ordering the fractions, of which one was correct. These types of questions increase the chance that false positive results could be produced through ‘lucky guesses’ (i.e. correct guesses when the individual is not actually sure of the correct answer). An approach which is driven more by a guessing strategy clearly makes interpretation of the results more problematic, especially since statistical significance testing was not used as a means of analysing the results; for example, it is possible that an individual guessed an equal number of questions correctly at pre-test as they got genuinely correct at post-test, or conversely, an individual might have guessed incorrectly at pre-test and guessed correctly at post-test, thus giving the false impression that effective learning had occurred during the period in between the two tests. A number of different permutations are possible here, all of which mask the actual effect (or lack of) attributed to the teaching intervention itself. 
Although the questions in the domain of ‘fraction of a quantity’ did require participants to ‘answer from scratch’ (i.e. did not offer choices) they perhaps suffered the same kind of validity and reliability issues mentioned above. Arguably, these questions were quite vulnerable to correct guesses – this was especially so when the numerator of the fraction was 1 (e.g. 1/3 of 9) since there were only a limited number of ways that the numbers could be operated on together (for example for the question 1/3 of 9, multiplying or dividing by 1 wouldn’t change anything, which leaves the following possible guesses; 3x9 = 27, 3/9 =1/3 or 9/3=3). Again, an approach that is heavily reliant on guessing as a means of producing answers at pre and/or post-test invalidates the process of making inferences about the level of learning that has occurred. Strongly emphasising that calculations must be shown as well as setting more (including a wider variety of) questions, might have helped produce data that could enable more valid inferences to be made regarding the level of learning and understanding that had occurred as a result of the teaching programme. 
It can be inferred that on the whole (in most cases) learning had occurred as a result of the teaching block. Drawing on the idea of analogical transfer (Gentner, 1983; Gick and Holyoak, 1987), the results suggest that following the teaching programme, most participants were able to identify a suitable analogue (i.e. a cognitive model that was relevant to the problem), and then adapt the relevant aspects of this analogue to the specific requirements of the problem and correctly solve it– a process referred to as ‘positive transfer’ under this model (Sidney and Alibali, 2015). However, it is not clear to what extent the improved performance was underpinned by a sound conceptual understanding of fractions as opposed to a more surface level of understanding which might have resulted in improved use of the necessary procedures in a more mechanistic sense (e.g. Skemp, 1976). It is more likely that the individuals who scored full marks at post-test had a better conceptual understanding of fractions than those who didn’t, however, it is felt that it would have been easier to determine the degree of conceptual understanding of these learners with more varied types of questions and different problem contexts. For the individuals who did not achieve full marks, and especially those who answered a substantial amount incorrectly at post-test, although they might have shown an improvement in their test scores, it cannot be stated with confidence that significant relational or deep learning had occurred in these cases (see Skemp 1976). From the answers produced in a variety of these test papers, it appears that there may have been partial retention of some of the procedural ‘rules’ required to operate with fractions, but the lack of a sound and robust conceptual basis for these was evident by a range of incorrect and/or lack of answers. 
Drawing on the model of Gick and Holyoak (1987), there are two ways in which an individual can produce incorrect solutions – a process which they refer to as negative analogical transfer. Firstly, there could be a failure to identify a helpful analogue or conceptual model, or secondly, a helpful analogue may have been selected but the person may be unable to successfully use or transfer this information successfully to the current problem. This might be a helpful model to make sense of some of the attempted solutions observed in this study, and it also accommodates the possibility that a student can show a varying degree of success with a question even in the case of incorrect solutions. Although a distinction is made between deep and surface learning, it might not be accurate to interpret learning as either purely deep or surface, as there are likely to be intermediate stages to the learning process and hence the level of conceptual understanding. In the case of incorrect answers for example, although all incorrect answers are awarded zero marks, there appeared to be different levels of conceptual understanding shown by pupils in their attempts, and it would be essential that in such cases, the specific difficulties of the student are addressed immediately in order to avoid the development of misconceptions and maximise positive learning. 
Another issue that needs to be considered when interpreting the results is the period of time between teaching/learning the concept and being assessed on it. It is possible that learners may have made progress in terms of their conceptual understanding at the time of teaching, but due to the novelty of the information, and insufficient practice with the new concept, may not have been able to fully retain the knowledge in long-term memory. However, it has been argued by many authors that a good conceptual understanding of a topic is more likely to embed more securely in long-term memory and hence be less susceptible to the effects of degradation over time (e.g. Lee and Boyadzhiev, 2015), but nevertheless, it is felt that gaining a deep structural understanding occurs over time and requires repeated practice to embed fully. 
In closing, the current study found that a teaching programme which used a variety of methods designed to overcome the common misconceptions that students demonstrated in working with fractions was, on the whole successful in achieving these aims. However, it is felt that in future the assessment tool should be modified to include a wider variety of question types, and also opportunities to acquire verbal feedback from students relating to their solutions or way of thinking should be included in the assessment. This may provide valuable information that would enable the teacher to more fully understand pupils’ level of understanding and the nature of any difficulties they might have. As previously mentioned, despite the shortcoming of this current study, it is felt that action-research methods of this type provides a useful source of feedback that enables the teacher to tailor his/her future teaching methods to the needs of the student.  
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[bookmark: _GoBack]Appendix 1 – pre/post-test
Enw: 									Dyddiad:

Cwestiynau amrhywiol ar ffracsiynau

1) 


2) 

3) 

4) 

5) 

6) Pa ffracsiwn sydd lleiaf?

a)  neu ?


b) neu  ?

c) neu?
9) Rhowch y ffracsiynau canlynol yn y drefn esynnol (lleiaf i’r mwyaf)



10) Beth yw 1/3 o 9?



11) beth yw 5/6 o 12? 


pre/post-test grades 

pre-test	27	9	45	27	27	9	27	9	27	45	18	27	27	9	9	9	18	18	post-test	55	56	82	91	100	100	100	100	45	64	36	46	82	27	18	27	64	82	pupils


Test scores (%)




average pre/post test scores per sub-topic

pre-test	
pre-test/post-test (adding/subtracting)	pre-test/post-test (comparing)	pre-test/post-test (fraction of a quantity)	3	35	43	post-test	
pre-test/post-test (adding/subtracting)	pre-test/post-test (comparing)	pre-test/post-test (fraction of a quantity)	64	57	72	
Test scores (%)





pre/post-test scores - adding/subtracting fractions 

pre-test	0	0	0	0	40	9	0	0	0	0	0	0	0	0	0	0	0	0	post-test	60	80	60	100	100	100	100	100	40	60	40	0	80	40	0	40	60	100	pupils 


Test score (%)




pre/post-test grades - comparing/ordering fractions 

pre-test	25	25	75	50	25	25	40	9	50	75	25	50	25	25	25	25	25	33	post-test	25	25	100	100	100	100	100	100	50	50	25	25	75	25	25	0	50	50	pupils


 score (%)




fraction of a quantity

pre-test	100	0	100	50	0	0	50	0	50	100	50	50	67	0	50	0	50	50	post-test	100	50	100	50	100	100	100	100	50	50	100	50	100	0	0	50	100	100	pupils


Score (%)




average pre/post-test scores


pre-test	post-test	22	65	
Test score (%)
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