Engineering Science		Materials
Stress & Strain
Direct Stress & Strain
Having previously considered a load being applied to a material thus putting it into tension or compression the properties of direct stress and strain were found to follow the following relationships:

Stress 

Strain
The above calculations being based on the assumption that a material remains perfectly elastic and obeys Hookes’s Law.  The direct stress and strain properties giving way to the calculation of Young’s Modulus of Elasticity:


Young’s modulus being the resistance of a material to tensile and compressive forces.
Example
A mild steel engine bolt when correctly tightened provides a tensile load of 3kN.  The bolt is 300mm long and has a diameter of 15mm. Given that for mild steel E = 200x109 N/m2 calculate the stress on the material.  How much with the bolt extend? 
Materials can however deform in other ways:
Shear Stress
If a material is subjected to two forces that are equal, opposite and parallel a shear action is developed as in figure 1.
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  Figure 1.F

As the forces ‘F’ are not direct, there will be a tendency for one part of the material to slide or ‘shear’ from the other part.  The cross sectional area under shear stress is measured parallel to the line of action of the forces:

Shear stress: 
Example
A steel pivot bolt in a suspension arrangement has a maximum allowable shear stress of 60MN/m2 and a diameter of 25mm.  Find the maximum shear force that can be applied to the pivot.
Shear Strain
Strain takes place in the shear mechanism but deformations takes place as follows:	B        B’		            C         C’               F
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                                                     Figure 2.
The square face ABCD is deformed to parallelogram AB’C’D as in figure 2. Shear strain is then defined as the movement of the faces in the direction of the force divided by the distance between the faces.  BB’ is usually denoted by ‘x’ and AB by ‘L’.

Shear strain, γradians
Where ϕ is the angular distortion of the vertical faces and shear strain has no units.  Hooke’s Law still applies to shear stress and the relationship between shear stress and strain is called the modulus of rigidity and has the quantity symbol G.


Example
A nickel steel gudgeon pin in an engine piston has an outside diameter of 27mm and an inside diameter of 20mm.  The force on the piston is 8kN.  The modulus of rigidity for the steel is 90GN/m2.  Calculate the stress and strain in the material.

Stress & Strain Examples
1.  A hole of diameter 5mm needs to be punched in a plate 2.5mm thick.  The ultimate shear stress of the plate material is 350MN/m2.  Calculate the force requires. Hint: The area resisting shear is equal to the hole circumference multiplied by the thickness.				 [13.7kN]

2. Calculate the maximum thickness of the steel plate that can be cut by a guillotine if the ultimate shear stress of the plate is 300MN/m2 and the maximum guillotine force is 150Kn given that the plate is 0.8m wide.
			        [0.625mm]

3. How many 10mm diameter rivets are required for a single lap joint which is to support a load of 100kN?  The safe working shear stress of the rivet material is 75MN/m2.			          [17 rivets]

4. Calculate the average value of the shear stress in a solid gudgeon pin of 25mm diameter when the load on the pin is 40kN. Hint: This is a case of double shear hence the area resisting shear is equal to ‘twice’ the area of the cross-section of the pin.			   [40.7MN/m2]








5. 
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The figure above shows an experiment to determine the modulus of rigidity of a sample of rubber, a rectangular block of the material, measuring 300 x 200 x 20mm, was firmly fastened, so that it projected a distance of 200mm from a vertical wall.   It was found that when a downward load of 48N was applied to the free vertical edge, a vertical deflection of 2mm was obtained as shown.  Determine the experimental value of the modulus of rigidity of this rubber sample.	       [800kN/m2]

6. At a certain instant during the stroke of a single cylinder engine of 76.5mm bore the cylinder pressure is 2MN/m2.  Calculate the resulting stress in each of the four cylinder head studs assuming the core diameter of the studs to be 9mm.				   		   [36.1 MN/m2]

7. Calculate the force required to punch an 80mm diameter hole into a steel sheet 1.25mm thick if the sheer strength of the material is 420MN/m2.						           [131.9kN]



Tensile and Compressive Stress and the Bending Equation
Consider the rectangular sectioned beam which is ‘sagging’ below. 
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The top part of the beam is in compression whilst the bottom part is in tension.  The greatest stresses will occur at the outer edges of the beam, the top having compressive stresses and the bottom having tensile stresses.  The stresses reduce uniformly to the centre of the material and where the stresses change from compressive to tensile there is considered to be zero direct stress.  This axis where there is zero stress is called the neutral axis.  For a rectangular section or any symmetrical section this is considered to be at mid depth.  As the greatest stress is at the outer fibres of the beam, a rectangular section is not always an economical use of the material.  An ‘I’ shaped sectioned beam is designed so that the top and bottom flanges resist the tensile and compressive stresses and all the cross section resists the shearing forces.  If the beam bends the other way (hogging) then the tensile stresses are at the top and the compressive stresses are at the bottom. The stress in the material is proportional to the distance from the neutral axis.  This is known as distance ‘y’, hence the stress at a distance y from the neutral axis is such that σy ∝ y.
Therefore σy =  y x constant
Or σy/y = constant
This constant is equal to the Young’s Modulus of Elasticity of the material of the beam divided by its radius of curvature.
E/R=constant
So the following can be written:


When the beam is loaded, the bending moment applied, represented by ‘M’, is resisted by an equal internal moment.
This can be written as M = (E/R)x I
Where I is the second moment of area of the beam section about the neutral axis.  

Hence: 
M =Maximum bending moment [Nm]
I = Second moment of area about the neutral axis [m4]
σ = Stress at outer fibres of the beam material [N/m2]
y = distance from the neutral fibres to the outer fibres [m]
E = Young’s modulus of elasticity of the beam material [N/m2]
R = Radius of Curvature to the neutral axis [m]
Assumptions for the Bending Moment Equation
The bending moment equation is based on certain relationships between different quantities such as stress, elasticity, curvature and dimensions.  For these relationships to be valid the following five assumptions are necessary:
1. The bending equation assumes that Hooke’s Law applies to each layer of the beam and Young’s modulus of elasticity has the same value in compression as in tension.
2. The beam material is uniform throughout its volume.
3. Each cross-section of the beam is symmetrical about the plane of bending and the loads are applied to the beam in the plane of bending.  If a horizontal beam supports vertical loads, then the plane of bending is vertical.
4. The beam must be initially straight and unstressed.
5. The resultant force perpendicular to any cross-section is zero.


Second Moment of Area
The amount of bending of a beam depends on the shape of the cross section.  This shape is expressed by the second moment of area about the natural axis.  The second moment of area is a measure of the distribution of an area relative to its axis.  
The moment of area about an axis is the area multiplied by the distance from the centre to the axis.  This is a difficult concept to visualise because it does not really physically exist, it’s just a convenient measure to assist in calculations 
Working out the second moment of area of some larger shapes can be complicated.  If any area is divided up into small bits, like the circle, and each bit multiplied by the distance to the axis squared, then all these products added up gives the second moment of area.  When calculating the second moment of area we consider the dimensions about the neutral axis. The neutral axis of a shape occurs at its geometric centroid.  In physics, the word centroid may mean the geometric centre of the object's shape this can be at centre of mass or the centre of gravity, depending on the context.b


For a rectangular cross-section,NA
d



For a circular cross-section,
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For box section, ‘U’ section, or ‘I’ section,
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For a hollow circular section,
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Examples
1. An engine is supported by a hoist hung from an overhead beam.  The maximum bending moment of the beam is 72kNm.  The second moment of area is 176.68x10-6m4 and the beam is symmetrical.  The depth of the beam is 276.8mm.  Calculate the maximum stress of the beam and the radius of curvature if Young’s modulus of elasticity is 208GN/m2.


2. A beam has a rectangular cross-section 100mm x 25mm.  It is subjected to a maximum bending moment of 625Nm.  Compare the maximum stress in the material when the beam is positioned with the widest edge down and the narrowest edge down. 

3. Find the second moment of area about the neutral axis of the shape below:
  

50mm
120mm

60mm
110mm










Torsion
When the moment of a force is applied to a shaft, it will tend to turn or twist.  This is referred to as a turning moment of torque.  Torsion is the twisting deformation produced when a torque is applied to a shaft.  When a shaft twists, if any thin circular cross section is considered it will rotate slightly relative to the next section.  The material therefore undergoes shear stain and shear stress, as thin circular cross sections of material tend to slide over each other.
There is a similar equation for the torsion of shafts to that of beam bending.  This equation relates to the applied torque to the shear stress and twisting distortion of the shaft in a similar matter that the bending equation relates the bending moment to direct stress and bending distortion of the beam.  Torque is the twisting moment applied to the shaft and is a product of applied force and the distance of the applied force to the central axis of the shaft.  The symbol for Torque is T and the units are Nm.  When the shaft is transmitting power, it is subjected to a torque at the input end from the drive such as an engine and gearbox, and a resisting torque at the output from the machinery being driven such as an axle and wheels.
Angle of Twist
When a torque is applied to a shaft it twists. There is a relative movement between adjacent cross sections of the shaft.  If a straight line is drawn down the shaft parallel to the axis, when the torque is applied this deforms to a helix.  The relative angular twist between the different cross sections is called the angle of distortion α.  See figure 1:
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A torque T is applied to the shaft whilst one end is kept fixed.  A point ‘a’ on the end section is displaced to a position ‘a1’.  The angle of twist at the shaft face is .
The angle θ is measured in radians.  If a length of one radius r is laid along the circumference of the circle, then the angle θ, between each end of this length and the circle centre is one radian.  As the circumference of a circle is equal to πd, then in 360˚ there are 2π radians.
Shear Stress
The value of the shear stress is proportional to the radius, zero shear stress occurring at the shaft section centre and maximum shear stress occurring at the outer edge.
/r= constant
Torsion Equation
The above constant is used as the basis of the torsion equation, the full equation as follows:


T = Twisting moment or torque [Nm]
J = Polar second moment of area [m4]
 = Maximum shear stress at the outer fibres [N/m2]
r = radius to the outer fibres [m]
G = Modulus of rigidity [N/m2]
θ= Angle of twist [radians]
l = length of shaft under torsion [m]



Polar Second Moment of Area
In bending theory of beams, the second moment of area is taken from the neutral axis.  The resistance to twisting depends on the polar second moment of area, J.  The polar second moment of area is the second moment of area of the shaft cross section about the central point rather than an axis.  When you are dealing with shafts there are usually only two cases; either a solid circular shaft or a hollow circular shaft with an annular &doughnut shaped) cross section. 
For a solid circular shaft,

	where D is the diameter.
For a hollow circular shaft,

	where d is the inner diameter.

Examples
1.  When a torque of 100 Nm is applied to a solid shaft, the angle of twist at the shaft face is 1˚.  The shaft is 1m long and for the material, G= 83GN/m2.   Calculate the diameter of the shaft.

2.  If a drive shaft 2m long is to be subjected to a torque of 3.3kNm and the maximum shearing stress must not exceed 48MN/m2, calculate the solid shaft diameter required to satisfy these conditions. G=80GN/m2.


 
Torsional Resilience
Torsional resilience is the elastic strain energy stores in the shaft when work is done to twist the shaft.  As with direct resilience this energy is only stored if the strain is below the elastic limit.  If a torque is gradually applied from zero to T, then the average torque applied is:


The work done to twist the shaft is therefore equal to:


As with direct resilience, this can be expressed in terms of stress.






For a solid shaft, and 

Then 



Substituting from 


Then using the formula for Torsional resistance:





The volume, 

Therefore 
Example
If a drive shaft of diameter 83.3mm and length 2m is to be subjected to a torque of 3.3kNm, calculate the torsional resilience. G=80GN/m2.



Distortion of Materials
Examples
1.  Calculate the average shear stress in a solid gudgeon pin of 30mm diameter if the load on the pin is 22kN.	             				                  	       [15.56MN/m2]

2. A round bar has a length of 270mm and diameter 15mm.  A tensile load is gradually applied to the bar.  A load of 25kN causes an extension of 0.2mm.  Find the value of Young’s modulus of elasticity for the bar material.			           [191GN/m2]

3. A push rod has a diameter of 5mm.  At a certain point in the operation of the valve the force on the rod is 2.5kN.  Calculate the compressive stress in the rod.							          				       [127.3MN/m2]

4. A piston has a force of 4kN acting on the crown at TDC.  The cross sectional area of the connecting rod is 180mm2.  Calculate the compressive stress in the material.						  			 	             [22MN/m2]

5. A steel bar has a diameter of 50mm and is 1m long.  The bar supports a tensile load of 50kN.  Calculate the resilience in the bar if E=200GN/m2.		              [3.189Nm]


6. A cast iron cylinder has an outside diameter of 120mm and an inside diameter of 100mm, and supports a load of 100kN.  Find the compressive stress in the material.						 			       [28.92MN/m2]

7. A beam of length 7m is simply supported at each end and carries a concentrated load 3m from one end.  If the bending moment is 50kNm at the section where the load is concentrated, find the magnitude of the load and the reaction forces. 									    	           [2380.9N, 2916.6N]




8. A beam is 200mm deep by 100mm wide and subject to a maximum bending moment of 300kNm.  What is the maximum stress?	             			          [0.45GN/m2]

9. A steel rectangular bar of thickness 12mm is bent into an arc until the steel yields at the top surface.  The yield stress of the material is 300MN/m2 and E = 200GN/m2.  Find the radius of curvature.			      				           [4m]

10.   A solid steel shaft has a diameter of 300mm and twits through 1˚ over a length of 5m while rotating at a speed of 100rev/min,  The value of G = 85 GN/m2.  Calculate the torque imposed on the shaft.		    			          [235.98kNm]

11.   A torque of 100Nm is applied to a shaft 2m in length.  The angle of twist is 0.5˚.  The value of G=85GN/m2.  Calculate the diameter of the shaft.			      [40mm]

12. A beam of length 5m is simply supported at the ends.  It carries concentrated loads of 100N, 200N and 300N at distances of 1m, 2.5m and 4 from one end, respectively.  Calculate the reaction forces. 	 				         [240N, 360N]

13. [bookmark: _GoBack]Find the twisting moment of a solid shaft of diameter 100mm when the angle of twist is 0.75˚ over a length of 2m.  For the shaft material, G=100GN/m2.							   				  	         [6381.36Nm]

14. A hollow shaft has an outside diameter of 350mm and an inside diameter of 250mm.  It transmits a torques of 400kNm.  Calculate the shear stress if G = 90GN/m2.										         [64.2MN/m2]
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