Strain Energy

Energy is normally defined as the capacity to do work, e.g. Potential Energy or Kinetic Energy.  Strain energy is the energy stored within a material once it has been deformed.  This energy would be released by the material once it returns back to it’s original unstrained dimension (assuming it has not been plastically deformed).  Hence, strain energy is the energy which is stored within a material when work has been done on the material, or;

Strain energy, U = work done

[image: Scan10081]Thus, the strain energy will be given by the area under a load-extension graph as shown below;








Strain per unit volume is called resilience, and the resilience at the yield point or at the proof stress for non-ferrous materials is called the proof resilience.  The unshaded area above the line is called the complementary energy.

Strain energy in tension or compression (neglecting the weight of the bar)
Consider the above bar in tension or compression and assuming that the area remains constant along the length then the strain energy, U is defined as;





Since , this can be written in terms of stress,


,and since AL is the volume of the bar;




and the resilience can be shown to be;

resilience = ½ stress x strain

Strain energy in tension or compression (including the weight of the bar)

[image: Scan10082]Now consider if we were to mount the above bar vertically and considered the weight of the bar;










U is now defined as;




Where the last two terms modify our pervious equation to account for the weight of the bar.


Strain energy in shear

Consider the elemental bar below subjected to a shear load, Q, at one end causing it to deform through an angle γ (the shear strain) and a shear deflection of δ;
[image: Scan10083]













strain energy, U is defined as;




Strain energy in bending
Let our elemental bar now be subject to a constant bending moment M causing it to bend into an arc of radius R and subtending an angle dθ at the centre and having moved through an angle dθ;

[image: Scan10087]










strain energy, U is defined as;





Strain energy in torsion
Let our elemental bar now be subject to a constant torque, T, causing it to twist through an angle dθ in radians;
[image: Scan10087]








strain energy, U is defined as;




For a hollow shaft, this becomes;





So in summary;

Tension;



Shear;



Bending;



Torsion;



Or;





Examples

[image: ]1)  


[80J]
2) Two shafts are of the same material, length and weight.  One is solid and 100mm in diameter, the other is hollow.  If the hollow shaft is to store 25% more energy than the solid shaft when transmitting torque, what must be its internal and external diameters?  

Assume the same maximum shear stress applies to both shafts.
[57.74mm, 115.47mm]

Suddenly applied loads
Consider a situation where we have a load that is applied suddenly rather than gradually.  The area under the load extension graph that represents the work done would therefore be ‘square’, rather than ‘triangular’, as considered before.  Thus to produce a given extension with the same amount of strain energy would require half the load. 
[image: Scan10088]










P’ δ = ½ P δ         or         P’ = ½ P

Thus if a load is suddenly applied, half the load is required to produce a certain amount of strain compared to a statically applied load.  Hence great care must be used in the design of machine parts to exclude the possibility of sudden applications of load since the associated stress levels are likely to be doubled.


Impact loads – axial load application
Consider the below situation where we have a vertical bar with a rigid collar attached at the end.  The load W is free to slide vertically and is suspended some means at a distance h above the collar.  When the load is dropped it will produce a maximum instantaneous extension δ of the bar;
[image: Scan10089]












We have shown that for a bar in tension



Assuming that all of the potential energy is converted into the strain energy in the bar, then;




Thus the instantaneous stress will be; 


If  δ is small then, 


If δ is not small then, 

This should be used if the relative magnitudes of h and δ are not known.  Once the instantaneous stress is known the instantaneous extension can be found from;


If the load were suddenly applied from an effective height of zero then the instantaneous stress becomes;



i.e. as seen earlier, a sudden load will result in twice the stress of a statically applied load.  In reality, the stresses resulting from impact loads of similar magnitude will be even higher than this and any design work in applications where impact loading is possible a safety factor well in excess of two should be used.


Impact loads – bending applications
Consider the below beam subject to an impact load, W, which results in a deflection of δ.  This same deflection (δ) could be generated if an equivalent static load, WE were applied;

[image: Scan10090]







However, if W were to be applied statically it would produce a smaller deflection δs 

Therefore, by proportion;


    or    

Now, 

work done by dynamic load = work done by static load

W(h+ δ) = ½ WE δ


Replacing WE with and solving the resulting quadratic equation we can determine the instantaneous deflection of a shock-loaded system in terms of the static deflection produced by an equal load;




Once the deflection is known then the stresses can be calculated.











Examples

1) A metal bar, 40mm in diameter and 1.2m long, has a collar fitted at the lower end.  It is suspended from the upper end and a mass of 200kg is gradually lowered on to the collar, producing an extension in the bar of 0.25mm.  Find the height from which this load could be dropped on to the collar if the maximum tensile stress in the bar is not to exceed 100MNm-2.
										[0.494m]
2) a) What would the instantaneous stress and elongation of a 25mm diameter bar, 2.6m long, suspended vertically, if a mass of 10kg falls through a height of 300mm onto a collar which is rigidly attached to the bottom end of the bar?  Take g=10ms-2 and E=200GN/m2.
								[97.17MN/m2, 1.26mm]
b) When used horizontally as a simply supported beam, a concentrated force of 1kN applied at the centre of the support span produces a static deflection of 5mm.  The same load will produce a maximum bending stress of 158MN/m2.  Determine the magnitude of the instantaneous stress produced when a mass of 10kg is allowed to fall through a height of 12mm onto the beam at mid-span.  What will be the instantaneous deflection?
[126.4MN/m2, 4mm]

Castigliano’s First Theorem for Deflection

Castigliano’s first theorem states that;
If the total strain energy of a body or framework is expressed in terms of the external loads and is partially differentiated with respect to one of the loads the result is the deflection of the point of application of that load and in the direction of that load.
i.e.

U = total strain energy
Deflection in direction of load, W, is given by;

 
We have shown when deriving the strain energy for a beam in bending that;




Assuming in most beam applications the strain energy, and hence the deflection, resulting from end loads and shear forces are taken to be negligible in comparison with strain energy resulting from bending from a load P (torsion not normally being present), Castigliano’s first theorem can be written as;










This is the usual form of Castigliano’s first theorem.  The integral is evaluated to give the deflection under an existing load P, the value of the bending moment M at some general section having been determined in terms of P.  If no general expression for M in terms of P can be obtained to cover the whole beam then the beam can be divided up into any number of convenient parts and the results added.  In cases where the deflection is required at a point or in a direction in which there is no load applied, an imaginary load P is introduced in the required direction, the integral obtained in terms of P and then evaluated with P equal to zero.
Examples

1) A simply supported beam of length 1.5m carries a vertical load of 10kN at the centre.  One half of the beam has a diameter of 50mm and the other half 75mm.  Calculate the central deflection using Castigliano’s first theorem.  E = 200GNm-2.	[6.86mm]

2) A beam is loaded as shown below;
[image: Scan10107]






Using Castigliano’s first theorem, prove that the deflection at point C is given by the following expression;




3) Determine by Castigliano’s first theorem the vertical and horizontal deflection of point A of the cantilever bent through 90 degrees below.  The cantilever is constructed from 50mm diameter bar throughout with E=200GN/m2.
[image: Scan10108]
















[vertical = 0.546mm, horizontal = 0.56mm]

Notes adapted from/further reading:  Mechanics of Materials 1, E. J. Hearn
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258 Mechanics of Materials §11.1

or, in terms of the stress o (= P/A),

2 AL 2
U= GZ_E = ;—E x volume of bar (11.2)
i.e. strain energy, or resilience, per unit volume of a bar subjected to direct load, tensile or
compressive
o 2 3
=3E (11.3)
or, alternatively_,
= 1a xZ =4oxe
el < B g
1e resilience = 4 stress x strain
= (b) Including the weight of the bar
{% Consider now a bar of length L mounted vertically, as shown in Fig. 11.2. At any section
= AB the total load on the section will be the external load P together with the weight of the bar
= material below AB.
% ) f /
3 ds
E thos
i T
= s
H s

£ I

Fig. 11.2. Direct load—tension or compression.

Assuming a uniform cross-section of area A with density p,
load on section AB = P+ pgAs

the positive sign being used when P is tensile and the negative sign when P is compressive.
Thus, for a tensile force P the extension of the element ds is given by the definition of Young’s
modulus E to be
ads
Sy
_ (P+6g4s)

5 ds
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work done = 1 x load x extension

(P + pgAs)

=§-(P+pgAs)Tds

p? Ppg (pg9)*A
—ZAEds+ B sds+ °E s*ds

". total strain energy or work done
L i L L .
P Ppg (pg)*A

=|—=d —sd ——s?d

I2AE s+fEss+J 2E s“as

0 0 0

_PL _ Ppgl® (pg) AL’
" 24E 2E 6E

(11.4)

The last two terms are therefore the modifying terms to eqn. (11.1) to account for the
body-weight effect of the bar.

11.2. Strain energy —shear
Consider the elemental bar now subjected to a shear load Q at one end causing

deformation through the angle y (the shear strain) and a shear deflection J, as shown in
Fig. 11.3.

Fig. 11.3. Shear.

Strain energy U = work done = 106 = 1Qyds

shear stress 7 Q

N G=——=-=—
s shear strain y 74
T 46
Q 2
shear strain energy =30 X — x ds = ——ds

AG 24G
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r stress t = (Q/A),
12AL <2

U= . 2G x volume of bar (11.6)
11.3. Strain energy —bending

¢ subjected to a constant bending moment M causing it to bend into

btending an angle d0 at the centre (Fig. 11.4). The beam will also have
e do.

(

\ 7
L
e

Fig. 11.4. Bending.

ork done = 4 x moment x angle turned through (in radians)
Mdo

M E
do and ’I— = E
J
M
- = Eds
M M3ds
M x E-I'ds = 2EI
Iting from bending,
L
of L2 a7
¥ L3Rl (]

V]

V=Sl

11.4. Strain energy — torsion

The element is now considered subjected to a torque T as shown in Fig. 11.5, producing an

angle of twist df radians.

Q
D
\
m

Fig. 11.5. Torsion.

Strain energy = work done = 1740

But, from the simple torsion theory,
T Gdf Tds

e i dg:EJ—

". total strain energy resulting from torsion,

L
i s 171
14526 T 267

=

since in most practical applications T is constant.
For a hollow circular shaft eqn. (11.8) still applies

el Strain energy U = 36T
Now, from the simple bending theory
Z 8o Cmax
doas R
where R is the outer radius of the shaft and
I =S (R —rh
T o e i ARY o)

(11.8)
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For an elastic material up to the limit of proportionality, 6 /e = E (The modulus of elasticity) o
é hencee=c /E B
i Substituting we find U =cAeL/2 = c2ALRE =
Z The volume of the bar is A L so
g U= (0‘2/2E ) x volume of the bar
WORKED EXAMPLE No.1
A steel rod has a square cross section 10 mm x 10 mm and a length of 2 m. Calculate the
strain energy when a stress of 400 MPa is produced by stretching it. Take E =200 GPa
SOLUTION
A=10x10=100 mm* or 100 x 10 m’. V=AL=100x10°x2=200x 10° m’.
6=400 x 10°N/m* and E =200 x 109 N/m*
o)
U=2_x Volume :(400)(—10)9)(200“0"' =80 Joules
2E 2x200x10
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11.7. Shear or distortional strain energy

In order to consider the general principal stress case it has been shown necessary, in §14.6,
to add to the mean stress & in the three perpendicular directions, certain so-called deviatoric
stress values to return the stress system to values of 6, , 6, and 0. These deviatoric stresses are
then associated directly with change of shape, i.e. distortion, without change in volume and
the strain energy associated with this mechanism is shown to be given by

1
shear strain energy = i [(6, —06,)* + (0, —063)*+(65—0,)*)] per unit volume

oy [6}+0%+02—(0,0,+0,0;+0a306,)] per unit volume

This equation is used as the basis of the Maxwell-von Mises theory of elastic failure which is
discussed fully in Chapter 15.

11.8. Suddenly applied loads

If aload Pis applied gradually to a bar to produce an extension é the load—extension graph
will be as shown in Fig. 11.1 and repeated in Fig. 11.6, the work done being given by

— L
=2 Po.
Load
4
Pt ————— ’ Work done
q _—Tgradually applied
load)
P’ e
= P&
Work dong_—"]|
(suddenly
lied load)
GSDPI/S - ) Extension

Fig. 11.6. Work done by a suddenly applied load.

If now a load P’ is suddenly applied (i.e. applied with an instantaneous value, not gradually
increasing from zero to P’) to produce the same extension J, the graph will now appear as a
horizontal straight line with a work done or strain energy = P’6.

The bar will be strained by an equal amount J in both cases and the energy stored must
therefore be equal,

ie. Po=41Ps
or P =1ip

Thus the suddenly applied load which is required to produce a certain value of
instantaneous strain is half the equivalent value of static load required to perform the same
function. It is then clear that vice versa a load P which is suddenly applied will produce twice the
effect of the same load statically applied. Great care must be exercised, therefore, in the design
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of, for example, machine parts to exclude the possibility of sudden applications of load since
associated stress levels are likely to be doubled.

11.9. Impact loads—axial load application

Consider now the bar shown vertically in Fig. 11.7 with a rigid collar firmly attached at the
end. The load W is free to slide vertically and is suspended by some means at a distance h
above the collar. When the load is dropped it will produce a maximum instantaneous
extension 6 of the bar, and will therefore have done work (neglecting the mass of the bar and
collar)

= force x distance = W (h+ )

Load W

¥ !
a8 il

0 R g e

collar

Fig. 11.7. Impact load —axial application.

This work will be stored as strain energy and is given by eqn. (11.2):

62AL
Ll
where o is the instantaneous stress set up.
AL
=W(h+6 119
°E (h+9) (11.9)

If the extension 6 is small compared with h it may be ignored and then, approximately,
6> =2WEh/AL

- 2WEh
ie. a=\/< AL ) (11.10)

If, however, & is not small compared with h it must be expressed in terms of g, thus

stress oL oL
e

~ strain
Therefore substituting in eqn. (11.9)
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Strain Energy

62AL WL

B R S
9 ..

2W  2WEh
e =0
SRR AL

Solving by “the quadratic formula” and ignoring the negative sign,
s 2W+ 2w 2+4 2WEh
el A AL

2
ie. e’ [(K) +2WE"} (11.11)

A A AL
This is the accurate equation for the maximum stress set up, and should always be used if

there is any doubt regarding the relative magnitudes of 6 and h.
Instantaneous extensions can then be found from

_a'L
AR

If the load is not dropped but suddenly applied from effectively zero height, h = 0, and
eqn. (11.11) reduces to
w. oW 2w

s e B
This verifies the work of §11.8 and confirms that stresses resulting from suddenly applied
loads arc twice those resulting from statically applied loads of the same magnitude.
Inspection of eqn. (11.11) shows that stresses resulting from impact loads of similar
magnitude will be even higher than this and any design work in applications where impact
loading is at all possible should always include a safety factor well in excess of two.

11.10. Impact loads—bending applications

Consider the beam shown in Fig. 11.8 subjected to a shock load W falling through a height
h and producing an instantaneous deflection 4.

Work done by falling load = W (h + §)

In these cases it is often convenient to introduce an equivalent static load Wi defined as -
that load which, when gradually applied, produces the same deflection as the shock load

e T

== q.;_—_*_—_‘:_ S T

Fig. 11.8. Impact load -bending application.
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Load
A :

ds

P Area A & Exfension

(@ (b)

Fig. 11.1. Work done by a gradually applied load.

The strain energy per unit volume is often referred to as the resilience. The value of the
resilience at the yield point or at the proof stress for non-ferrous materials is then termed the
proof resilience.

The unshaded area above the line OB of Fig. 11.1 is called the complementary energy, a
quantity which is utilised in some advanced energy methods of solution and is not considered
within the terms of reference of this text.t

11.1. Strain energy — tension or compression
(a) Neglecting the weight of the bar

Consider a small element of a bar, length ds, shown in Fig. 11.1. If a graph is drawn of load
against elastic extension the shaded area under the graph gives the work done and hence the
strain energy, :

ie. strain energy U = 4 P§

stress P ds
= — X —

Now Young's modulus E = ———— = = x =
Pds
T
P2ds
for the bar element U = LY

y
P%ds

total strain energy for a bar of length L = J-HE—

0

Thus, assuming that the area of the bar remains constant along the length,
P:L
2AE

U (11.1)

t See H. Ford and J. M. Alexander, Advanced Mechanics of Materials (Longmans, London, 1963).
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Assuming, as stated earlier, that the beam remains straight and that the beam rotates about
the fixed end, then the effect of the rod extension at the mid-span

) 0.527 x 1073
i A
Then, total deflection at mid-span = 63+ dr/2
=352x10"34+0264 x 1073
=3.784 x 10" 3*m

Example 11.5

Using Castigliano’s first theorem, obtain the expressions for (a) the deflection under a
single concentrated load applied to a simply supported beam as shown in Fig. 11.18, (b) the
deflection at the centre of a simply supported beam carrying a uniformly distributed load.

W
l b—]
A' i - L B
X, v C . Xz
.__—_.1 r‘__
wo 5 wa
L L
Fig. 11.18.
Solution :
(a) For the beam shown in Fig. 11.18
A
M oM
= | ——d
= Vi
B
C B
_(Mom, (MM,
S JEaw® ™ | Elow
A (&
a b
L [ Wbx; bx; I =Wax, - ax;
e e Sl L o is 2
EIJ L xLxx‘+EIJ R
0 0
2 - 2 .
Wb Wa
=—ﬁfxfdxl+mjx§dx2
0 (1]
- Wb2a? i Wa?b? _ Wa*h? e Wa?b?
Y0 Vi 7 TR i e Y

(b) For the u.d.l. beam shown in Fig. 11.19a an imaginary load P must be introduced at
mid-span; then the mid-span deflection will be

L L2
M oM M oM
0 0
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Example 11.6

Determine by the methods of unit load and Castigliano’s first theorem, (a) the vertical
deflection of point A of the bent cantilever shown in Fig. 11.20 when loaded at A with a

vertical load of 600 N. (b) What will then be the horizontal movement of A?

The cantilever is constructed from 50 mm diameter bar throughout, with E = 200 GN/m?.

Fig.

Solution

The total deflection of 4 can be considered in three parts, resulting from AB, BC, and CD.
Since the question requires solution by two similar methods, they will be worked in parallel.

(a) For vertical deflection

11.20.

Castigliano Unit load
M oM Mm
0= |——ds 0= |—ds
El ow EI

where m = bending moment resulting from a unit load
at A.

For AB M _ . = 0. Hence vertical deflection resulting from AB = 0 by both methods.

For CD
M,, = W(0.25+s)
oM

a—u/'—’ 0.25+S3

W (0.25 + 53) (0.25 + 53) ds,
El

0.3
dcp =
0

M,, = W(0.25+s5)

m=1(0.25)+s5)

0.3
: J' W (0.25 +53) (0.25 + 53)ds;
S.0cp=

EI

)

Thus the same equation is achieved by both methods.
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