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Part 1
Euler’s method works on a cycle where every time step, it takes the current values for velocity and position and uses them to estimate the next velocity and position on the next time step. This is done using 2 equations:
𝑣 (𝑡+∆𝑡) = 𝑣 (𝑡) +𝑎 (𝑡) ∆𝑡
𝑝𝑜(𝑡+∆𝑡) = 𝑝𝑜(𝑡)+𝑣(𝑡)∆𝑡 [1]
v = velocity (m/s), a = acceleration (m/s2), 𝑝𝑜(m) = position
These equations mean:
New Velocity = Current Velocity + (Current Acceleration * Time Step)
New Position = Current Position + (Current Velocity * Time Step)	
The time step is the amount of time in between each loop of calculations, the greater the time step, the less accurate the simulation is.

Euler’s method has both positives and negatives:

Positives:
Very simple method, easy to implement.
More accurate the lower the time step is.

Negatives:
It is assumed that velocity and acceleration doesn’t change between time steps. [1]
Error stacks causing the method to lose accuracy the further it needs to calculate.
Low time steps being used to combat the error can be quite computationally expensive while not solving the issue, only slowing it. [2]








There are other numerical integration methods that can be used in gaming other than Euler’s method, these methods are:
1. Midpoint Method
2. Runge-Kutta Method
3. Backwards Euler Method
Midpoint Method
Midpoint method works on the idea that Euler ignores the change in velocity between time steps when an object is under acceleration, this can be quite inaccurate as time goes on, so with the midpoint method, the goal is to calculate the derivative in between time steps to apply it to the position calculations, this is because the derivative at the midpoint of the time steps should be more accurate in comparison to at each time step. [3]
Positives
· More accurate than Euler’s method.
· Not much harder to program than Euler’s method. [4]
Negatives
· Still has error.

Backwards Euler Method
Backwards Euler method works by calculating the derivative and then uses it to calculate the next estimation. [2]
Positives
· It is much more stable than Euler’s method at higher time steps.
· Good accuracy.
Negatives
· The extra calculations make the method slower, limiting its potential uses. [2]
Runge-Kutta Method (RK4)
RK4 method is a method that uses 4 different steps to calculate different tangents and then uses a weighted result to try and calculate the most accurate output possible. [1] While this method is more complicated, due to the accuracy it is more useful in specific uses where accuracy is more important over performance. [2]
Positives
· Extremely accurate.
Negatives
· Very computationally expensive due to the many calculations.
Part 2
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Description automatically generated][image: ]While at a time step of 0.06, Euler’s method and Midpoint method are comparable with their results, however these results are not the same and have some notable differences:
· It takes Euler’s method 6.72 seconds to come to a complete stop, while it takes 6.24 seconds for Midpoint to come to a complete stop. This is an 8% difference.
· With Euler’s method the car travels 40.11m but with the midpoint method, it travels 34.81m. This is a 15% difference.
· Euler has a notable large drop at the beginning of it’s acceleration, while midpoint has no such drop.
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[image: ]With a time step of 0.12 (double the previous), the results from both methods diverge from each other further than before.
· Euler’s method takes 7.20 seconds (7% longer than 0.06) to stop, while midpoint takes 6.36 seconds (2% longer than 0.06) to stop. This is a difference of 13%. 
· Euler’s method causes the car to travel 45.91m (14% further than 0.06) but midpoint travels 34.87m (0.2% further than 0.06). This is a difference of 31%.









[image: ]When at a time step of 0.60 (10x the original), the gap between the two methods becomes drastic.
· Euler’s method takes 10.20 seconds (51% longer than 0.06) to stop while midpoint takes 7.8 (25% longer than 0.06) seconds. This is a difference of 31%.
· [image: ]The car travels 84.23m (110% further than 0.06) using Euler’s method while still only travelling 46.58m (34% further than 0.06) using the midpoint method. This is a difference of 80%.





· [image: ][image: Chart, line chart

Description automatically generated]Midpoint and Euler’s methods differ with velocity, Euler always ends up with a higher velocity when it is still accelerating, however they both descend at the same rate, both methods end up going past their intended values, however this is much more pronounced with Euler’s method than midpoint (see 3rd graph). The time step affects how significant this exaggeration is with higher values causing much greater error.
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· [image: ]While both Euler’s and Midpoint struggled with accurate acceleration on 0.60 time step, midpoint method was able to keep the transition smooth while Euler’s method produced a long area of high acceleration and immediately cut it off, while midpoint started its deceleration immediately, which created a much smoother transition overall.
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From these results, there are some clear conclusions that can be made. Firstly, increasing the time step causes loss in accuracy to the physics. Secondly, even at a small time step like 0.06, the midpoint method is more accurate and can maintain its accuracy with it being at most 34% less accurate than if it had 10x more time steps. Thirdly, Euler’s method isn’t able to maintain its accuracy when at higher time steps and becomes significantly inaccurate with at worst 110% error in its results at 0.60 time step. Fourthly, Euler’s method over emphasises errors much more severely when at higher time steps than midpoint as it scales up significantly worse.
Overall, while the Euler method may be usable at lower time steps, it very quickly loses its accuracy as the time steps increase, while the midpoint method can comfortably be run at a higher time step to increase performance while still maintaining a relatively low margin of error.
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