Set-builder notation and set comprehension

Enumerating all elements in a list is time consuming and not always practical.  To overcome this limitation we use “set builder” notation. Set-builder notation constructs sets by specifying the conditions or properties that the elements of the sets must satisfy. Defining sets by properties is also known as set comprehension. 
For example, If the set P={0,2,4,6,8,10,12,14,16,18}  then it can be defined in set builder notation as
P={x|0 <= x <= 20 and m is even}.  The  ‘x’ before the ‘|’ bar is a variable representing a typical element of the set.  The bar ‘|’ is read as ‘such that’ -  some people use ‘:’ instead of ‘|’.
It is usual to show what type of number x is as follows:-
{x
Here ℝ represents the set of real numbers and ∈ denotes membership and can be read as “is a member of”.  So this is read as “any x that is a member of the real numbers such that x is greater than 3” or, more simply, "all Real Numbers greater than 3."
Common symbols for sets of different numbers include:-
ℤ     	is the set of all integers.
ℕ    	is the set of all positive integers (sometimes including zero).
ℙ    	is the set of all primes but be careful because ℙ might be interpreted differently, for  example it could refer to a power set – the context will help but a good author will be courteous enough to define the symbol explicitly. Note the powerset symbol is often given as 𝒫.

ℚ   	is the set of all rational numbers.
ℂ    	is the set of all complex numbers.
Set builder allows us to use the logic operators and (∧ ), or (∨) and the logical complement operator (¬) as well as relational operators.
Here are some examples:
The irrational numbers can be defined as real numbers that are not rational, or the set of reals minus the set of rationals. That is, I ={x ∣ x ∈ ℝ ∧ x ∉ ℚ} which is read as any x such that x is real and not a rational number.
The union of two sets A and B is written as A∪B and in set builder we could say,
A∪B = {x|x∈A ∨ x∈B}

Similarly, the intersection of two set A and B is written as A∩B and can be defined as
A∩B = {x|x∈A ∧ x∈B}
The difference of two sets A and B is written A-B or A\B and using set builder notation can be defined as A-B = {x|x ∈ A ∧ x ∉ B}


We can also use more informal language with set builder notation
{a|a is an apple sold at Lidl}

We could also point out that the set, S of numbers which are less than 2 and greater than 4 is an empty set, i.e. there are no numbers that satisfy this condition, but nevertheless we can describe this situation using set builder notation as:
S ={x|x∈ ℝ ∧ x< 2 ∧  x > 4 } = ∅ = {}
We’ll extend the syntax later on when we meet predicate logic.

Propositional Calculus Recap
We’ve covered propositional calculus, also known as Boolean Algebra, already but here’s a recap of the key ideas and notations used.

Propositional calculus is a form of logic that manipulates statements that are either true or false, for example, 7+5=12  which is true or 7+5=11, this is false. Both are valid propositions.

We use and (∧ ), or (∨) and the logical complement connectives (¬) introduced earlier to form compound statements.

Other logical operators are:-
· Equals =
· Implication ⇒
· Equivalence ⇔
· Is contained in ⊂
· Belongs to ∈

Lower case letters are often used to represent propositions, for example:-

p≙ C++ is a programming language
b ≙ Breaking Bad is a Netflix TV series
c≙ C++ is an object oriented programming language
(recall ≙ mean “represents the statement”)

We combine these with logical connectives to make compound statements, eg
p∧c  is interpreted as C++ is a programming language and C++ is an object oriented programming language.




Implication
p ⇒ q means “if p is true then so is q.”  Logic is more precise in its meaning than everyday language so here is the truth table that fully defines what is meant by logical implication here.  Note that a 0 means false and a 1 means true.

	p
	q
	p ⇒ q

	0
	0
	1

	0
	1
	1

	1
	0
	0

	1
	1
	1



Note “p implies q” is false  only when p is true, yet q is false.  Get used to it.

Equivalence
The equivalence operator is pronounced “is equivalent to” or “if and only if” (often people write “iff” with  two f’s to represent this). This is stronger than implication and given two propositions p and q the truth table for equivalence is:

	p
	q
	p ⇔ q

	0
	0
	1

	0
	1
	0

	1
	0
	0

	1
	1
	1



DeMorgan’s Rules 
Some useful laws used in propositional calculus are DeMorgan’s Rules which allow us recast our compound propositions as follows:-
Given the two propositions a and b, DeMorgan’s Rules are:
i) ¬(a ∧ b) ⇔ ¬a∨¬b
ii) ¬(a ∨ b) ⇔ ¬a∧¬b
We can prove rule i) is true by using truth tables as follows:

	a
	b
	a ∧ b
	¬(a ∧ b)
	¬a
	¬b
	¬a∨¬b

	0
	0
	0
	1
	1
	1
	1

	0
	1
	0
	1
	1
	0
	1

	1
	0
	0
	1
	0
	1
	1

	1
	1
	1
	0
	0
	0
	0



                                                                

The results are the same.  Therefore proven.





You might like to try this with rule ii)

Predicate Calculus
Predicate calculus extends propositional calculus by including variables and quantifiers that allow logical inference to be made. A predicate is a logical statement or term that depends on a value or values.  When a predicate is applied to a value then it becomes a proposition. Statements are combined to make formulae. Hence a formula is either true or false depending upon the truth value of its components.
We can write a predicate in the form:
      predicate(argument)
For example, if a cat exists who is called Mabli then cat(Mabli) has a truth value of true and Mabli is the argument. Another example, if Elen is a girl then girl(Elen) has a truth value of true and Elen is the argument of the predicate girl().
In the same vein, consider the predicate prime(x) which has an argument x.  If x is assigned the value 17 then it becomes the proposition prime(17) which is true but if x is 8 then prime(8) is false but it is still nevertheless a proposition. There are many (an infinity in fact) of prime numbers that we can apply the prime(x) predicate to and which result in a proposition that is true.  However, writing all these down individually will be impossible.  To overcome this, we introduce some new ideas.  First the Universe of Discourse.

Universe of Discourse
The “Universe of Discourse” (uod) is some given set of variables.  We’ve met some sets of numbers already. Recall:
ℝ      is the set of real numbers.
ℤ     	is the set of all integers.
ℕ    	is the set of all positive integers (sometimes including zero).

Consider the statement P(x) ≙ x2+3=7.  If the uod is ℕ then the predicate is true only when x=2, however if the uod is ℝ then the predicate is true for both +2 and -2. It seems we need a way to articulate what kinds of sets such as ℕ or ℝ we are working with and also to specify propositions based on predicates which work with more than one value.  Quantifiers are the answer.

Quantifiers
The existential quantifier, ∃

The previous predicate, P(x) ≙ x2+3=7 may be written more formally as:
∃x:ℕ·x2+3=7  which is read as:

	there exists at least one number, x
	∃x

	in the set of natural numbers
	:ℕ

	where
	·

	the number(s) squared plus 3 is equal to 7
	x2+3=7



Is this true?  Yes since 2 is a natural number and 22+3=7.  Note that the existential quantifier asserts that one or more values are applied to the predicate which can now be evaluated as true or false and hence it becomes a proposition. Remember, quantifiers can be applied to predicates to give propositions.

For the existential qualifier the general form used is,
      ∃ declaration | constraint · predicate
In our example the declaration introduced a typical variable, x and the predicate is x2+3=7.  It has no constraint.  An example which does have a constraint might be,
∃x : ℕ | x<10·x2 < 50.  Here the constraint is that x must be less than 10.  This could be pronounced there exists an x less than 10 where x2 is less than 50.  This proposition is true.  The set of numbers that is equivalent to this is {1,2,3,4,5,6,7}.
An existential quantification can be thought of as a chain of disjunctions (or’s) so only one disjunction needs to be true for the proposition to be true.

We can make more complicated predicates and constraints by using compound statements as used earlier.  For example, 
 
∃x: ℕ | x<10∧ x>3 ·x2 < 50∧ x2>36

 We are not limited to using just one variable, x we could use several together as well as defining some constant values to construct our statements.  For example we can define the positive even numbers as 
∃x: ℕ ·2*k=x
We can now define a predicate called positiveEven:
positiveEven(x) ⇔ ∃k: ℕ · 2*k=x
This is true when x is even and false when it is odd.

The Universal quantifier, ∀

The universal quantifier, ∀ is pronounced “for all” and is also used in the form

∀  declaration | constraint · predicate

Where declaration, constraint and predicate have the same meaning discussed in the previous section.
Recall in the previous section the example ∃x:ℕ·x2+3=7.  If we replace  ∃ with  ∀ as follows,
∀ x:ℕ·x2+3=7 then this could read as “for all natural numbers, all numbers squared plus 3 equals 7” which is clearly not true and so now we have a proposition that is false.

An example that includes a constraint might be:
∀x : ℕ | x<8·x2 < 50
This says all natural numbers less than 8 have squares less than 50.

A universal quantification can be thought of as a chain of conjunctions (and’s) so only one conjunction needs to be false for the proposition to be false.



The Unique quantifier, ∃1
The unique quantifier is similar to the existential quantifier except that it states there is only one value for which the predicate is true.  It is written ∃1.  An example might be:

∃1 x : ℕ | x<10∧x>3 ·x2 < 50∧ x2>36

Counting Quantifier
We can count the number of values for which a predicate holds by constructing the relevant set using set builder notation and count the number of elements in the set.


Set-builder and set comprehension revisited.

Recall our introduction to set-builder (set comprehension) notation earlier?  We can now use predicates to define the conditions that hold for all members of the set.  The notation we use now is mixed in with our earlier use of set-builder syntax.

The general form is now:

{declaration | constraint · expression} which is similar to our earlier formulation for predicates but includes the surrounding braces. Here:-
· The declaration is for a typical element and gives the element’s type.
· The constraint restricts the possible values of the typical element.  It is a logical expression which must be true for that value of the typical element to be included in the set.
· The expression is an expression indicating the value to be included in the set. 
So, for example, the set of all positive even numbers is written {x: ℕ |even(x)·x} where x is a typical element from the natural numbers and constrained to be even and the value included in the generated set is x.

Other examples:
Recall we used set-builder to describe the set compositions,
i) the union of two sets A and B is written as A∪B = {x|x∈A ∨ x∈B}
ii) the intersection of two set A and B is written as A∩B = {x|x∈A ∧ x∈B}
We can re-write these now as:
A∪B = {x:X|x∈A ∨ x∈B · x} and A∩B = {x:X|x∈A ∧ x∈B · x}
But notice we have had to introduce a convenient set called X where X is any set.

The proposition ∀p:PERSON|p∈loggedIn · p∈users can be read as “all people that are logged in are users.  If PERSON, loggedIn and users is a set then this simplifies to loggedIn ⊆ users.

Relations
Intuitively any property that holds between two objects is a relation. They come in different sizes, the simplest is a binary relation that describes the relationship between two objects but relations could be ternary (3 objects) or quaternary (4 objects) and so on.  A relation is used to express the fact that there is a connection between the elements of an ordered pair and in general it is based upon the idea of a Cartesian product.

Cartesian Product 
Named after Descartes a Cartesian product is a pairing of values of two or more sets.  The Cartesian product of 3 sets is written X x Y x Z.  Values drawn from this combination of sets are called tuples and are written (x,y,z) where x, y and z are elements of the sets X,Y and Z respectively.  These are ordered tuples and the ordering of the elements is important.

An example of a relation is the greater than relation L.  It is the set:
   L= {(x,y)|x,y∈ ℝ ∧ x>y . (x,y)}
Note the ordered pair (x,y) in the construction of the relation.

Another example:  Given two sets Team={Cardiff, Swansea}
and Position={winger, defender} then 
Team x Position= {(Cardiff,winger),(Cardiff,defender),(Swansea,winger),(Swansea,defender)}

A tuple formed from two sets is called a pair, from three sets is called a triple and in general from n sets is called an n-tuple.

An example tuple that connects information about a person might be:-
NAME x ADDRESS x AGE X TELEPHONE

We can use the symbol ↔ to represent a relation.  
R:X↔Y         (read this as “R relates X to Y”)
For example;
 speaks:COUNTRY↔LANGUAGE      (read this as “speaks relates country to language”)

Note that the following are equivalent:
speaks:COUNTRY↔LANGUAGE   == speaks: ℙ (COUNTRY x LANGUAGE) 
where ℙ is the power set symbol and x is the Cartesian product.

Representing Relations
A table or list can be used to represent a relation.  For example given the set of students
S = {Robert, Johnathan, Naomi} ={Ro,Jo,Na} 
and the set of courses 
C = {FM,  SEP, ADS, DB}
the following relation, takes:STUDENT↔COURSE specifies who takes which course:
Takes = {(Ro,FM),(Ro,SEP),(Jo,FM),(Jo,ADS),(Jo,DB),(Na,DB)}





	Student
	Course

	Ro
	FM

	Ro
	SEP

	Jo
	FM

	Jo
	ADS

	Jo
	DB

	Na
	DB




We can also represent this as a two dimensional matrix or array  where a T at position (x,y) means that the student in row y takes the course in column x:

	Student/Course
	FM
	SEP
	ADS
	DB

	Ro
	T
	T
	F
	F

	Jo
	T
	F
	T
	T

	Na
	F
	F
	F
	T



This leads naturally to a graphical representation:-
FM


Ro
SEP

Jo
ADS


Na
DB





Maplets
The idea of a related pair can be described with the symbol “↦”  as demonstrated below:-
(Ro,FM)  ⇔  Ro↦FM
And is pronounced “Ro is relate to FM” 
The previous relation Takes can be written:-
takes = {Ro↦FM, Ro↦SEP, Jo↦FM, Jo↦ADS, Jo↦DB, Na↦DB}

To see if a certain pair of values are related, it is sufficient to see if the pair or maplet is an element of the relation, for example Ro↦FM ∈ takes.  This is True, whilst Ro↦ADS ∈ takes is false.  Remember, Ro↦FM ∈ takes == (Ro,FM) ∈ takes. We could also use infix notation as follows, _takes_:STUDENT↔COURSE
Then we can use this infix operator like this, Ro takes FM



Properties of relations 
There are three main properties of relations: 
Reflexivity:  A Relation R on S x S is reflexive if (x,x) ∈ R for every x ∈ S.  For example, the relation “<” is not reflexive but “<=” is.
Symmetry: A Relation R on S x S is symmetric if whenever (x,y) ∈ R then (y,x) ∈ R.  For example the “=” relation on numbers is symmetric.
Transitivity: A Relation R on S x S is transitive if whenever (x,y) ∈ R and (y,z) ∈ R then (x,z) ∈ R. For example, the relations >, <= and = are all transitive.  
These relations are easy to see graphically:- 
Symmetric 
Reflexive
Transitive







Domain and Range
A relation relates values of one set to another. The from set is also called the source set and the to-set is called the target.  In our example, takes:STUDENT↔COURSE, the source is STUDENT and the target is COURSE.
Typically only a subset of the source set is used.  This is called the domain and is written  dom, and in our example we would specify the domain of takes as, dom takes = {Ro,Jo,Na}. It is the subset containing those values of STUDENT which are related by takes to values of COURSE.
Just as the source set is the domain, then the target set is called the range and is written ran. For example we would write the range of takes as, ran takes = {FM,  SE, ADS, DB}.  It is the subset containing those values of COURSE to which takes relates at least one value of x.
takes
FM


Ro
SEP

Jo
ADS


Na
DB





dom takes								ran takes
Relational Image
This is used to discover the set of values from the range of a relation that are related to a set of values from the domain of a relation. The notation is shown here and answers the question what courses are taken by Ro and Jo?
takes⦇{Ro,Na}⦈ is the set {FM,SE,DB}
Composition
Relations can be joined together with the composition operator.
Given R:X↔Y and S:Y↔Z then a third relation T:X↔Z is composed by R;S: X↔Z.  This is called a forward composition. 
Example:- Given takes:STUDENT↔COURSE and taughtBy:COURSE↔LECTURER
takes;taughtby== {Ro↦GD, Ro↦AB, Jo↦GD, Jo↦KA, Na↦KA}

teaches

takes

GD
FM


Ro
SEP

Jo
ADS

AB

Na
DB

KA




The backward composition of S with R is the same as the forward composition of R with S and is written  S∘R.  

The Inverse Relation
The inverse of a relation is written R~ and is the mirror image relation – domain and range are swapped, i.e. if x R y then y R~ x.

The Identity Relation 
The Identity Relation maps all values onto themselves.
Id X == {x:X· x↦x}
Overriding
Overriding is akin to updating or adding additional tuples.
[bookmark: _GoBack]Takes ⊕ {Eb↦FM, La↦SEP, Ru↦DB, Da↦FM} = {Eb↦FM, La↦SEP, Ru↦DB, Da↦FM, Ro↦FM, Ro↦SEP, Jo↦FM, Jo↦ADS, Jo↦DB, Na↦DB}

