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Question 1.  Total Marks - 10 

For a single element rectangular ultrasonic crystal, show that the field distribution in the far field can 

be given as: 

        
      

 
  

Where    
 

 
        and K is the wave number (2π/λ) and d is the aperture width.   (10 marks) 

 

Answer: 

 

Fraunhofer (far field) approximation 

 

Assume all rays are parallel to a point far away. Probe is represented by N point sources. Extra path 

length as y increases –          

         
         

For each point source   is the same amplitude. Note: this form is only looking at a fixed angle from 

the centre of the probe to a point far away. 

Now create the sum for all point sources (integrate over y) 
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Subtracting the exponential terms leaves: 

     
  

       
         

 

 
       

        
      

 
 
     

      
 

Multiplying top and bottom by 
 

 
 

        
      

 
      

 
 
 
     

 

Let    
 

 
     

        
    

 
 

                

 

 

Question 2. Total Marks – 16 

 

a) What do we mean by the term ‘Q’ factor and how is it used with regards an ultrasonic probe 

specification. (2 marks) 

Answer: 

In practice the transducer does not generate a single pure frequency sound wave and will 

contain a band of frequencies.  These are effected by: 

 

 the thickness of the crystal, its diameter or length and width, 

 the effects of the damping medium, and 

 the electrical characteristics of the transducer and associated circuits. 

 

We refer to this spectrum as the ‘Bandwidth’ of the probe. 

 

In a well-designed probe, the centre of this band should be the desired probe frequency and 

the lower and upper limits are usually defined as the frequencies at which the amplitude is 

reduced by a given factor.  The upper and lower limits constitute the bandwidth of the 

probe, and can be based on 30% (-3 dB) and 50% (-6 dB) amplitudes. 



 

One way of expressing bandwidth that is also common in other branches of electronics is the 

‘Quality factor’ or ‘Q’ of the probe and is defined by the formula: 

 

  
  

     
 

 

Where fc = the centre frequency 

 f1= the upper -6dB frequency 

 F2 = the lower -6dB frequency 

 

 

b) For a 10mm diameter PZT crystal of thickness 0.6mm, and given that the compression wave 

velocity for PZT is 3000m/s, determine the crystals near field distance when transmitting into 

Perspex. (4 marks) 

Answer: 

 

PZT Crystal: thickness = 0.6mm, 

Velocity = 3000m/s, 

Diameter = 10mm 

To determine the near field distance in Perspex, we need the crystals resonant frequency: 

  
 

   
 

        

     
        

 

Using Longitudinal Velocity in Perspex = 2680m/s: 

   
  

  
 

   

  
 

Wavelength in Perspex at 2.5MHz: 

  
 

 
 

        

       
         

Substituting this into the Near Field Distance Equation: 

   
   

       
                            

 

c) If the crystal is in direct contact with a mild steel surface, calculate the theoretical absolute 

ultrasonic beam width for the crystal at a thickness in mild steel of 45mm. (4 marks) 

Answer: 

Using: 



   
 

 
 

     

 
 

Need to determine λ in mild steel. 

 

  
        

       
         

Therefore: 

 

 
       

          

  
        

 

Substituting into: 

 

   
 

 
 

      

  
 

 

                                           

 

d) If a suitable Perspex delay line were to be used determine the change in -6dB half beam 

spread angle at a Perspex/mild steel interface. (4 marks) 

Answer: 

Determine the half spread angle for -6dB in Perspex. 

 

   
 

 
  

     

 
  

 

λ in Perspex: 1.07mm determined earlier.  

 

 

 
       

         

  
        

 

Then use Snell’s law: 

 
        

    
 

      
    

 

 

         
    

    
                 

 

Therefore: 

 

                                      

 

e) For an ultrasonic probe with a ‘Q’ factor of 1.5 and wavelength of 0.987mm in water, 

estimate its centre frequency and spectral bandwidth.  State the upper and lower frequency 

values that would have been used in its initial determination. (2 marks) 



Answer: 

Q = 1.5, λwater=0.987mm. 

 

Need to calculate centre frequency: 

   
  

 
  

  
    

     
                            

 

Using: 

  
  

     
  

 

        

 

Therefore, Bandwidth of Probe = 1MHz, with f2 = 2.0MHz and f1 = 1.0MHz. 

 

To determine defect sensitivity in mild steel, the rule of thumb is >0.5 x λ. 

 

We could use the probes centre frequency thus: 

 

  
        

       
        

 

Which indicates that defects >1.985mm are likely to be detectable.  However, using the 

upper frequency, f2 = 2.0MHz from the probes spectral response, this would indicate: 

 

  
        

       
        

 

Which would indicate that defects>1.49mm are also likely to be detectable.  This highlights 

the importance of knowing the spectral resolution of the probe to be used, and also requires 

consideration of material grain boundaries. 

 

 

Question 3.  Total Marks – 14 

 

a) A 32 element 2.5MHz array probe with an element pitch of 1mm is used to inspect a 

stainless steel pipe carrying a hydrocarbon (oil) product.  The ‘static’ B-Scan image 

created by the probe uses an aperture size of 4 elements.  Using the fraunhofer ‘far-

field’ approximation, produce a normalised directivity graph for the specified aperture. 

(6 marks) 

Answer: 

Using: 

        
      

 
  



Where    
 

 
        and K is the wave number (2π/λ) and d is the aperture width = 4mm. 

Allowing a0d=1 we calculate the following table of values and plot the graph accordingly: 

Example calculations: 

 

Θ0 A 

0 1 

±5 0.963 

±10 0.856 

±15 0.698 

±20 0.510 

±25 0.319 

±30 0.144 

±35 0.001 

±40 -0.172 

±45 -0.207 

±50 -0.217 

±55 -0.211 

 



 

 

b) Using the directivity function as determined in part a) along with relevant calculations, 

provide a scaled illustration of the B-scan image that would be observed using this probe 

in the presence of the defect as indicated in the following figure.   Assume an aperture 

width of 4 elements and a scan resolution of 1 element.  (6 marks) 

 

Answer: 

-6dB Half Angle from directivity plot: ±200 

-20dB Half Angle from directivity plot: ±320 

Calculate the lateral distances and indicated depths from defect centre: 

-6dB Lateral Distance: 

                             

                    

-6dB Indicated Depth: 



       
            

        
 

 
    

      
         

-20dB Lateral Distance: 

                               

                    

-20dB Indicated Depth: 

        
            

         
 

 
    

      
         

 

 

c) Estimate the reflection coefficient for the stainless steel/product interface and 

determine the percentage energy transmitted into the product.  (2 marks) 

Answer: 

    
              

              
       

  
        

        
              

                              

 

 

Question 4.  Total Marks - 20 

 

A TOFD inspection system is to be used to inspect a mild steel weld with a nominal wall thickness of 

75mm.  It has already been decided that 60o compression probes with a centre frequency of 2.5MHz 

are to be utilised along with a probe separation distance of 100mm. 



a) Disregarding wedge delays and using probe index points only, determine the approximate 

arrival times for the lateral and back wall signals. (4 marks) 

Answer: 

Lateral Wave Travel Time: 

 

Lateral Distance = 100mm at longitudinal Velocity in Mild Steel = 5960 m/s 

 

   
 

  
 

   

        
                              

 

Back wall Signal Travel Time: 

 

 

 

 

 

 

 

 

With reference to the above figure, back wall travel distance can be calculated as follows: 

 

                                            

 

Therefore, using the longitudinal velocity of sound, as before: 

 

    
      

        
         

 

b) If the transmit pulse length is assumed to be 2 cycles at the probe centre frequency, what 

would be the minimum theoretical depth from the weld surface that near surface 

indications could be resolved. (4 marks) 

Answer: 

Pulse width = 2 cycles at the longitudinal wavelength (2.5MHz) in mild steel: 

 

   
  

 
 

        

       
         

Therefore the Pulse Width: 

                     

 

This equates to a travel distance of 104.768mm.  Using Pythagoras theorem: 

 

                                             

                              

75mm 

50mm 

0.5xDBW 



 

c) Develop and sketch a TOFD depth/arrival time correlation curve for the TOFD configuration 

described previously.  Use the basic TOFD assumption that defect signals are assumed to 

originate centrally between the probe pair, and use at least 5 equally spaced depth values.  

Mark on the illustration the theoretical minimum depth value calculated previously, and 

comment on the depth resolution characteristics of the technique. (12 marks) 

Answer: 

Using depths of 0, 15, 30, 45, 60 and 75mm: 

 

 
 

 

Note: We know the travel times for 0mm and 75mm from part a) of the question. 

 

           

            

 

15mm Travel Time: 

 

                         

     
     

        
         

 

30mm Travel Time. 

 

                          

      
      

        
         

 

45mm Travel Time. 

 

                          

      
      

        
         

 

60mm Travel Time. 

 



                          

      
      

        
         

 

 

From the characteristic, it can be stated that the resolution of the technique increases with 

increasing depths.  Also, from the parameters given, it is improbable that defects less than 15.62mm 

could be determined accurately.  



 

Material Properties. 

 

 

  



 

Formulae 

Snell’s Law: 
 

     

  
 

     

  
 

     

  
 

   

Reflected Energy Equation: 
 

   
     

     
      

  

Ultrasonic Beam Formulae: 

   
  

  
 

 
Where: 
NF = Near Field Distance 
d = Crystal diameter or aperture width 
λ = wavelength 

Far Field Approximation: 
 

        
      

 
 

Where 

   
 

 
        

 
K is the wave number (2π/λ) and d is the aperture 
width. 

               
Q Factor 

  
  

     
 

 
Where: 

f0 = the centre frequency 
f2 = the upper -6dB frequency 
f1 = the lower -6dB frequency 

 

Frequency thickness crystal constant: 
 

f x t = V/2 
 

Where, 

 f = desired frequency 

 t = crystal thickness, and 
 V = compression wave velocity in the crystal material 

 

 

  



Q3. a) 
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Q3. b) 
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