[bookmark: _GoBack]University of Wales Trinity Saint David
School of Engineering
Transient Thermal Diffusion Model using the Finite Difference Method
James Gregory
P148409
BEng (Hons) Mechanical Engineering
27/01/2020
Advanced Computational Methods
M6X00408



[image: Image result for uwtsd logo]








Table of Contents
1	List of Figures, Tables & Equations	iii
2	Introduction	1
3	Constitutive Equation	2
4	Numerical Method	3
5	Initial & Boundary Conditions Implemented	5
6	Finite Difference Model (Script)	7
7	Variable Analysis	10
7.1	Linear Distribution Code	10
7.1.1	Change in Grid Spacing	10
7.1.2	Change in Time-step	12
7.1.3	Change in Tolerance	14
8	Limitations of the Model	16
8.1	Stability Criterion for Explicit Method: Limitation of ∆t	16
8.2	Round-Off Error	16
8.3	Truncation (Discretization) Error	16
9	Suggested Improvements	17
9.1	Comparison to Physical Data	17
9.2	Three-Dimensional Analysis	17
10	Conclusion	18
11	References	19
12	Appendices	20
12.1	Linear Distribution Code	20
12.2	Gaussian Distribution Code	23

[bookmark: _Toc30934455]List of Figures, Tables & Equations
Figure 1: Gaussian distribution along north face (Marotin, 2019)	5
Figure 2: Variable user inputs (Matlab script)	7
Figure 3: Thermal Diffusivity & TimeMax Equation (Matlab script)	8
Figure 4: Fourier Equation & Initial Matrix (Matlab script)	8
Figure 5: Plate Boundary Conditions (Matlab script)	9
Figure 6: Finite Difference Method: Explicit Method (Matlab script)	9
Figure 7: Heatmap (Matlab script)	9
Figure 8: Grid Spacing vs Equilibrium Time	10
Figure 9: Grid Spacing vs Total Iterations	11
Figure 10: Time Step vs Equilibrium Time	12
Figure 11: Time Step vs Total Iterations	13
Figure 12: Tolerance vs Equilibrium Time	14
Figure 13: Tolerance vs Total Iterations	15

Table 1: Change in Grid Spacing	10
Table 2: Change in Time-Step	12
Table 3: Change in Tolerance	14

	  Equation 1	2
	   Equation 2	2
	    Equation 3	2
	Equation 4	3
	 Equation 5	3
Forward: 	  Equation 6	3
Backward: 	 Equation 7	3
Central: 	Equation 8	3
	   Equation 9	3
	   Equation 10	3
 	   Equation 11	4
 	   Equation 12	4
 	   Equation 13	4
 	Equation 14	4
 Equation 15	4
	Equation 16	4
	  Equation 17	5
 	  Equation 18	6









[bookmark: _Toc30934456]Introduction
The purpose of this report is to use Matlab to develop a model to solve a time-dependent thermal diffusion (heat) equation using a numerical analysis approach, specifically, the explicit method, to discretize the temperature distribution within a two-dimensional (2D) rectangular aluminium plate. The north side of the plate will be heated at 60°C while insulation will be applied to the east, south and west boundaries, so heat flows only from the north direction. By applying relevant mathematical equations, the model should produce a realistic representation of heat distribution throughout the plate when various variables are inputted. Within this report the following will be discussed: constitutive equation, numerical methods, boundary conditions implemented, description of the script, an analysis of the script, as well as, limitations and suggestive improvements of the script.















[bookmark: _Toc30934457]Constitutive Equation 
Heat transfer is a discipline of thermal engineering/physics, concerned with the flow of thermal (heat) energy between physical systems as a result of subsequent changes in temperature distribution (Holman, 2010). Temperature and flow of heat are fundamental principles of heat transfer; temperature determines the amount of thermal energy available while heat flow represents movement of energy. There are three modes of heat transfer which follow this principle: conduction, convection and radiation (Sondalini, 2018).
Heat flows through solids or fluids by a process called thermal diffusion, or simply, diffusion or conduction. In this mode, convection is negligible and heat is transferred solely by direct physical contact between systems (Kreith, et al., 2011). This transfer of heat occurs on a sub-microscopic level where atoms interact by elastic and inelastic collisions (vibration) to propagate energy from high to low temperature regions (Butterworth, 1997). Conduction in solids is described by equation three, which has been derived from Fourier’s Law and Conservation of Energy.
			Equation 1
				Equation 2
					Equation 3
(Özışık, 2013)
Where;
∇2, represents Laplacian operator
t, represents time (seconds)
T, represents temperature (K)
α, represents thermal diffusivity (m2.s-1)
Since equation three contains a first order and partial derivative; the Finite Difference Method (FDM) must be applied to convert the differential equation into a system of solvable algebraic equations, which Matlab can apply to solve the heat transfer problem.
[bookmark: _Toc30934458]Numerical Method
In mathematics, the Taylor series is a powerful tool which is used to calculate values of a functions derivates at a single point and can be rewritten as an infinite sum of terms, as shown by equation four:
[bookmark: _Toc30780108][bookmark: _Toc30934497]	Equation 4
By applying sum notation (∑), this equation can be written in a more compact form: 
[bookmark: _Toc30780109][bookmark: _Toc30934498]		Equation 5
(Sadler & Thorning, 1995)
From equation five, the Taylor series can be applied to FDM to theoretically derive the forward, backward and central difference approximations, as shown below:
[bookmark: _Toc30780110][bookmark: _Toc30934499]Forward: 			Equation 6
[bookmark: _Toc30780111][bookmark: _Toc30934500]Backward: 		Equation 7
[bookmark: _Toc30780112][bookmark: _Toc30934501]Central: 	Equation 8
(Eberly, 2016)
Since the explicit method is used to discretize the temperature distribution at one time-step into the future, the forward and central difference approximations must be applied to the constitutive equation. The backward difference will not be applicable for this problem; thus, it will not be applied.
				Equation 9
(Özışık, 2013)
As this is a two-dimensional plate (i.e. no plate depth), only x and y coordinates are applicable, thus, the z direction can be removed from equation nine as shown below: 
				Equation 10
(Özışık, 2013)
The central difference is used to discretize ∇^2 T, thus, the following equations for x and y are produced.
 				Equation 11
 				Equation 12
(Morgan, et al., 1996)
The forward difference is used to discretise ∂T⁄∂t, thus, the following equation is:
 				Equation 13
(Morgan, et al., 1996)
By substituting the forward and central approximations into the constitutive equation, the following equation is generated:  
 	Equation 14
(Morgan, et al., 1996)
By transposing equation fourteen for , the following equation is generated:
 Equation 15
However, equation fifteen is incomplete as  must be equal to the whole equation, thus, multiplying  by the other side, the following equation is generated: Note,   has been removed because  thus, the entire term is cancelled out.
	Equation 16
(Morgan, et al., 1996)
Equation sixteen is the final equation which will be implemented into the Matlab script. This equation will be used to calculate the temperature distribution at point , but one time-step into the future 
[bookmark: _Toc30934459]Initial & Boundary Conditions Implemented
To apply the heat equation and solve the heat transfer problem completely, initial and boundary conditions must be implemented, in each direction of the coordinate system, where heat transfer occurs. Therefore, as this is a two-dimensional problem, four boundary conditions must be specified (north, east, south & west).
As this is a transient heat conduction problem, it is important to specify initial conditions before boundary conditions are implemented. Only one condition must be specified since time  in the heat equation is a first-order derivative. In rectangular coordinates (i.e. rectangular mesh), the initial domain condition can be the initial temperature across the surface of the plate, which is specified by the following equation:
			Equation 17
(Baskharone, 2012)
Where;
, represents temperature of plate surface at x and y at time t = 0. This equation is known as the Dirichlet boundary condition and is a fixed surface temperature.
The boundary condition applied to the North side of the plate is generated from the Gaussian (or normal) distribution, as shown in figure one. The bell curve above the plate represents how heat should distribute. The peak of the curve represents the hottest point (60°C) at x0 and will be the initial heated region. As heat dissipates through the plate its temperature should decrease as it reaches the corners of the north side, as shown by the curve as it decreases from 60°C to 10°C.
[image: ]




[bookmark: _Toc30934478]Figure 1: Gaussian distribution along north face (Marotin, 2019)


The boundary equations applied to the east, south and west sides of the plate are as a result of the Neumann boundary condition. The Neumann condition, correlates to a rate of change of temperature, however, as shown in figure one, these are perfectly insulated boundary surfaces where . Thus, heat transfer through a perfectly insulated surface is negligible. Mathematically, this condition can be expressed as:
 			Equation 18
(Baskharone, 2012)
Where;
, is the local heat flow at surface (W/m-2)
k, is the thermal conductivity (W/m-1.K-1)
dT/dx, is the temperature gradient (K/m-1)















[bookmark: _Toc30934460]Finite Difference Model (Script)
[image: ]User inputs for variables x, y and h. This is achieved by implementing str = input(prompt,'s') and str2double(str) which displays text in prompt and waits for user to input a value and converts it to real or complex numeric values Matlab can apply. However, if user enters a value which meets the criterion in the while loop an error message will display notifying of an invalid input and prompting them to renter an acceptable value. The following criteria prevents user from entering certain inputs for x and y: letters or symbols (isnan) and less than or equal to zero (<=0). This is also applicable to h; however, extra criteria must be considered: greater and equal to x or y (h>=) and must be a divisible by x and y which must be greater than zero (rem((),h)>0).[bookmark: _Toc30934479]Figure 2: Variable user inputs (Matlab script)


Thermal diffusivity equation measures rate of heat transfer of material from hot to cold end, this is calculated from aluminium properties. Maximum time step (TimeMax) is the maximum possible time step user can enter and is dependent on h. From line fifty-one to fifty-eight, the script is similar to user inputs for x, y and h. However, if user enters a value which meets the criterion in while loop an error message will display notifying of an invalid input and prompting them to renter an acceptable value. The following criteria prevents user from entering certain inputs for TimeStep: letters or symbols (isnan), less than or equal to zero (<=0) and greater than time max [image: ](>TimeMax).[bookmark: _Toc30934480]Figure 3: Thermal Diffusivity & TimeMax Equation (Matlab script)


[image: ]Fourier equation calculates Fourier number and is applied in the explicit method to discretize the temperature distribution. To establish matrix rows and columns a one is added when Ax or By is divided by h. This is because when calculating a 10 by 10 matrix it is actually a 9 by 9, because there are only nine nodes where temperature is being calculated, thus, a plus one is added to ensure a complete matrix; as well as, adding a boundary layer where heat transfer is negligible. Both dimensions are rounded as it is simpler to deal with whole numbers particularly if grid spacing is less than 1mm. An initial matrix (plate) of zeros has been created from Ax and By, this is where the temperature distribution will be shown in matrix form.[bookmark: _Toc30934481]Figure 4: Fourier Equation & Initial Matrix (Matlab script)

Line seventy-two to seventy-six, implementation of boundary conditions on the north side of the plate. The midpoint of matrix is identified in order to implement Gaussian distribution. Standard deviation equation measures spread of the temperature across the plate about the mean (expected) value which is 60°C. A low standard deviation results in temperatures close to the mean (expected) temperature, while high standard deviations indicate that temperatures further from the mean are spread out. Within for loop is the Gaussian distribution which calculates temperature distribution along the plate.
[image: ][bookmark: _Toc30934482]Figure 5: Plate Boundary Conditions (Matlab script)

[image: ]This is the FDM explicit method and is the main body in the script. These equations are based from equation sixteen and calculate the temperature distribution along the x and y axis. Since the equation is in a while loop, this part of the code will run multiple times, calculating new temperatures at each points (nodes) along the plate.[bookmark: _Toc30934483]Figure 6: Finite Difference Method: Explicit Method (Matlab script)

[image: ]This section constructs the heatmap which demonstrates how heat dissipates through the plate. The map has been set to display plots for every one-hundred iterations to speed up the process, in addition, a tolerance of  has been set to ensure the plate reaches equilibrium. Titles and x and y labels have been added, as well as, a jet colour to distinguish between different variations of colour on the map.[bookmark: _Toc30934484]Figure 7: Heatmap (Matlab script)

[bookmark: _Toc30934461]Variable Analysis
[bookmark: _Toc30934462]Linear Distribution Code
An analysis was undertaken on the linear distribution code to determine how heat transfer regulates when grid spacing, time-step and tolerance variables are modified. This is important in understanding the relationship between changing variables and their effects on total iterations and equilibrium time. Furthermore, it is a means of scrutinizing the code to ensure it is performing correctly and producing reasonable results before implementing sections of it for the Gaussian distribution.
[bookmark: _Toc30934463]Change in Grid Spacing
[bookmark: _Toc30934491]Table 1: Change in Grid Spacing
	X-Axis (m)
	Y-Axis (m)
	Grid Spacing (m)
	Time-Step (s)
	Tolerance
	Elapsed Time (s)
	Total Iterations
	Equilibrium Time (s)
	Completion

	10
	10
	0.1
	38
	1 × 10-5
	10.69
	15,723
	597,474
	Yes

	10
	10
	0.5
	38
	1 × 10-5
	7.11
	15,742
	598,196
	Yes

	10
	10
	1
	38
	1 × 10-5
	6.23
	15,800
	600,400
	Yes

	10
	10
	2
	38
	1 × 10-5
	6.31
	15,820
	601,160
	Yes

	10
	10
	5
	38
	1 × 10-5
	7.82
	17,623
	669,674
	Yes


[bookmark: _Toc30934485]Figure 8: Grid Spacing vs Equilibrium Time

[bookmark: _Toc30934486]Figure 9: Grid Spacing vs Total Iterations

From table one and graph one and two above, you can determine the relationship between grid spacing, equilibrium time and total iterations. As grid spacing increases, time taken to reach equilibrium increased. This is as a result of the increase in space between nodes in which heat dissipates, thus, taking longer to transfer through the plate. Similarly, when grid spacing increases, total number of iterations increased. This makes sense, because the longer it takes for the plate to reach equilibrium the more iterations the script must run in order to display the final result. However, even though it took longer to execute the plate still managed to reach equilibrium each time.







[bookmark: _Toc30934464]Change in Time-step
[bookmark: _Toc30934492]Table 2: Change in Time-Step
	X-Axis (m)
	Y-Axis (m)
	Grid Spacing (m)
	Time-Step (s)
	Tolerance
	Elapsed Time (s)
	Total Iterations
	Equilibrium Time (s)
	Completion

	10
	10
	1
	1
	1 × 10-5
	818.56
	311,268
	311,268
	No

	10
	10
	1
	3.8
	1 × 10-5
	117.28
	109,846
	417,414
	No

	10
	10
	1
	38
	1 × 10-5
	6.18
	15,800
	600,400
	Yes

	10
	10
	1
	380
	1 × 10-5
	0.69
	2,059
	782,420
	Yes

	10
	10
	1
	3800
	1 × 10-5
	0.16
	250
	950,000
	Yes


[bookmark: _Toc30934487]Figure 10: Time Step vs Equilibrium Time


[bookmark: _Toc30934488]Figure 11: Time Step vs Total Iterations

From table two and graph three and four above, you can determine the relationship between time-step, equilibrium time and total iterations. As time-step increases, equilibrium time increased simultaneously. This is due to incremental change in time in which the governing equation solves the temperature distribution. Conversely, as time-step increases, total number of iterations decrease. This makes sense, because the closer your time-step value is to the maximum time-step, the quicker it will take to iterate because the code is performing bigger time-step ‘jumps’. As a result, the first two time-steps did not manage to reach equilibrium as they were too small, however, as time-step increased after 3.8 seconds, equilibrium was reached each time.






[bookmark: _Toc30934465]Change in Tolerance
[bookmark: _Toc30934493]Table 3: Change in Tolerance
	X-Axis (m)
	Y-Axis (m)
	Grid Spacing (m)
	Time-Step (s)
	Tolerance
	Elapsed Time (s)
	Total Iterations
	Equilibrium Time (s)
	Completion

	10
	10
	1
	38
	1 × 10-2
	0.53
	1,584
	60,192
	No

	10
	10
	1
	38
	1 × 10-4
	4.08
	10,984
	417,392
	No

	10
	10
	1
	38
	1 × 10-6
	9.11
	20,617
	783,446
	Yes

	10
	10
	1
	38
	1 × 10-8
	14.15
	30,251
	1,149,538
	Yes

	10
	10
	1
	38
	1 × 10-10
	20.59
	39,885
	1,515,630
	Yes


[bookmark: _Toc30934489]Figure 12: Tolerance vs Equilibrium Time





[bookmark: _Toc30934490]Figure 13: Tolerance vs Total Iterations

From table three and graph five and six above, you can determine the relationship between tolerance, equilibrium time and total iterations. As tolerance decreases by multiples of two, time taken to reach equilibrium takes longer. This is because as you increase number of significant digits, the more precise values become, and so, the longer it takes for Matlab to compute, thus, taking up more computing power. This is also true for total number of iterations. Although it takes longer to execute when decreasing tolerance, the plate still manages to reach equilibrium. Therefore, once it reaches  there would be no need to set the tolerance any lower as the difference in temperature distribution would be negligible.







[bookmark: _Toc30934466]Limitations of the Model
[bookmark: _Toc30934467]Stability Criterion for Explicit Method: Limitation of ∆t
Since the explicit method is a completely stable method, the size of time-step ∆t suffers as it is restricted to a permitted value in order to maintain numerical stability. This means, that once the values of  and h are fixed, the stability criterion imposes a maximum permissible time-step ∆t which should not be exceeded. If time-step ∆t exceeds the limit, the solutions may become unstable and oscillate and diverge from the actual solution, thus, not providing an accurate representation of heat transfer.
[bookmark: _Toc30934468]Round-Off Error 
Round-off error is the difference between exact (correct) value, and approximation produced and if they are obtained during calculations the solution could corrupt and the whole computation could become damaged. Due to computing power and memory, not all computers can retain an infinite number of digits. Seven digits (single precision), is the default number a computer can retain; however, calculations up to fifteen significant digits (double precision) can be performed. The problem with double precision is that it requires more computing power and memory, thus, leading to longer execution time within Matlab. This explains why equilibrium time was longer when decreasing the tolerance passed .
[bookmark: _Toc30934469][bookmark: _Hlk30501708]Truncation (Discretization) Error
Truncation error is an error incurred from using an approximation instead of the actual mathematical procedure. In terms of this problem, it relates to the grid spacing and time-step. At the beginning, both numerical and exact solutions occur simultaneously, however, as time  increases, the solutions deviate from each other and the accumulation of the error increases as number of time step increase. This is partly due to the Taylor series expansion where it terminates after it reaches the second term as the terms after this represent the error in the finite difference approximation. Therefore, the smaller the grid spacing (mesh size), the smaller the error, thus, a more accurate approximation.



[bookmark: _Toc30934470]Suggested Improvements
[bookmark: _Toc30934471]Comparison to Physical Data
Comparison of results between individual and published work is something that should be considered for further improvements. As an engineer, it is essential to know the work and results you produce are accurate and correct, and you can back it up with relevant and authentic studies previously conducted. Although this is for academic purposes, it would be beneficial to compare results in this report to studies conducted previously, to ensure the Matlab code is working correctly and the results are accurately representing heat dissipation throughout the plate. Without comparison data, it is difficult to anticipate whether results are right or wrong.
[bookmark: _Toc30934472]Three-Dimensional Analysis
For the purpose of this report, it was an academic investigation into two-dimensional heat transfer. However, this would not be appropriate in industry if you were responsible for examining heat transfer in a heat sink or within a plate heat exchanger, for example. For the obvious reason, applications analysed are three-dimensional, thus, further conditions must be considered when investigating the flow of heat, such as; thickness of plate, external heating or cooling sources, material impurities, geometry of plate etc. Although it becomes more complexed, it is the appropriate approach in demonstrating a realistic representation of heat transfer, as well as, expanding the student’s knowledge and understanding of how heat transfers in everyday applications. 







[bookmark: _Toc30934473]Conclusion 
The aim of this report was to develop a Matlab model that would solve a time dependent thermal diffusion equation using a numerical analysis approach, specifically, the explicit method. By applying relevant mathematical equations, a linear and Gaussian distribution model was created. The linear script was developed to establish the working principles of the code and to check if it was producing reasonable results. Later, applying the linear distribution to the Gaussian distribution script to solve the actual problem. The analysis demonstrates the effect that grid spacing, time-step and tolerance have on total iterations, equilibrium time and governs whether the plate reaches thermal equilibrium. The results seem reasonable, however, as mentioned, there is no tangible data to compare to be sure. This problem is a great way for understanding heat transfer both through engineering and computer programming analysis and taking the knowledge and skills forward in industry when dealing with real applications.
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[bookmark: _Toc30934476]Linear Distribution Code
% University of Wales Trinity Saint David
% School of Engineering
% Transient Thermal Diffusion Model using the Finite Difference Method
% James Gregory
% P148409
% BEng (Hons) Mechanical Engineering
% 27/01/2020
% Advanced Computational Methods
% M6X00408
 
%% Commands %%
clc
clear 
close all
 
%% Aluminium Properties %%
k = 143;    %Thermal Conductivity (W/m.C)
p = 2.8e3;  %Density (kg/m^3)
c = 795;    %Specific Heat Capacity (J/kg.C)
 
%% Variable Input For X %%
x = input('Enter Dimension of Plate Along X-Axis (m): ','s');
x = str2double(x);
while isnan(x) || x<=0
    disp('**Invalid Input! Enter an Integer Greater Than Zero**')
    x = input('Change X Dimension (m): ','s');
    x = str2double(x);
end
 
%% Variable Input For Y %%
y = input('Enter Dimension of Plate Along Y-Axis (m): ','s');
y = str2double(y);
while isnan(y) || y<=0
    disp('**Invalid Input! Enter an Integer Greater Than Zero**')
    y = input('Change Y Dimension (m): ','s');
    y = str2double(y);
end
 
%% Variable Input For h %%
h = input('Enter Grid Spacing: ','s');
h = str2double(h);
while isnan(h) || h<=0 || h>=x || h>=y || rem(x,h)>0 || rem(y,h)>0
    disp('**Grid Spacing Is Incorrect! Enter A Different Variable** (Must Be Less Than & Divisible By X & Y)')
    h = input('Change Grid Spacing (m): ','s');
    h = str2double(h);
end
 
%% Thermal Diffusivity & TimeMax/TimeStep Equation %%
Alpha = k/(p*c);    %Thermal Diffusivity Equation (m²/s)
TimeMax = 0.25*h^2/Alpha;   %TimeMax Equation (s)
display(TimeMax,'Enter TimeStep Shown Below (Must Be Less Than OR Equal To TimeMax) ');
TimeStep = input('Input TimeStep (s): ','s');
TimeStep = str2double(TimeStep);
while isnan(TimeStep) || TimeStep<=0 || TimeStep>TimeMax
    disp('**Time Step Is Incorrect! Enter Time Step Shown Above** (Must Be Less Than OR Equal To TimeMax) ');
    TimeStep = input('Input TimeStep (s): ','s');
    TimeStep = str2double(TimeStep);
end
 
%% Fourier Equation & Initial Matrix (Plate) %%
Fo = (Alpha*TimeStep)/(h^2);    %Establishes Fourier Number (Fo)
Ax = ((x/h)+1); %Matrix Columns 
By = ((y/h)+1); %Matrix Rows
Ax = round(Ax); %Ensures Number Is An Integer
By = round(By); %Ensures Number Is An Integer
Plate = zeros(By,Ax);   %Creates a Matrix of Zeros from Rows (By) and Columns (Ax)
 
Iteration_Counter = 0;
Draw = 0;
 
%% Plate Boundary Conditions %%
Mu = ((Ax+1)/2);    %Finds Midpoint of Matrix
StanDev = sqrt((-(Ax-By)^2)/(2*(log(10/60))));  %Standard Deviation
Plate(1,:) = linspace(50,0,Ax); %North Direction
Plate(end,:) = linspace(50,0,Ax);   %East Direction
Plate(:,1) = 50;    %South Direction
% Plate(1:By,Ax);   %West Direction
 
%% Finite Difference Method; Explicit Method %%
Y = size(Plate,1);
X = size(Plate,2);
tic
while true
    New_Plate = Plate;
    for Xp = 2:X-1
        for Yp = 2:Y-1
            Plate(Yp,Xp) = Fo*(New_Plate(Yp-1,Xp)+New_Plate(Yp,Xp+1)+New_Plate(Yp+1,Xp)+New_Plate(Yp,Xp-1)+((1/Fo)-4)*New_Plate(Yp,Xp));
        end
    end
        
%% Constructs Heatmap %%
    Draw = Draw + 1;
    Tolerance = abs(max(max(Plate - New_Plate)));
    Iteration_Counter = Iteration_Counter + 1;
    
    while Iteration_Counter == 150
        hold on
        contourf(New_Plate);
        set(gca,'xtick',[],'ytick',[])
        SteadyStateTime = Draw*TimeStep;
        title({'2D Aluminium Plate Heat Transfer',['Total Iterations = ',num2str(Draw),' |',' Steady State Time = ',num2str(SteadyStateTime),'s'] })
        xlabel(['Plate Width = ', (num2str(x)),' m']);
        ylabel(['Plate Length = ', (num2str(y)),' m']);
        drawnow;
        colormap(jet);
        Iteration_Counter = 0;
    end
    if Tolerance<=1e-5
        break
    end
end
toc
        SteadyStateTime = Draw*TimeStep;
        title({'2D Aluminium Plate Heat Transfer',['Total Iterations = ',num2str(Draw),' |',' Steady State Time = ',num2str(SteadyStateTime),'s']})
        hold off









































[bookmark: _Toc30934477]Gaussian Distribution Code
% University of Wales Trinity Saint David
% School of Engineering
% Transient Thermal Diffusion Model using the Finite Difference Method
% James Gregory
% P148409
% BEng (Hons) Mechanical Engineering
% 27/01/2020
% Advanced Computational Methods
% M6X00408
 
%% Commands %%  
clc
clear 
close all
 
%% Aluminium Properties %%
k = 143;    %Thermal Conductivity (W/m.C)
p = 2.8e3;  %Density (kg/m^3)
c = 795;    %Specific Heat Capacity (J/kg.C)
 
%% Variable Input For X %%
x = input('Enter Dimension of Plate Along X-Axis (m): ','s');
x = str2double(x); 
while isnan(x) || x<=0
    disp('**Invalid Input! Enter an Integer Greater Than Zero**')
    x = input('Change X Dimension (m): ','s');
    x = str2double(x);
end
 
%% Variable Input For Y %%
y = input('Enter Dimension of Plate Along Y-Axis (m): ','s');
y = str2double(y);
while isnan(y) || y<=0
    disp('**Invalid Input! Enter an Integer Greater Than Zero**')
    y = input('Change Y Dimension (m): ','s');
    y = str2double(y);
end
 
%% Variable Input For h %%
h = input('Enter Grid Spacing: ','s');
h = str2double(h);
while isnan(h) || h<=0 || h>=x || h>=y || rem(x,h)>0 || rem(y,h)>0
    disp('**Grid Spacing Is Incorrect! Enter A Different Variable**(Must Be Less Than & Divisible By X & Y)')
    h = input('Change Grid Spacing (m): ','s');
    h = str2double(h);
end
 
%% Thermal Diffusivity & TimeMax/TimeStep Equation %%
Alpha = k/(p*c);    %Thermal Diffusivity (m²/s)
TimeMax = 0.25*h^2/Alpha;   %TimeMax Equation (s)
display(TimeMax,'Enter TimeStep Shown Below (Must Be Less Than OR Equal To TimeMax) ');
TimeStep = input('Input TimeStep (s): ','s');
TimeStep = str2double(TimeStep);
while isnan(TimeStep) || TimeStep<=0 || TimeStep>TimeMax
    disp('**Time Step is Incorrect! Enter Time Step Shown Above (Must Be Less Than OR Equal To TimeMax) ');
    TimeStep = input('Input TimeStep (s): ','s');
    TimeStep = str2double(TimeStep);
end
 
%% Fourier Equation & Initial Matrix (Plate) %%
Fo = (Alpha*TimeStep)/(h^2);    %Establishes Fourier Number (Fo)
Ax = (x/h)+1;   %Matrix Columns 
By = (y/h)+1;   %Matrix Rows
Ax = round(Ax); %Ensures Number Is An Integer
By = round(By); %Ensures Number Is An Integer
Plate = zeros(By,Ax);   %Creates a Matrix of Zeros from Rows (By) and Columns (Ax)
 
Draw = 0;
Iteration_Counter = 0;
 
%% Plate Boundary Conditions %% 
Mu = (Ax+1)/2;   %Identifies Midpoint of Matrix
Sigma = sqrt((-(Ax-Mu)^2)/(2*(log(10/60))));    %Standard Deviation Equation
for Current_Pos = 1:Ax
    Plate(1,Current_Pos) = 60*exp(-((Current_Pos-Mu)^2)/(2*(Sigma^2))); %Gaussian Distribution
end 
 
%% Finite Difference Method; Explicit Method %%
Y = size(Plate,1);
X = size(Plate,2);
 
while true
    New_Plate = Plate;
%% Y Position of Matrix %%
    for Yp = 2:Y-1
        Plate(Yp,1) = Fo*(New_Plate(Yp-1,1)+New_Plate(Yp+1,1)+2*New_Plate(Yp,2)+((1/Fo)-4)*New_Plate(Yp,1));
        Plate(Yp,end) = Plate(Yp,1);
    end
%% X Position of Matrix %%
    for Xp = 2:X-1
        Plate(end,Xp) = Fo*((2*New_Plate(end-1,Xp))+New_Plate(end,Xp+1)+New_Plate(end,Xp-1)+((1/Fo)-4)*New_Plate(end,Xp));
    end
        Plate(end,1) = Fo*((2*New_Plate(end-1,1))+2*New_Plate(end,2)+((1/Fo)-4)*New_Plate(end,1));
        Plate(end,end) = Fo*((2*New_Plate(end-1,end))+2*New_Plate(end,end-1)+((1/Fo)-4)*New_Plate(end,end));
    for Yp = 2:Y-1
        for Xp = 2:X-1
        Plate(Yp,Xp) = Fo*(New_Plate(Yp-1,Xp)+New_Plate(Yp,Xp+1)+New_Plate(Yp+1,Xp)+New_Plate(Yp,Xp-1)+((1/Fo)-4)*New_Plate(Yp,Xp));
        end
    end
    
%% Constructs Heatmap %%
    Draw = Draw + 1;
    Tolerance = abs(max(max(Plate - New_Plate)));
    Iteration_Counter = Iteration_Counter + 1;
    
    while Iteration_Counter == 100
        hold on
        contourf(New_Plate,'ShowText','on');
        set(gca,'ydir','reverse','xtick',[],'ytick',[])
        title({'2D Aluminium Plate Heat Transfer',['Total Iterations = ',num2str(Draw)]})
        xlabel(['Plate Width = ', (num2str(x)),' m']);
        ylabel(['Plate Length = ', (num2str(y)),' m']);
        drawnow;
        colormap(jet);
        Iteration_Counter = 0;
    end
    if Tolerance<=1e-5
     break
    end 
end
        SteadyStateTime = Draw*TimeStep;
        title({'2D Aluminium Plate Heat Transfer',['Total Iterations = ',num2str(Draw),' |',' Steady State Time = ',num2str(SteadyStateTime),'s']})
        hold off


Grid Spacing vs Equilibrium Time 

Grid Spacing (m)	
0.1	0.5	1	2	5	597474	598196	600400	601160	669674	Grid Spacing (m)


Equilibrium  Time (s)



Grid Spacing vs Total Iterations

Grid Spacing (m)	
0.1	0.5	1	2	5	15723	15742	15800	15820	17623	Grid Spacing (m)


Total Iterations



Time Step vs Equilibrium Time 

Time Step 	
1	3.8	38	380	3800	311268	417414	600400	782420	950000	Time Step (s)


Equilibrium Time (s)



Time Step vs Total Iterations  

Time Step 	
1	3.8	38	380	3800	311268	109846	15800	2059	250	Time Step (s)


Total Iterations 



Tolerance vs Equilibrium Time  

Tolerance	
1 × 10-2	1 × 10-4	1 × 10-6	1 × 10-8	1 × 10-10	60192	417392	783446	1149538	1515630	Tolerance


Equilibrium Time (s)



Tolerance vs Total Iterations

Tolerance	
1 × 10-2	1 × 10-4	1 × 10-6	1 × 10-8	1 × 10-10	1584	10984	20617	30251	39885	Tolerance


Total Iterations
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