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[bookmark: _Toc30950602]Introduction
The task assigned was to implement a model in Matlab to solve the time dependant thermal equation using the finite difference method to calculate the temperature within a rectangular plate of dimension x,y. the plate in question had pre-determined initial conditions and a material of aluminium.
The following properties of aluminium were used in the model. 
[bookmark: _Ref30841122]Table 1 Properties of Aluminium
[image: ]

The aim is to accurately model the temperature change in an aluminium plate creating a script using Matlab whilst furthering knowledge and understanding of Matlab functions and script etiquette.








[bookmark: _Toc30950603]Finite Difference Method 
The equation used to calculate the temperature at each node per change in time was as followed.

[bookmark: _Ref30847856]Equation 1 Temperature Change Equation
Where
TE – Temperature of the node east to the node being calculated (oC)
Tw – Temperature of the node west to the node being calculated (oC)
TN – Temperature of the node north to the node being calculated (oC)
TS – Temperature of the node south to the node being calculated (oC)
FO – Fourier’s Number
This equation is derived from the prediction of heat propagation equation and the Taylor Series. 

	Equation 2 Prediction of Heat Propagation

	Equation 3 Taylor Series

[bookmark: _Toc30950604]Fourier’s Number
Fourier’s Number is used for prediction of the temperature response of materials during short term conductive heating or cooling.

[bookmark: _Ref30844838]			Equation 4 Fourier's Number
Where
α – Thermal Diffusivity
Δt – Time Step (s)
h – Mesh Spacing (m)
Thermal diffusivity is calculated using the properties of aluminium. Table 1

[bookmark: _Ref30844549]Equation 5 Thermal Diffusivity



[bookmark: _Toc30950605]Initial Validation
Before creating the final model and initial model needed to be created to validate the code to be used for the final model. For the validation model the initial conditions needed to produce a predictable outcome. Therefore, set boundary condition were used to create a linear temperature difference across the plate.
[bookmark: _Toc30950606]Initial Conditions
The following conditions were used for the initial validation model to create a predictable outcome. 
· West side boundary nodes at 50oC.
· East side boundary nodes at 0oC.
· North and south boundary nodes calculated from the west and east side boundary temperatures, descending in value and to be equal in steps between each node.
· All other nodes at 0oC.
[image: ]

The anticipated final result will be each column of nodes will be equal to its north and south boundary nodes.
[bookmark: _Toc30950607]The Script
[bookmark: _Toc30950608]Setup
The first part of the script is coded for user input of the initial conditions; x and y dimension of plate, time step and mesh spacing. This was done using the following function:
X=input(‘input x dimension (m)  ‘);
This function is used for the user to define the value of a given variable. This function displays; ‘input x dimension (m)’ once a value has been inputted, pressing enter moves the script on. The next part of the script sets out the constants. 
· Thermal Conductivity of the plate 						Table 1
· Density of the plate								Table 1
· Specific Heat of the plate							Table 1
· Thermal Diffusivity 								Equation 5
· Fourier’s Number								Equation 4
· Matrix x dimension 
· Matrix y dimension 
The +1 allows for the final boundary condition of 0oC.
For the model to work two equal matrices had to be constructed. The first matrix (A) was created as a matrix of matrix dimension x and matrix dimension y, consisting of just zeros. The first column was replaced with 50oC as the maximum boundary condition. A For-Loop was then used to construct the remaining north and south boundary temperatures.  
The counter was set from 2 and ending at the matrix x dimension value. The counter in this loop was used to represent the column number for the calculated temperature. The following equation was used to calculate the temperatures of the remaining boundary nodes.

Equation 6 Matrix Boundary Node Temperature
Where 
Tmax – Temperature of west boundary nodes (oC)
X – Plate x dimension (m)
S – Mesh spacing
I = The counter (representing the column number)
The row position was found by using 1 for the north boundary and ‘end’ for the south boundary. To create the second matrix (B) a statement was coded to say B = A. 
[bookmark: _Toc30950609]Calculating the Temperature Diffusion 
For calculating the temperature of each node in the plate at each time step 3 For-Loops were used, one inside of the other and another inside of that. The first was used to create an infinite loop, by using a counter that would count to infinity. The second represented the row position in the matrix this counted from 2 to matrix y dimension – 1. The third represented the column position in the matrix this counted from 2 to matrix x dimension – 1.
Within the third For-Loop Equation 1 Temperature Change Equation was used to calculate the temperature of each node inside the boundary for +1 time step. The equation was written in the following way.

Where 
A,B – Matrix A and B respectively
F – Fourier’s Number
w – row position in matrix
n – Column position in matrix
The +1 and -1 was used to achieve the values north, south, east and west to the current node being calculated.
After the second and third For-Loop but within the first For-Loop the resultant temperatures were set as the new initial temperatures using ‘A=B’, ready for the next time step to be calculated.
Due to the nature of the equation used absolute thermal equilibrium could take an infinite amount of time to achieve as the next consecutive temperatures increase in increasingly less amounts each time. To break the infinite loop at the point where the temperatures had reached equilibrium to a satisfying degree an if statement was used to break the loop. For this a new matrix was created to find the difference between matrix A and B. from this the maximum difference value was found using the following function MD=max(D,[],’all’). This function would the entire difference matrix to find the maximum value; maximum difference. The if statement would break the maximum difference fell below a specified value. The maximum difference was determined by running the model multiple times with different maximum difference values to show the resultant temperatures.
[image: ]Maximum difference <= 0.001
Time taken = 13155

[image: ]Maximum difference <= 0.0001
Time Taken = 116982 seconds

[image: ]Maximum difference <= 0.000001
Time taken 412446 seconds

The most appropriate maximum difference value was 0.000001 as this was the first point at which the plot displayed the temperatures in a uniform linear fashion. Any lower value after this created the same plot but took significantly longer.

[bookmark: _Toc30950610]Final Model
[bookmark: _Toc30950611]Initial Conditions
The initial conditions for the plate laid-out for the model are:
· Three perfectly insulated boundaries that have no heat escape on the East, West and South sides of the plate.
· [bookmark: _Hlk30701967]A Gaussian distribution of temperatures on the north side of the plate with an amplitude of 60oC and the end boundary nodes; East and west, set at 10oC.
· The initial plate temperature is 0oC
In order for the model to be usable for experimentation other initial plate conditions had to be available as variables for user input. The following initial conditions were coded to allow for user input.
· x dimension of the plate – horizontal external dimension of the plate.
· y dimension of the plate – Vertical external dimension of the plate.
· Mesh spacing – spacing between each node measured.
· Time step – time between each calculation.
[bookmark: _Toc30950612]The Script
[bookmark: _Toc30950613]Setup
The setup of initial condition and constant was written out the same as in the initial validation model. The user was asked to input the x and y dimension of plate, time step and mesh spacing.
· Thermal Conductivity of the plate 						Table 1
· Density of the plate								Table 1
· Specific Heat of the plate							Table 1
· Thermal Diffusivity 								Equation 5
· Fourier’s Number								Equation 4
· Matrix x dimension 
· Matrix y dimension 
After the mesh spacing and time step had been entered the script then calculated Fourier’s number. To ensure the stability condition was met (0<Fo≤0.25) two if statements were used. If Fourier’s number worked out to be less than or equal to 0 a statement would appear stating that Fourier’s number was too low and would ask for the time step and mesh spacing to be re-entered. If Fourier’s number worked out to be more than 0.25 a statement would appear stating that Fourier’s number was too high and would ask for the time step and mesh spacing to be re-entered. 

For the Gaussian distribution of temperature along the north boundary of the plate the following equation was used. 

[bookmark: _Ref30850841]Equation 7 Temperature Curve Equation
Where
T(x) – Temperature to be calculated (at position x) (oC)
A – Amplitude of temperature curve (oC)
x – Location of temperature being calculated
xo – Location of peak temperature
σ – Standard deviation
The standard deviation is calculated by rearranging Equation 7 to make σ the subject and then using known values for the calculation. 

Equation 8 Standard Deviation
The standard deviation equation was written in the following way:
sd=sqrt((-(C-((C+1)/2))^2)/(log(10/60)*2));
Where 
C – is the matrix x dimension used as the location of the most easterly north boundary node 
C+1 was used for xo as this was found to give the correct temperature for the central node when the number of nodes is a row was odd. The known values for A and T(x) were 60oC and 10oC respectively. 
A For-Loop was used to calculate each temperature along the north boundary. The counter went from 1 to the matric x dimension. The following code was used.
t=Amp*exp((-(i-((C+1)/2))^2)/(2*sd^2))

The counter i replaced C for the calculated temperature position. Once the temperature has been calculated it is assignment to its position with within matrix A using the following code.

A(1,i)=t

The counter defines the position it is assigned to.
Once again to create the second matrix (B) a statement was coded to say B = A. 
[bookmark: _Toc30950614]Calculating the Change in Temperature
The For-Loop and if statement used to determine the number of timesteps needed to reach equilibrium in the initial validation had an issue with not properly breaking the infinite loop and producing an error of the loop stopping after an extreme amount of iterations. This was replaced with a while loop which performs a task until a condition is met instead of for a set number of iterations. The condition for the break was kept as the maximum difference in temperature between two time steps.
Another difference between the final model and initial validation’s conditions was the boundary temperatures. The final model had only one boundary with a set temperature meaning the other boundaries would have to be calculated. The equation for the initial validation model had to be modified for each boundary as one of the adjacent nodes used to calculate a single node would be non-existent creating an error.
The following additional equations were used
For west boundary nodes:

For east boundary nodes:

For south boundary nodes:

For the south west corner node:

For the south east corner node:

 Each calculation was performed consecutively within its own For-Loop with the counter determining the column or row position. The two corner calculations required no For-Loops. The final part of the script displays the time taken for the plate to reach its result using Time =Time+1 within the while loop. To display the plate temperatures in a user friendly way the function contourf was used to create a colour plot of the results. Contourf creates the plot upside-down so the matrix was first flipped to create a plot that related directly to the plate’s initial conditions.


[bookmark: _Toc30950615]Results
An unknown within the model was the appropriate maximum difference to utilize between two consecutive plate results. Another experiment was conducted to determine the appropriate maximum difference as this would be different to the initial validation model. The following plots illustrate the resultant temperatures at various maximum difference conditions. This was conducted on a plate size of 11m by 11m with a mesh spacing of 1.
[image: ]Maximum difference >= 0.001
Time taken = 11936s

[image: ]Maximum difference <= 0.0001
Time taken = 93763s

[image: ]Maximum difference >= 0.000001
Time Taken 2728958s

The most effective maximum difference was 0.000001, this was the value determined in the initial validation model.in addition this showed the most change from the previous iteration. Any lower values were not producing any significant changes. 
[bookmark: _Toc30950616]Analysis
The initial validation worked correctly as it produced the correct anticipated results. However, the infinite For-Loop produced an error which did not make for good coding practice. The replacement while loop however, worked correctly and more efficiently. 
Initial expectations for the final model were not met. The expectation was the plate would be closer to 60oC all over. However, the temperature did not radiate through the plate at the expected rate. Upon reflection this is due to the relatively low temperature at peak amplitude. A higher temperature would have resulted in a quicker rate of dissipation, also changing the material to something with a higher thermal conductivity would have created similar results. Realistically the boundary temperatures would have changed as well, affected by the higher temperature in the middle. The model did not account for this and the resultant plot contained isolated cold spots.
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Appendix
Initial Validation Model Script
clc
clear 
 
user input for size of plate and distance between nodes
x=input('input x dimension (m) ');
y=input('input y dimension (m) ');
s=input('input mesh spacing (m) ');
t=input('input time step (s) ');
 
 
%Properties for aluminium
k=143;              %Conductivity (w/m.C)
p=2.8E3;            %Density (kg.m^2)
c=795;              %Specific heat (J/kg.C)
 
%Additional Values needed
alpha=k/(p*c);      %Thermal Diffusivity
F=(alpha*t)/s^2;    %Fouriers Number
C=x/s+1;            %matrix  column dim with x dim and mesh spacing
R=y/s+1;            %matrix row dim with y dim and mesh spacing
 
%Representation of plate with initail boundary conditions
A=zeros(R,C);
A(:,1)=50;
 
for i=(2:C)
 
    A(1,i)=50-(50/(x/s)*(i-1));   
    A(end,i)=50-(50/(x/s)*(i-1));
end
 
B=A;
 
%Calculating change in plate temperatures over time
%TTp=F*(Te+Tw+Tn+Ts-(4-(1/F))*Tp
%TTp(2,2)=F*(Te(2,3)+Tw(2,1)+Tn(1,2)+Ts(3,2)-(4-(1/F))*T(2,2)
 
 
for i=1:inf
    for w=(2:1:R-1)
        
        for n=(2:1:C-1)
            B(w,n)=F*(A(w,n+1)+A(w,n-1)+A(w-1,n)+A(w+1,n)-(4-(1/F))*A(w,n));
        end
    end
    %disp(B)
    D=B-A;
    MD=max(D,[],'all');
    if MD<=0.000001;
        break
    end
    A=B;
end
disp(B)
contourf(B)
fprintf('The time taken to reach equilibrium is %.0f seconds',i)
 

Final Model 
clc
clear 
 
%Properties for aluminium
k=143;              %Conductivity (w/m.C)
p=2.8E3;            %Density (kg.m^2)
c=795;              %Specific heat (J/kg.C)
alpha=k/(p*c);      %Thermal Diffusivity
 
 
 
user input for size of plate and distance between nodes
x=input('input x dimension (m) ');
y=input('input y dimension (m) ');
s=input('input mesh spacing (m) ');
ts=input('input time step (s) ');
 
F=(alpha*ts)/s^2;    %Fouriers Number
 
if 0<F
    else disp('Fouriers number is too low please enter new values')
        s=input('input mesh spacing (m) ');
        ts=input('input time step (s) ');
end
if F<=0.25
    else disp('Fouriers number is too high please enter new values')
        s=input('input mesh spacing (m) ');
        ts=input('input time step (s) ');
end
 
%Values needed for matrix 
 
C=x/s;              %matrix  column dimension with x dimension and mesh spacing
R=y/s;              %matrix row dimension with y dimension and mesh spacing
 
%Representation of plate with initail boundary conditions
A=zeros(R,C);
Amp=60; %max temp and initial conditions
 
%from Tx=A*exp(-((X-Xo)^2)/(2*Sd^2))
%sd=sqrt((-(X-Xo)^2)/(2*log(Tx/A)))
 
sd=sqrt((-(C-((C+1)/2))^2)/(log(10/60)*2));
 
for i=(1:C)
   t=Amp*exp((-(i-((C+1)/2))^2)/(2*sd^2));
    A(1,i)=t;
end
 
B=A;
 
%Establish initial Value for MD and time
MD=1;
Time=1;
 
 
while MD>=0.00001
    
    %Calculate temperature of middle plate nodes
    for w=(2:1:R-1)
        for n=(2:1:C-1)
            B(w,n)=F*(A(w,n+1)+A(w,n-1)+A(w-1,n)+A(w+1,n)-(4-(1/F))*A(w,n));
        end
    end
    
    %     Calculate temperature of left boundary nodes
    for w=(2:1:R-1)
        n=1;
        B(w,n)=F*(A(w,n+1)+A(w,n+1)+A(w-1,n)+A(w+1,n)-(4-(1/F))*A(w,n));
    end
    
    %     Calculate temperature of right boundary nodes
    for w=(2:1:R-1)
        n=C;
        B(w,n)=F*(A(w,n-1)+A(w,n-1)+A(w-1,n)+A(w+1,n)-(4-(1/F))*A(w,n));
    end
    
    %     Calculate temperature of bottom boundary nodes
    for n=(2:1:C-1)
        w=R;
        B(w,n)=F*(A(w,n+1)+A(w,n-1)+A(w-1,n)+A(w-1,n)-(4-(1/F))*A(w,n));
    end
    
    %   Calculate temperature of bottom left node
    n=1;
    w=R;
    B(w,n)=F*(A(w,n+1)+A(w,n+1)+A(w-1,n)+A(w-1,n)-(4-(1/F))*A(w,n));
    
    %   Calculate temperature of bottom right node
    n=C;
    w=R;
    B(w,n)=F*(A(w,n-1)+A(w,n-1)+A(w-1,n)+A(w-1,n)-(4-(1/F))*A(w,n));
    
    %disp(B)
    D=B-A;
    MD=max(D,[],'all');
    Time=Time+1;
    A=B;
end
%disp(B);
B=flip(B);
contourf(B);
Time=Time*ts;
TimeH=Time/3600;
fprintf('The time taken to reach equilibrium is %.0f seconds or %.1f Hours ',Time,TimeH);
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Property  Symbol Value Unit

Conductivity k 143W/m.C

Density ρ 2.80E+03kg/m³

Specific Heatc 795J/kg.C


