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[bookmark: _Toc188818622]1. Introduction 
This report will look at the heat diffusion model created on MATLAB. The model was created to calculate the temperature distribution within a two-dimensional aluminium plate through time until thermal equilibrium is reached. The report explores the two-dimensional parabolic heat equation, detailing its significance, terms and discretisation using the explicit finite difference method (FDM). Initial and boundary conditions are studied, with an analytical solution introduced for validation. The report explains the MATLAB code structure and compares numerical results with the analytical solution to validate accuracy. 
Sensitivity analysis evaluates the influence of grid spacing, tolerance, and time step on the time taken to reach thermal equilibrium. The analysis highlights the numerical and coding limitations, including errors, stability challenges and the simplified representation of thermal equilibrium. Finally, the report suggests improvements and future development for the numerical solution.














[bookmark: _Toc188818623]2. The Constitutive Equation of the Problem 
The constitutive equation governing the problem is the heat equation, a fundamental partial differential equation (PDE) describing heat transfer in materials. This section provides background on its significance in modelling temperature distribution, defines the 2D heat equation without a source term and defines all the terms.
[bookmark: _Toc188818624]2.1 Heat equation 
The Heat equation is a fundamental PDE that describes the distribution of heat in a given region over time. Rusel Mohammed (2020) discuss that it is derived from the principles of thermodynamics and is essential in various fields, such as, engineering, physics, and mathematics. Originating from Fourier’s law of heat conduction, the equation models how heat diffuses through a medium, which is crucial for understanding thermal processes in both natural and engineered systems.
The heat equation is fundamental for calculating the temperature distribution within an aluminium plate over time until thermal equilibrium is achieved due to its ability to model heat conduction accurately. Lienhard IV & Lienhard V (2020) state the heat equation can be modified to include heat generation, convection or phase changes, making it highly versatile. It is also important for its predictive capabilities, the equation enables predictions about temperature distribution and changes over time, aiding in safety and efficiency improvements, as expressed by Mohamed I & Deiab (2020). 
[bookmark: _Toc188818625]2.2 Mathematical Definition for a 2D Geometry with no Heat Source Term
Under transient conditions with constant properties and no internal generation the two-dimensional parabolic heat equation is as follows, Croft & Lilley (1977) 

Equation 2.1
[bookmark: _Toc188818626]2.3 Explanation of the terms
To fully understand the two-dimensional heat equation, it is essential to break down and explain each term. Each component of the equation represents a specific physical phenomenon involved in heat transfer. Looking at the first step of the equation , this term represents the second spatial derivative of temperature in the 𝑥-direction, Bergman, DeWitt, Lavine & Incropera (2011). This measures the curvature of the temperature profile along the 𝑥, which is proportional to the heat flux divergence in that direction. Cenegel (2008) state that a larger value of   would indicate a steeper temperature gradient, leading to a higher rate of heat transfer in the 𝑥-direction. The second and final term in the left-hand side of the equation is  This term represents the second spatial derivative of temperature in the  – direction, corresponding to the previous term but for the  axis, Bergman et al (2011). Cengel, (2008) discuss that capital T represents the temperature of the material at a given point, which is influenced by heat conduction, boundary conditions and material properties.
Reviewing the right-hand side of the equation the term a =  , this relates the materials ability to store heat to its ability to conduct heat:
· Desnsity, . Britannica (2024) defines density as the mass per unit volume of the material, it indicates how much of the material is available to store heat.
· , Specific heat capacity, . This is the amount of thermal energy required to raise a substances temperature by one degree Celsius, Giancoli (2015). 
· , Thermal conductivity, . This is the ability of a substance to conduct heat or move heat from one location to another without the movement of the material conducting the heat, Stewart, K. (2024).
The final term on the right-hand side of the equation is .  Leinhard IV et al (2020) state that this is the first temporal derivative of temperature that represents the rate of change in temperature over time. In this term  represents temperature and  represents time (measured in seconds). It is important to understand that:
· If   > 0, the temperature at that point is increasing.
· If   < 0, the temperature is decreasing.
· If   = 0 the system has reached thermal equilibrium.
In summary, the left-hand side of the equation represents the divergence of heat flux in a two-dimensional space (, whilst the right-hand side relates the divergence to the temporal rate of temperature change, including the materials properties. 



[bookmark: _Toc188818627]3. Explicit Finite Difference form of the Constitutive Equation
Kumar (2019) states that FDM can be referred to as explicit or implicit. When a direct computation of the dependant variables can be made in terms of a known set of quantities the computation is said to be explicit. The governing equations are non-linear leading to many unknown variables, the explicit method offers conditional stability in discretisation, describes Esgandri & Olatunbosun (2015).
[bookmark: _Toc188818628]3.1 Taylor Series 
Miletics & Molnarka (2005) write that the Taylor series plays a significant role in FDM, particularly in the context of solving ordinary differential equations. The FDM is based on approximating derivatives in such ordinary differential equations by linear expressions derived from Taylor Series.
Weisstein, E.W. (2004) states, the Taylor series is expressing a function f (x) about point x =  as polynomial, such as,

Equation 3.1 
Where:
· h is the step size
· f’(x), f’’(x), ,….. are the first, second, third and highest order derivatives of f (x). 
[bookmark: _Toc188818629]3.1.1 Approximating the First Derivatives 
Forward difference approximation
Dastour (2022) writes the forward difference approximation to the 1st derivative is,

Equation 3.2
Where is the point of interest and h is a distance from  (grid spacing), and  is a truncation error of order h. This means that for the finite difference approximation to be sufficiently accurate, the grid spacing h must be particularly small for the error to be negligeable. LeVeque (2022).


Backwards difference approximation 
The backwards difference approximation looks at taking information from x and a point backwards from x (x-h), Kaw (2023).  From the equation 3.2, if h is chosen as a negative number,

Equation 3.3
Central divided difference approximation
The central divided difference approximation of the first derivative looks at taking a point forward and backward of x by h as show in equation 3.4, Kaw (2023).

Equation 3.4
[bookmark: _Toc188818630]3.1.2 Approximating the second Derivative 
Adding the first order approximations of   derives approximations to higher order derivatives, Croft et al, (1977)
Therefore,

Equation 3.5
Central difference approximation 
From equation 3.5 we can rearrange for central difference approximation to the 2nd derivative, Helm (2008)

Equation 3.6
[bookmark: _Toc188818631]3.2 Explicit Finite Difference scheme
In this step the first and second derivatives are replaced by simple difference approximations based on the Taylor series expansion. Under transient conditions with constant properties and no internal generation, the appropriate form of the 2-D heat equation is the same as equation 2.1, Bergman et al. (2006).
[bookmark: _Toc188818632]3.2.1 Discretising the Temporal Derivative 
Using the forward difference approximation for the first temporal derivative to discretise , Kumar (2019).

Equation 3.7
Where:
·  is the temperature at location p at time t.
·  is the time step.
·  represents the temperature at the same node but at the next time step.
[bookmark: _Toc188818633]3.2.2 Discretising the Spatial Derivative 
This divides the spatial domain into even grid points, each separated by a distance h, seen in figure one. Bergman et al (2006) states in the x-direction and y-direction, 
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Figure one 

Equation 3.8

Equation 3.9
[bookmark: _Toc188818634]3.2.3 Explicit FD Formulation of the heat equation
Bergman et al (2006), Substituting the approximations in equation 3.7, 3.8 & 3.9 into the 2D heat conduction equation produces, 


Equation 3.10.
This equation can be simplified further with the introduction of the Fourier number. Davies (2011) writes that the Fourier number (Fo) is a dimensionless group which arises naturally from the nondimensionalisation of the conduction equation. Cho, Harnett, Rohsenow (1985) state the Fourier number is, 

Equation 3.11
The final explicit formulation of transient 2D-heat conduction equation becomes, Croft et al. (1977).

Equation 3.12 
[bookmark: _Toc188818635]3.3 Stability Criterion 
Cengel & Ghajar (2020) state if the time step (dT) is not sufficiently small, the result obtained by the explicit method may oscillate widely and diverge from the actual solution. To prevent divergent oscillations in nodal temperatures, the value of dT must be maintained below a certain upper limit established by the stability criterion. They go on to state for the two-dimensional heat conduction problem, the stability of the method is contingent on the relationship between the time step (dT) and the spatial grid size (Xdim, Ydim). Cengel et al (2020) explains for a uniform grid spacing (Xdim = Ydim = h), the stability criterion can be expressed as, 

Equation 3.13


[bookmark: _Toc188818636]4. The Initial, Boundary Conditions and Analytical Solution
A boundary condition expresses the behaviour of a function on the border of its area of definition, writes Walet (2022). An initial condition is similar to a boundary condition, but for the time-direction. 
[bookmark: _Toc188818637]4.1 Initial Conditions
The initial conditions for the geometry being considered are, 

Equation 4.1.
This condition denotes that at the beginning of the time interval the entire plate starts at a uniform temperature of 0⁰C. This is vital in finding how the temperature evolves from an initial uniform state under the influence of the boundary conditions. 
[bookmark: _Toc188818638]4.2 Boundary Conditions
Boundary conditions are constraints necessary for the solution of boundary value problem. Nodar & Berikelashvili (2013) state Dirichlet and Neumann boundary conditions are fundamental concepts in the study of boundary value problems.  They go on to discuss the Dirichlet boundary condition specifies the values that a solution must take on the boundary of the domain. The Neumann condition involves specifying the values of the derivative of the solution normal to the boundary, this can represent physical quantities such as flux. 
[bookmark: _Toc188818639]4.2.1 North and South Boundaries (Dirichlet Boundary Conditions)
The north and south boundary conditions are,

Equation 4.2
Equation 4.2 specifies that the temperatures at the north and south boundary are fixed, the temperature remains constant at  and , throughout the time interval until equilibrium.


[bookmark: _Toc188818640]4.2.2 East and West Boundaries (Neumann Boundary Conditions)
The East and west boundary conditions are, 

Equation 4.3
Equation 4.3 specifies that at the east and west boundaries the heat flux is set to zero, this represents perfectly insulated edges. To implement the Neumann conditions the temperature derivative  can be approximated using the central difference approximation, Canale & Chapra (2015).

Equation 4.4
[bookmark: _Toc188818641]4.3 Analytical Solution 
The code produced on MATLAB is tested against equation 4.5, Chang & Ma, (2001).

Equation 4.5

The analytical solution is a benchmark to verify the code produced via MATLAB using the explicit FDM. It allows comparison of the numerical temperature distribution to ensure accuracy of the code. Equation 4.5 includes a linear term accounting for the baseline temperature gradient along the plates height and a Fourier series to capture details of the variation in temperature across the plate. Causon & Mingham (2010) state if the analytical and numerical solution differ slightly at or near the boundaries of the plate it can indicate errors in how the numerical method enforces the boundary conditions. 


[bookmark: _Toc188818642]5. Code’s Details and Explanations
This section of the report will review the MATLAB code produced for calculating the temperature distribution within an aluminium plate through time looking at the details step-by-step. The full code can be found in the appendix of this report.  
[bookmark: _Toc188818643]5.1 Workspace management commands 
	[bookmark: _Hlk188558475]Workspace Management 

	clc;             % Clear the command window
clear;           % Clear variables from the workspace
close all;       % Close all figure windows


[bookmark: _Hlk188800395]Figure 2
Moore (2022) explains this is a common first step in MATLAB scripting to ensure a clean and organised environment to produce calculations. 
[bookmark: _Toc188818644]5.2 Define Material Properties 
	Material Properties 

	k = 143;          % Thermal conductivity in W/m.C
rho = 2.8e3;    % Density in kg/m^3
cp = 795;         % Specific heat in J/kg.C

% Display material properties for confirmation
fprintf(‘Material Properties:\n’);
fprintf(‘Thermal Conductivity (k): %.2f W/m.C\n’, k);
fprintf(‘Density (rho): %.2f kg/m^3\n’, rho);
fprintf(‘Specific Heat (cp): %.2f J/kg.C\n’, cp);


[bookmark: _Hlk188800435]Figure 3
This section of the code defines the material properties of the aluminium plate, these are essential properties to calculate the thermal diffusivity where ‘a’ determines heat transfer within the material. Displaying the properties in the command window provides clarity to the user the correct values are used in the calculation.


[bookmark: _Toc188818645]5.3 User Inputs for Spatial Consideration
	Spatial Consideration 

	Xdim =input('Enter the width of the plate (X dimension) in meters: ');
Ydim = input('Enter the height of the plate (Y dimension) in meters: ');

h = input('Enter the grid spacing (h) in meters: ');

while rem(Xdim,h) ~=0 || rem(Ydim, h) ~=0 % Check if X & Y divides evenly by the grid spacing
  fprintf('Grid spacing is invalid, both width (%.2f m) and height (%.2f m) must divide evenly.\n \nFor example if Width = 10, Height = 4 and h = 2, 2 divides evenly into both X & Y and therefore is acceptable.\n\n', Xdim, Ydim);% Notify user if grid spacing is invalid
  h = input('Re-enter a suitable grid spacing (h) in metres: '); % Prompt user to re-enter grid spacing
end


[bookmark: _Hlk188800479]Figure 4
This section prompts the user to input the length and width of the aluminium plate in meters. Mathworks (2025) states the ‘input’ function prompts the user to input a value. The user is also asked to input a value for the grid spacing, h. This must be compatible with the plate dimensions before proceeding to the next step. Hahn & Valentine (2022) writes that the ‘rem’ command checks if the remainder of the division is zero.
[bookmark: _Toc188818646]5.4 Calculating the Number of Rows and Columns. 
	Number of Rows and Columns 

	NR = Ydim / h + 1; % Number of rows in the grid
NC = Xdim / h + 1; % Number of columns in the grid

% Display input confirmation
fprintf('Plate Dimensions and Grid Spacing:\n');
fprintf('Width (Xdim): %.2f m\n', Xdim);
fprintf('Height (Ydim): %.2f m\n', Ydim);
fprintf('Grid Spacing (h): %.2f m\n', h);
fprintf('Number of Rows: %d\n', NR);
fprintf('Number of Columns: %d\n', NC);


Figure 5
This calculates and assigns the number of rows and columns in the matrix to appropriately named variables (NR, NC). To calculate the number of rows the height of the plate is divided by the grid spacing with the addition of one to account for the boundary row at the bottom of the plate. After the calculation the command window displays the calculations up to this point. 
[bookmark: _Toc188818647]5.5 Thermal Diffusivity & Time Step
	Thermal Diffusivity & Time Step

	% Calculate thermal diffusivity (alpha)
alpha = k / (rho * cp);  % Thermal diffusivity in m^2/s

% Prompt user to input time step (dT)
dT = input('Enter the time step (dT) in seconds: ');

% Calculate the maximum allowable time step for stability
max_dT = h^2 / (4 * alpha);

% Check stability condition
while dT > max_dT
      fprintf('The time step (%.2f seconds) exceeds the stability limit.\n', dT);
      dT = input(sprintf('Re-enter a time step (dT) smaller than %.6f seconds: ', max_dT));
end  
fprintf('Time step (dT) of %.2f seconds is valid and satisfies the stability criterion.\n', dT);


Figure 6
This section introduces the calculation for thermal diffusivity ‘alpha’ and the time step ‘dT’. To ensure that dT satisfies the stability criterion it is checked against equation 3.13 to verify that it is smaller than the maximum permissible value. If the time step is greater than ‘max_dT’ then the code prompts the user to re-enter a smaller value that satisfies the stability criterion.

[bookmark: _Toc188818648]5.6 Temperature Matrix T1 
	Matrix Initialisation T1

	% Matrix for temperature values 
T1 = zeros (NR,NC);



Figure 7
This creates a 2D matrix ‘T1’ with dimensions ‘NR,NC’. The matrix is initialised with zeros, representing the initial temperatures of all nodes. 
[bookmark: _Toc188818649]5.7 North and South Boundary Conditions (Dirichlet)
	Dirichlet Boundary Conditions 

	% USER INPUT FOR NORTH BOUNDARY TEMPERATURE
T0 = input('Enter the fixed temperature at the North boundary in °C: ');
T1(1, :) = T0;  
T1(end, :) = -T0; % SOUTH BOUNDARY IS THE INVERSE OF NORTH BOUNDARY VALUE
disp(T1);



Figure 8
At this stage the user is prompted to input the fixed temperature ‘T0’ for the north boundary. As for the south boundary, from equation 4.2 it is set to the negative of the north boundary value ‘-T0’. If user was to input T0 as 1000⁰C with NR=5 and NC=5 the matrixes would be, 
Initial Matrix 

Equation 5.1
Matrix after setting boundary conditions 

Equation 5.2
[bookmark: _Toc188818650]5.8 Simulation 
	[bookmark: _Hlk188602587]Simulation 

	% INITIALISE VARIABLES FOR ITERATIVE SOLUTION
    T2 = T1;
    cc = 0.001; % CONVERGENCE CRITERION
% Display convergence criterion
    fprintf('Convergence Criterion (cc): %.4f\n', cc);
    time = 0;
    equilibrium_reached = false;
% REPEAR ITERATIONS UNTIL TEMPERATURE DISTRUBUTION STABILISES
while ~equilibrium_reached
    T_new = T2;
    % CALCULATE UPDATED TEMPERATURE FOR ALL INTERIOR POINTS
    for i = 2:(NR-1)
        for j = 2:(NC-1)
            T_new(i,j) = T2(i,j) + alpha * dT / h^2 * (T2(i+1,j) + T2(i-1,j) + T2(i,j+1) + T2(i,j-1) - 4*T2(i,j));  
end



Figure 9
This section introduces the convergence criterion, Taboga (2021) states this is a criterion used to verify the convergence of a sequence. A smaller ‘cc’ number would indicate higher precision in the results. The matrix of T2 is prepared as a copy of T1 and the main iteration loop starts. The while loop runs until equilibrium_reached becomes true. 
	Updating Variables 

	% UPDATE VALUES FOR LEFT AND RIGHT EDGES
        j = 1;
        T_new(i, j) = T2(i,j) + alpha * dT / h^2 * (T2(i+1,j) + T2(i-1,j) + T2(i,j+1) + T2(i,j+1) - 4*T2(i,j));
        j = NC;
        T_new(i, j) = T2(i,j) + alpha * dT / h^2 * (T2(i+1,j) + T2(i-1,j) + T2(i,j-1) + T2(i,j-1) - 4*T2(i,j));
    end
    % DETERMINE IF MAX TEMPERATURE CHANGE IS BELOW THE CRITERION
    max_change = max(max(abs(T_new - T2)));
    if max_change < cc
        equilibrium_reached = true;
    end
    T2 = T_new;
    time = time + dT;
end


Figure 10
Figure 10 looks at updating the left and right edges of the matrix. The left and right edges require special handling as they have fewer nodes around them than the interior points. Equilibrium is checked by comparing the maximum change in temperature to the convergence criterion set. Finally, the matrix and time is updated to either proceed to the next time step or terminate if equilibrium has been reached. 
[bookmark: _Toc188818651]5.9 Final Temperature Distribution 
	[bookmark: _Hlk188604934]Conclusion of Simulation

	% Display the final temperature distribution
fprintf('Final Temperature Distribution:\n');
disp(T2);

% Display the equilibrium time in seconds
fprintf('Equilibrium Time: %.2f seconds\n', time);

%Plot the final temperature distribution 
Figure (1); 
contourf(flip(T2));
colormap(jet);
colorbar;
clim([min(T2(:)) max(T2(:))]);
c = colorbar;
c.Label.String = 'Temperature (C)';
title ('Numerical Temperature Distribution')
xlabel ('Matrix Column (X)');
ylabel ('Matrix Row (Y)');



Figure 11
This segment of the code concludes the simulation by displaying the final results, including the temperature distribution and the time taken to reach equilibrium. It also introduces the figure command which presents a graphical representation of the temperature distribution.


[bookmark: _Toc188818652]5.10 Analytical Solution 
	Analytical Solution 

	%Initialise Temperature matrix for analytical solution
TA= zeros (NR,NC);
%Apply analytical solution formula for each node
for i = 1:NR
for j= 1:NC
    xa = (j-1)*h;
    ya = (i-1)*h;
       
%Initialise temperature at each point with north boundary temperature
    T_analytical=0; %start with 0
%sum over series 
for k= 1:100
%Analytical temperature term
    term = (1/(100*k*pi).^2 * (1-(-1)^k) * sin(k * pi * ya/ Ydim)) / sinh(k * pi * Xdim/Ydim) * (cosh(k * pi * xa / Ydim) -cosh(k * pi * (xa-Xdim)/Ydim));
%Add term to temperature 
    T_analytical = T_analytical + term; end
%Store Temperature in matrix
    TA(i,j) = -T0 + (2*T0/Ydim) * ya + T_analytical;
    end
end

%Display Analytical solution results
disp('The Analytical Solution is:')
disp(flip(TA))




Figure 12
The analytical solution is introduced at this stage. A matrix TA is calculated using the analytical solution in equation 4.5. Reviewing the section ‘xa = (j-1)*h’ and ‘ya = (i-1)*h’ these lines calculate the physical coordinates of the current grid point in the plate, based on the grid spacing h. This section computes the analytical solution by using the Fourier series to calculate the temperature at each node.
[bookmark: _Toc188818653]5.11 Code Validation 
	Code Validation 

	disp ('Absolute difference between analytical solution and numerical solution')
difference =abs(flip(TA)-T2);
max_difference = max(difference, [], "all");
disp(difference)


Figure 13
The absolute difference between the analytical and numerical solutions is calculated at the final stage of the code. It does this by calculating the absolute difference between the flipped analytical solution matrix, TA, and the numerical solution matrix, T2.















[bookmark: _Toc188818654]6. Validation of the code 
The purpose of this section of the report is to justify the numerical solution run on MATLAB using the explicit FDM by comparing it with analytical solution, equation 4.5, for the temperature distribution at thermal equilibrium. In order to draw a comparison, the following conditions were set,
	Plate Width (x)
	10.0 m

	Plate Height (y)
	6.0 m

	Grid Spacing (h)
	1.0 m

	Number of Rows (NR)
	7

	Number of Columns (NC)
	11

	Time Step (dT)
	1000 seconds

	Temperature of North Boundary (T0)
	100°C

	Convergence Criterion (cc)
	0.001


Figure 14
The simulation produced the following results,
[image: A number and numbers on a white background

Description automatically generated]
Figure 15
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Figure 16
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Figure 18
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Figure 20
From the figures above it can be witnessed the fine margin between the numerical and analytical solutions, 0.0142 °C, demonstrates that the explicit FDM is effective for solving the heat conduction problem under the given conditions. The temperature variation in the interior nodes follows a linear pattern in both solutions, whilst both solutions maintain the fixed boundary conditions.
Despite the small difference seen in the two methods there is some inconsistency between the numerical and analytical solutions observed. Laplace (2019) states when using explicit FDM approximating spatial derivatives with a finite grid spacing ‘h’ can introduce truncation errors, meaning the numerical solution differs slightly from the exact solution due to the approximations made replacing infinitesimal derivatives with a discrete difference across a finite grid size. In addition, whilst the time step is selected to satisfy the stability, it also limits the resolution of transient temperature change before equilibrium, Bangerth, (2013). Chapter 8 of this report goes into detail on these topics.


















[bookmark: _Toc188818655]7. Code Sensitivity Analysis 
Kenton (2024) describes how sensitivity analysis shows how different values of an independent variable affect a dependant variable under a given set of assumptions. In this case it will look at the how variations in the time step, grid spacing, and tolerance affect the time taken to reach thermal equilibrium. The aim of this analysis is to find the balance between accuracy, stability, and computational efficiency. This experiment will be conducted for a plate of dimensions 12m x 12m.
[bookmark: _Toc188818656]7.1 Influence of the Grid Spacing 
To ensure only the grid spacing is being tested the time step is fixed at 150 seconds and a convergence criterion of 0.001, the grid space will vairy from 0.2 to 4. The experiment produced the following results. 
Figure 21
From figure 21 conclusions can be made that there is a clear trend in the relationship between grid spacing and time taken to reach thermal equilibrium. Reviewing the grid spacing from 0.2-0.75, in this region there is little variation in the time take to reach thermal equilibrium with it ranging from 313,950 seconds to 316,350 seconds respectively. For a larger grid spacing evaluating 2-4 the time taken is significantly higher with a difference of 50,400 seconds. This suggests that the optimum region for these conditions is a grid spacing between 0.2-0.75. Causon (2010) states a good technique is to implement a scheme using a small number of grid point (for verification) then double the number of grid points until numerical results don’t change perceptibly. This ensures that any inaccuracies in the numerical solution are caused by the grid spacing. Lim & Ho (2023) raise the point that the accuracy of the approximation is inextricably tied to the grid resolution. A Larger grid spacing will increase the time taken due to a coarser approximation whilst a smaller grid spacing with more nodes results in more accurate results at the cost of additional computational resources.
[bookmark: _Toc188818657]7.2 Influence of the Time Step
In this experiment the time step will range from 2000-25 seconds which is within the stability criterion. The grid spacing is fixed at 0.75 and the tolerance is set at 0.0001.

Figure 22
Figure 22 shows the results from the test. The relationship between the time step and time taken to reach equilibrium is nonlinear, meaning there is a sharp increase in the time taken for the time steps in the range of 25-100 with a difference of 79,550 seconds. In the range of 800-2000 there is little variation in the time taken to reach equilibrium. A balance must be found between stability, accuracy, and computational power. Mohamed (2016) explains a time step closer to the stability limit provides a practical compromise. Cenegel (2019) states if dT is not sufficiently small, the solutions obtained may oscillate widely and diverge from the actual solution.

[bookmark: _Toc188818658]7.3 Influence of the Tolerance Condition 
Lastly analysis on the influence of the tolerance condition on the thermal equilibrium time has been conducted. The grid spacing is fixed at 1 and the time step is fixed at 500 seconds, whilst the tolerance will range from 0.1 to 0.000001, figure 23 shows the outputted results. 
 
Figure 23
The graph highlights the linear association of the relationship between tolerance and time taken to reach thermal equilibrium. At a tolerance of 0.1 the time taken to reach thermal equilibrium is 121,500 seconds whereas at 0.01 the time taken is 254,500 seconds, the sharp increase in time is due to the numerical method running more iteration to meet the smaller convergence criterion. As tolerance increase by x10 the time taken to reach thermal equilibrium decrease by 133000 seconds. Hec-Ras (2023) supports the findings found in the study by stating decreasing the tolerance will increase the number of solver iterations and decrease the speed of simulation, they also go on to explain how if the tolerance is too small it is possible the simulation will take a large amount of time due to the number of iterations or equilibrium would not be reached due to continuous calculations.








[bookmark: _Toc188818659]8. Main Models Limitations
In numerical simulations limitations can arise from both the numerical methods employed and the way the code has been implemented.
[bookmark: _Toc188818660]8.1 Limitation due to the numerical method
Zingale (2022) states that a limitation that can occur is roundoff error, computers cannot represent an infinite set of numbers due to the way they use memory to store floating point numbers. This leads to most numbers being approximated after a certain number of digits. In explicit FDM the repeated operations on small differences can strengthen round-off errors which will affect the accuracy of the solution. Another limitation is truncation error, Awati (2022) discusses the analytical value of a function may be different from the value obtained by numerical approximation, the truncation error is the difference between these two values. They go on to write that reducing the grid spacing and time step can reduce the truncation error as there is repeated iterations including as many terms in the approximation as possible.  Complex geometries are also a limitation in numerical simulations, Hidyat, Bambang & Setyamrtana (2015) write that FDM is reliant on structured grids, FDM is constrained by the requirement for mesh connectivity which arises complications for heat conduction problems that do not conform to regular shapes leading to inaccuracies near irregular boundaries. Peiro & Sherwin (2005) suggest that when handling complex geometries an alternative should be used such as finite element method or finite volume method.
[bookmark: _Toc188818661]8.2 Limitations due to coding 
A Limitation in the coding is how thermal equilibrium is modelled. Winterbone (2015) states that thermal equilibrium is achieved when two systems in contact with one another reach the same temperature, meaning there is no net transfer of heat energy, indicating a steady-state condition. The current code defines equilibrium based on the numerical threshold, tolerance, which means it may not reach its required state. Referencing chapter 7.3 if the tolerance is too large then the simulation could finish prematurely resulting in an inaccurate representation of thermal equilibrium, violating the definition of steady-state heat conduction.




[bookmark: _Toc188818662]9. Suggested Improvements and Future Developments
This looks at potential improvements and future developments that could be made to address the limitations within the current model to calculate the temperature distribution within an aluminium plate through time.
[bookmark: _Toc188818663]9.1 Alternating Direction Implicit (ADI) Method 
Halif & Rusli (2019) writes that the main principle of this method is to break 2-D problems into two 1-D problems solved by implicit schemes without waiving the stability and limitations. Li & Long (2021) explain that this method is unconditionally stable so that a large time step cab be used which reduces the number of time integration steps. This would reduce the computational effort while maintaining accuracy of results.
[bookmark: _Toc188818664]9.2 Fully Implicit FDM
Bergman et al (2006) states that in the fully implicit method all the temperature values at the next time step are calculated using the current times steps values, meaning the equation is fully implicit and can handle larger time steps without any stability issues. Dehghan (2001) goes on to say whilst the conditionally stable fully explicit scheme uses less amount of central processor time the improved accuracy and stability, especially for system with steep temperature gradients of long simulation times of the implicit FDM can outweigh the increased computational complexity.
[bookmark: _Toc188818665]9.3 Numerical Alternatives such as FEM, FVM & BEM.
The finite element method (FEM), finite volume method (FVM) and boundary element method (BVM) would enable the simulation of complex geometries and boundary conditions. Harish (2024) states that FEM is a numerical technique that divides a subject into finite elements, solving the governing equation over smaller elements. This method would be an improvement on FDM as it allows for flexible mesh generation enabling the use of unstructured meshes, Suleiman (2023).  Morasata & Guleren (2016) write that FVM divides the domain into small control volumes and calculates the heat flux across their faces to approximate temperature distribution. Suleiman (2023) writes an advantage of FVM over FDM is it conserves energy by integrating governing equations over control volumes, ensuring that the total quantity within a region remains consistent throughout the simulation. LaForce (2006) states BEM approximates the solution to a PDE by analysing the solution to the PDE on the boundary, this information is then used to find the solution within the domain. Wang (2019) proposes an advantage to this method is it reduces the dimensionality of the problem, this would significantly reduce the computational power needed for problems dominated by boundary effects. 
[bookmark: _Toc188818666]9.4 Redefining how Thermal Equilibrium is Modelled 
A more physical representation of the definition of thermal equilibrium could be looked at for solving this problem. An option to look at is experimental validation, this would look at validating the numerical model against experimental data obtained for steady-state temperature distributions. Another method could be the introduction of AI and machine learning (ML), the large datasets of temperature distribution under various conditions allow the user to predict thermal equilibrium states Wen (2023). A benefit of this method is traditional methods can find difficulty in identifying complex patterns and relationships in thermal equilibrium, AI and ML are able to deal with these intricate systems and large datasets, Sicard (2023).



















[bookmark: _Toc188818667]10. Conclusion 
The aim of this report was to investigate the temperature distribution in a 2D aluminium plate using the explicit FDM and validate the result against an analytical solution. The objectives included analysing the heat diffusion equation and explicit FDM form of the constitutive equation, implementing a numerical solution via MATLAB, evaluating its accuracy and sensitivity, and reviewing the limitations whilst proposing improvements. 
Validation of the code was conducted and found the numerical solution closely approximated the analytical results, with minimal differences validating the FDM’s accuracy under stable conditions. Sensitivity analysis of the code found that finer grids and smaller time steps improved the accuracy but increased computational power, in addition to this selecting the correct convergence criterion to balance precision and efficiency was emphasized. 
Limitations of the solution were identified such as truncation errors and difficulties with analysing complex geometries as FDM is reliant on structured grids. It also noted that a limitation to the code was how thermal equilibrium was modelled, it was found if the tolerance is too large then the simulation could finish prematurely resulting in an inaccurate representation of thermal equilibrium.
The final chapter of the report looked at future development to the numerical solution. This included adopting methods such as ADI, or implicit FDM for stability, FEM or FVM for any subjects with complex geometries, and investigating more robust ways of modelling thermal equilibrium like the introduction AI and ML.
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[bookmark: _Toc188818669]Appendix 
    % Workspace management and material properties definition
clc;             % Clear the command window % Output suppressed by using ';'
clear;           % Clear variables from the workspace
close all;       % Close all figure windows

    %Introduction Message 
disp('Calculating the temperature distribution within a two dimensional aluminium plate through time.');

    % Define material properties for Aluminium
k = 143;          % Thermal conductivity in W/m.C
rho = 2.8e3;      % Density in kg/m^3
cp = 795;         % Specific heat in J/kg.C

    % Output suppressed by using ';'

    % Display material properties for confirmation  
fprintf('Material Properties:\n');
fprintf('Thermal Conductivity (k): %.2f W/m.C\n', k);
fprintf('Density (rho): %.2f kg/m^3\n', rho);
fprintf('Specific Heat (cp): %.2f J/kg.C\n', cp);

    % Step 2: Ask the user to choose the width of Xdim and height Ydim of the plate

    % Prompt user for plate dimensions 
Xdim = input('Enter the width of the plate (X dimension) in meters: ');
Ydim = input('Enter the height of the plate (Y dimension) in meters: ');
    
    % Step 3: Ask the user to choose the grid spacing
h = input('Enter the grid spacing (h) in meters: ');

    % Step 4: The code should prevent the user to enter a grid spacing that does not comply with the dimensions of the plate

    % Ensure grid spacing is suitable for the plate dimension
while rem(Xdim,h) ~=0 || rem(Ydim, h) ~=0 % Check if X & Y divides evenly by the grid spacing
    fprintf('Grid spacing is invalid, both width (%.2f m) and height (%.2f m) must divide evenly.\n \nFor example if Width = 10, Height = 4 and h = 2, 2 divides evenly into both X & Y and therefore is acceptable.\n\n', Xdim, Ydim);% Notify user if grid spacing is invalid
    h = input('Re-enter a suitable grid spacing (h) in metres: '); % Prompt user to re-enter grid spacing
end

    % Step 5: Compute the number of rows and columns 

    % Calculate the number of rows and columns
NR = Ydim / h + 1; % Number of rows in the grid
NC = Xdim / h + 1; % Number of columns in the grid

    % Display input confirmation
fprintf('Plate Dimensions and Grid Spacing:\n');
fprintf('Width (Xdim): %.2f m\n', Xdim);
fprintf('Height (Ydim): %.2f m\n', Ydim);
fprintf('Grid Spacing (h): %.2f m\n', h);
fprintf('Number of Rows: %d\n', NR);
fprintf('Number of Columns: %d\n', NC);

    % Step 4: User input for time step and stability check

    % Calculate thermal diffusivity (alpha)
alpha = k / (rho * cp);  % Thermal diffusivity in m^2/s

    % Prompt user to input time step (dT)
dT = input('Enter the time step (dT) in seconds: ');

    % Calculate the maximum allowable time step for stability
max_dT = h^2 / (4 * alpha);

    % Check stability condition
while dT > max_dT
      fprintf('The time step (%.2f seconds) exceeds the stability limit.\n', dT);
      dT = input(sprintf('Re-enter a time step (dT) smaller than %.6f seconds: ', max_dT));
end  
fprintf('Time step (dT) of %.2f seconds is valid and satisfies the stability criterion.\n', dT);

    % Matrix for temperature values 
T1 = zeros (NR,NC);

    %User Input for North Boundary Temperature
T0 = input('Enter the fixed temperature at the North boundary in °C: ');
T1(1, :) = T0;  
T1(end, :) = -T0; % SOUTH BOUNDARY IS THE INVERSE OF NORTH BOUNDARY VALUE
disp(T1);

    % Initialise variables for iterative solution 
T2 = T1;
time = 0;
equilibrium_reached = false; 

    % Convergence Criterion 
cc = 0.001;
fprintf('Convergence Criterion (cc): %.4f\n', cc); % Display convergence criterion
    
    % Repair iterations until distribution stabilises 
while ~equilibrium_reached
    T_new = T2;
    
    % Calculate updated temperatures for all interior nodes
    for i = 2:(NR-1)
        for j = 2:(NC-1)
            T_new(i,j) = T2(i,j) + alpha * dT / h^2 * (T2(i+1,j) + T2(i-1,j) + T2(i,j+1) + T2(i,j-1) - 4*T2(i,j));  
        end
        
    % Update values for left and right edges 
        j = 1;
        T_new(i, j) = T2(i,j) + alpha * dT / h^2 * (T2(i+1,j) + T2(i-1,j) + T2(i,j+1) + T2(i,j+1) - 4*T2(i,j));
        j = NC;
        T_new(i, j) = T2(i,j) + alpha * dT / h^2 * (T2(i+1,j) + T2(i-1,j) + T2(i,j-1) + T2(i,j-1) - 4*T2(i,j));
    end
    % Determine if max temperature change is below the criterion 
    max_change = max(max(abs(T_new - T2)));
    if max_change < cc
        equilibrium_reached = true;
    end
    % Update the variables 
    T2 = T_new;
    time = time + dT;
end

    % Display the final temperature distribution
fprintf('Final Temperature Distribution:\n');
disp(T2);

    % Display the equilibrium time in seconds
fprintf('Equilibrium Time: %.2f seconds\n', time);

    %Plot the final temperature distribution 
figure (1)
contourf(flip(T2));
colormap(jet);
colorbar;
clim([min(T2(:)) max(T2(:))]);
c = colorbar;
c.Label.String = 'Temperature (⁰C)';
title ('Numerical Temperature Distribution')
xlabel ('Matrix Column (X)');
ylabel ('Matrix Row (Y)');
grid on
   
    %Analytical Solution 

    %Intorduction Message 
disp('Calculating the tempearture distribution analytically using the series solution.');

    %Initialise Temperature matrix for analytical solution
TA= zeros (NR,NC);

    %Apply analytical solution formula for each node
for i = 1:NR
for j= 1:NC
    xa = (j-1)*h;
    ya = (i-1)*h;
       
    %Initialise temperature at each point with north boundary temperature
T_analytical=0; 

    %Sum over series 
for k= 1:100

    %Analytical temperature term
    term = (1/(100*k*pi).^2 * (1-(-1)^k) * sin(k * pi * ya/ Ydim)) / sinh(k * pi * Xdim/Ydim) * (cosh(k * pi * xa / Ydim) -cosh(k * pi * (xa-Xdim)/Ydim));
    %Add term to temperature 
    T_analytical = T_analytical + term;
end

    %Store Temperature in matrix
    TA(i,j) = -T0 + (2*T0/Ydim) * ya + T_analytical;
    end
end

    %Display Analytical solution results
disp('The Analytical Solution is:')
disp(flip(TA))

    %Plot the analytical Solution
figure(2);
contourf(TA);
xlabel('Number of Rows');
ylabel('Number of Columns');
zlabel('Temperature');
colorbar;
clim([-T0 T0])
colormap('jet')
grid on
title('Analytical Temperature matrix at thermal equilibrium')

    % Code Validation
disp ('Absolute difference between analytical solution and numerical solution (⁰C) ')
difference =abs(flip(TA)-T2);
max_difference = max(difference, [], "all");
disp(difference)

fprintf('Maximum difference between numerical and analytical solutions: %4f/n', max_difference);
figure (3)
contourf(difference);
colormap(jet);
colorbar;
max_value = max(difference,[], "all");
clim([0, max_value]);
c.Label.String = 'Temperature (⁰C)';
xlabel ('Number of Columns');
ylabel ('Number of Rows');
grid on
title ('Absolute difference between analytical solution and numerical solution.')
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Analytical Temperature Distribution
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Absolute difference between analytical solution and numerical solution
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Absolute difference between analytical solution and numerical solution.
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