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Fig1.0; Image containing basic aluminium plate geometry to provide reader with an demonstration of initial start point (UWTSD, 2023)
This report aims to explore the behaviour of an Aluminium plate  ( fig 1.0) with respect to the heat equation of this two-dimensional model, using the explicit finite difference method EFDM. Heat is applied to the plate until it reaches a state of equilibrium, where the heat distribution will be modelled, before comparison of results between analytical and numerical solutions. The analysis and understanding of the models’ limitations and strengths with respect to stability, geometry and other details including coding practice will be explored. From the understanding and interpretation of results, further development and recommendations are advised to improve the model’s accuracy (truncation errors) and the capacity to handle unrestricted geometries with unstructured meshes.

1.1 [bookmark: _Toc170668416]Aims and Objectives

Aims
· Describe the chosen numerical method (EFDM) for solving the two-dimensional heat equation within the Aluminium plate.
· Compare results from numerical and analytical solutions of the heat model.
Objectives
· Implementation of EFDM for the two-dimensional parabolic heat equation using Matlab.
· Define user inputs, allowing users to define grid spacing (h) and time step (dt) for the simulation.
· To run carry out simulation trials observing the heat distribution until thermal equilibrium is achieved.  
· Apply stability criterion and provide sensitivity analysis of the time step and grid spacing for the EFDM scheme.
· Comparison of results and analysing the findings discussing the models’ strengths and limitations providing additional recommendations. 
[bookmark: _Toc170668417]2.0 The governing equation of the problem
[bookmark: _Toc170668418]2.1 Heat equation Introduction
The Heat Equation is fundamental to equations across various engineering fields and applications. It is a partial differential equation describing the distribution of heat through an object of a particular region over a specific time. For example, the equation anticipates the bodies’ reaction when placed in contact with a heat source. In time the internal heat energy will reach equilibrium at points and normalize (Kiharalnjogu, 2009). Examples of heat transfer include heat sinks and fins within electronic systems. The fins are made from highly conductive materials. A simpler comparison lies in cooking, where the stove heats the pan and through convection the pan absorbs the heat (Smarter, 2024). There are two principles to be considered when understanding heat equations. Firstly, the conservation of energy principle, stating ‘Energy can neither be created or destroyed, only transformed ‘that is heat and work energy are forms of transitional energy’ (Pijush K, 2012).  Secondly, the rate at which heat flows through a material corresponds to temperature difference across the material. This law is known as the Fourier’s Law of heat conduction, the transfer from higher to lower temperature region. There are three modes of heat transfer between objects: conduction, convection and radiation (RF, 1999). Conduction is identified as the flow of heat through a motionless object. Whilst convection is the heat flow through moving fluid or substances, and radiation is the transfer of heat through electromagnetic waves (John H. Lienhard, 2017).  
The heat equation derives from a partial differential equation relating to the distribution of temperature though an object with respect to space and measure in time, as seen below. 

Two-dimensional Heat equation:

· T = Temperature (°C)
· α = Thermal Diffusivity ( / s)
· t = Time with respect to seconds (s)
·  = Partial derivative with respect to time
·  = These are second order partial derivatives within the spatial domain in x & y planes. 
· 
Two-dimensional Parabolic heat equation:
Two-dimensional heat flow happens within a plate like object in multiple directions, and requires considerably more effort to solve as it is a partial differential equation (Adrienne S lavine, 2007). There are many solutions to solve these equations (separation of variables, conduction shape factor, and finite difference “boundary method”) all provide approximations in determining temperature distribution of an object at given boundary conditions. With this report the two-dimensional equation is parabolic in nature due to the second order PDE in relation to time, seen below. 

 + =  .   
Two dimensional  (Croft D.R, 1977)
·  = Partial derivative with respect to time
·  = These are second order partial derivatives within the spatial domain in x & y planes. 
The Aluminium constant properties are: 
· Conductivity: k = 143 W/m.C 
· Density:  = 2.8  103 kg/m3
· Specific Heat: c = 795 J/kg.C

The EFDM which is used for solving governing partial differential equations within a heat transfer system (CFD, 2024), requires mathematical modelling and principles to transform it into a linear form. 
Practical example
Examples of such are heat fins in computer processors.  The heat fins are narrow and with the direction of heat travel, they are applicable to the above equation and can be highlighted in figure 1.1 (Ahmed, 2018).  By using the two-dimensional heat equation for the heat fin, we calculate the temperature variance in the x and y directions. This tool is appropriate to model scenarios and predict temperature distribution across the fin and the aluminium plate in this report (T.L Bergman, 2011).
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Fig 1.1; Image demonstration heat fin dissipation in two dimensional (Byju, 2023).

[bookmark: _Toc170668419]3.0 Explicit finite difference for of the constitutive equation
The Taylor Series will be covered providing an understanding around its expansions for deriving forward, central and backward approximations from first and second order derivatives. This will also contain the introduction of Fourier number, this is a dimensionless number used for characterizing transient heat conduction (Wolfram, 2024). This Fourier number also provides stability when using the EFDM models, ensuring conditions remain limited and accurate. 
Interpreting EFDM’s, they are used with known values at an existing time step and approximated for values in an additional time step (Hadiyol, 2023). The Heat equation used for the basis of this assignment is of a second order derivative, in its standard form would be difficult to solve. Therefore, the Heat equation needs to be converted using Taylor series expansions to a Linear equation. This discretized equation is used at every Nodal point within the grid, It’s not practical, and potentially less accurate to calculate each individual node therefore MATLAB software is recommended.



[bookmark: _Toc170668420]4.0 Incorporation of numerical methods: Explicit finite difference methods (EFDM)

The ability to solve the heat equation systematically can be difficult due to the complexity of the geometries requiring considerable understanding and input to solve (Seetharamu, 2004). The material properties of the object can also influence specific heat capacity and vary at co-ordinates within the object. EFDM’s can help in such scenarios, where objects of complex geometries can be categorised into grid points and the heat equation can be solved at each point. Additionally, EFDM can also include the material properties, within each calculation and every defined point therefore taking into consideration any possible deviations (J.H Ferziger, 2002).


[bookmark: _Toc170668421]4.1 Taylor series

f(x) =  , f’(x) =  , f’’(x) =  , f’’’(x) =  , … = (x) =   & similarly   ( For Exponentials)
Taylor series expansion process for the two-dimensional heat equation
f(x) = f(x0) + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + …

f (x0 + h) = f (x0) + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + …
f (x0 + h) - f (x0) = + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + …

f (x0 + h) - f (x0) = f’(x0) · + f’’(x0) ·  + f’’’(x0) · + …


 = 


 = f’(x0) + f’’(x0) ·  + f’’’(x0) · + …


f’(x0) =  + 0(h) ← 0(h) is the error / disturbance term containing remaining offline terms.


[bookmark: _Toc170668422]4.2 Difference approximations
The Forwards and backwards difference approximations demonstrate the discrepancy and errors with the nearest intersection points. Finding both difference approximations demonstrates the discrepancy and errors with the nearest intersection points. Now this has been approximated to the first derivative, we can subtract or add both for additional approximation further.

Forwards difference approximation
f’(x0) =   (FDA Which is h > 0)
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Fig 1.4: Image demonstrating the forward difference approximation (Gerald, 2022)

f (x0 - h) = f (x0) - f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …


f (x0 - h) - f (x0) = f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …


 = 

Transforms to:
 = f’(x0) + f’’(x0) ·  - f’’’(x0) · + …

By re-arranging to traditional format backwards difference approximation is achieved

f’(x0) =  + ‘0’ ← 0(h) is the error / disturbance term containing remaining offline terms.

f (x0 + h) = f (x0) + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + … (A)
f (x0 - h) = f (x0) - f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …  (B)

Subtract ‘B’ from ‘A’ to produce the following
f (x0 + h) - f (x0 - h) = 2f’(x0) · - 2f’’’(x0) · +2 (x0) ·

 = 


 = f’(x0) - f’’’(x0) · + (x0) ·

Re arrange to standard form to achieve central difference approximation

f’(x0)  =  +  ←  is the error / disturbance term terms to the first derivative.
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Fig 1.5: Image demonstrating the central difference approximation (Gerald, 2022)


Central difference Approximation to the 2nd order Derivative
Through the addition of forwards and backwards difference approximation we get:

f (x0 + h) = f (x0) + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + … (A)
f (x0 - h) = f (x0) - f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …  (B)

We can express the following
f (x0 + h) + f (x0 - h) = 2f (x0) + 2f’’(x0) ·  + (x0) · +..

f (x0 + h) -2f(x0) + f (x0 - h) = f’’(x0) · + (x0) · +..

Finally dividing by  to get f’’ on its own:
 = 

Finally, central difference approximation to the 2nd order derivative is achieved
f’’(x0) =  +0 (
Now by inputting our second order derivative approximations into the heat equation, this concludes our final equation to be used.
 + =  .   Two-Dimensional Heat Equation
Firstly, we apply the Central Difference Approximation to the 2nd order derivatives on the LHS.

  = f’’(x0),    =  (For horizontal x plane)

 = f’’(x0),     =  (For vertical y plane)
p =Replaces node location (X0) with point ‘p’
X0 = Current node location on grid structure.
+h/-h = Denotes location of co-ordinates on grid structure (left, right, up, down) That have been replaced by North, East, South, West.
  = Grid spacing ^2
  =     Thermal Diffusivity
   = f’(X0) =    =   Forward difference Approximation (Time domain)
The FDA is used for the first order derivative of the equation (explicitly) when transformed into a Linear equation it provides one unknown seen below. Although the error accumulation maybe larger in comparison to other approximations of choice, in comparison in linear conversion, the BDA when transformed leaves us with multiple of unknowns, that require more time and effort to solve. The final equation is displayed below.
 +  = 
Factoring and mathematical modelling can be applied to the heat equation in its current form.
Fo (
Where Fo is  substituted into the equation, with  transferred over to the LHS matching its order.  transfer within the inside of the brackets we must multiply and divide by the Fo:
Fo (
The final arrangement of the fully Discretised equation below:
= Fo (

For 2d steady flow heat equations, a heat problem in an area considered R on the x-y plane with boundary conditions, this is termed a boundary value problem called Dirichlet. This is especially applicable to rectangle formations where one side has an input heat source and the three other sides remain at zero (Kreyszig, 1999)

[bookmark: _Toc170668423]4.3 Explicit Finite Difference Scheme

The EFDM includes two important steps, the spatial discretization, within this report the plate  is broken into several discrete uniform spacing steps where each increment is expressed by (h). The plates length is on the axis of L y, L x. Example 1.6, each grid index is denoted (m, n) and using these grid points we can create a mesh for locations where temperature is calculated (F P. Incropera, 2007) and the temporal discretization. 
[image: A screenshot of a computer

Description automatically generated]





Fig1.6: Example of nodal network and finite difference approximation (CFD, 2024)
Temporal discretization simulates heat transfer at interval of time (t) divided into several time steps (dt). Additionally, these time steps can be assigned index points (n) where n increases as the simulation progresses (Fletcher, 2006). Both the spatial and temporal discretization allows us to solve problems numerically in a particular region at a particular time step, however the choice of grid size and time step can affect the accuracy of the solutions. The finer the grid and time steps the better the accuracy, but as a result requires more computational power. 

[bookmark: _Toc170668424]4.4 Stability Criterion 
 This is vital in using EFDM’s for solving the heat equation, where numerical solutions do not grow uncontrollably, and values remain bounded (Adrienne S lavine, 2007). Often the Von Neuman analysis is used to determine stability criteria due to its simplicity in applying for conditions that have numerical stability and linear initial value problems (Fletcher., 1991). Ensuring stability of the solutions ensures reliability of results. In physical behaviours, errors begin small, they will amplify with each increment of time step. Courant Friedrichs Lewy (CFL) condition is a stability criterion used for explicit finite difference methods in the solving of PDE’s for the heat equation also (J H .Ferziger, 2002). 
CFL Stability Criterion 

 Time step
h = Grid spacing in x, y spacing.
 Thermal diffusivity of the plate 
Stability criterion:
 Fo = (alpha*dt) / ( h^2);

Having a large time step allows for greater travelling distance of information within a simulation. A small h value will subsequently lead to information travelling shorter distances, preventing the equation having larger time steps and hopping over neighbouring grid points. This leads to instability within the solution (J.H Ferziger, 2002). The user must select a time step that satisfies the condition, preventing any violation of codes.

[bookmark: _Toc170668425]5.0 Boundary conditions and initial boundary conditions

To define the problem and ensure results are significant, boundary and initial boundary conditions are important. They provide accurate representations of the physical models and provide validation (D W . Hahn, 2012).

[bookmark: _Toc170668426]5.1 Initial boundary conditions at T = 0°C
In this report, we are required to input the necessary constraints that allow us to evaluate the domain where boundary conditions are known. From necessity it is boundary conditions that specify how the system interacts with its external environment (Kiharalnjogu, 2009).  
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Fig 1.7:Diagram of aluminium plate used in report  (UWTSD, 2023).
In viewing the aluminium plate in fig 1.7 above, the dimensions are (0,6) metres on and (0,6) metres on y hence:
T (x, y,0) = 0, 0 < x < 6, 0 < y < 6
Where T (x, y,0) constitutes the temperature at any point (x, y) at initial time(t=0).
The Initial temperature of the plate is T = 0°C and the heat source as demonstrated in Fig 1.7 will be the inputted variable with time. How the plate is heated will vary the boundary conditions used. T is a constant value representing initial temperature of all the plate and represents the plate at a uniform temperature via external heating sources.


[bookmark: _Toc170668427]5.2 Boundary conditions: 
The aluminium plate is fully insulated, and due to its constant heat flux at the surface, analysing this system with the Von Neumann method is considered  (Adrienne S lavine, 2007). This reports also includes Dirichlet (constant heat source on top edge) and insulated boundary conditions (no heat transfer at side walls). 
Dirichlet Boundary Condition (Left Edge, x = 0):
T(0, y, t) = T_b1
Neumann Boundary Condition (Right Edge, x = L_x):
∂T/∂x (L_x, y, t) = q_0 / α

Y axis (0,6)
𝑇 (0, 𝑦,𝑡) = 0
𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 6 𝑎𝑛𝑑 0 ≤ 𝑡 ≤ 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢m
𝑇 (6, 𝑦,𝑡) = 0
X axis
T (𝑥, 0,𝑡) = 𝑓(𝑥)
𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 6 𝑎𝑛𝑑 0 ≤ 𝑡 ≤ 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢m
𝑇 (𝑥, 6,𝑡) = 0

F(x) is a specific function or behaviour used at a boundary point; its value is dependent on which boundary condition is being applied to the system. In Dirichlet the examples above f(x) are the constant temperature at the top edge with relation to position y and time t.  The Neuman BC specifies the rate of change of variable at the boundary where f(x) represents the value of the flux at the boundary point (J.H Ferziger, 2002).

[bookmark: _Toc170668428]6.0 Code details and explanations
[bookmark: _Toc170668429]6.1 Clear workspace and material properties
Using clc, clear and close all removes any variables and closes and windows. Vital for smooth operation of script and code initial inputs include Material properties. 
[bookmark: _Toc170668430]6.2 Calculation of Temperature matrix sizes
· User-defined grid spacing of plate h (m).
· Number of rows in the matrix (T), based on plate height y and grid spacing rows = (y / h) + 1 .
· Number of columns in T, based on plate width x and grid spacing columns = (x / h) + 1 -.
· 2D matrix initialized with zeros (T).
[bookmark: _Toc170668431]6.3 Translation of Dimensions in Matrix co-ordinates
An explicit finite difference method is used to calculate the new temperature at each internal point (i = 2 to rows-1 and j = 2 to columns-1) of matrix T. Temperature development, considers temperatures from neighbouring points (T(i+1, j)) plus current temperature (T(i, j)) with  Fo additional for stability.

[bookmark: _Toc170668432]6.4 Convergence Between discrete column numbers and continuous plate length for Northern Boundary condition 
Additional research from Incropera (2011), Versteeg (2007) has produced the following.
Discretization and Grid Spacing: The physical plate with continuous length is divided into a grid of discrete points (h) determining the resolution of this discretization. Using smaller h value will increase number of grid points.
Northern Boundary Condition: The temperature on the northern boundary (left side in most plots) varies linearly from 0°C to 150°C over a certain width.
Code Implementation: The script iterates through each column (c) in the first row (i = 1) of the temperature matrix (T) to set the boundary temperature. Determining the appropriate temperature at each column, we must calculate the corresponding positions (d) on the actual plate using d = (c - 1) * h.
Convergence Analysis: Convergence refers to how well the discrete temperature values approach the continuous temperature variation along the boundary as the grid spacing (h) is reduced. A smaller h creates more columns, and d more accurately reflects the continuous position on the plate. This leads to a more precise boundary temperature at each point.
Impact of Grid Spacing: A larger grid spacing (h) results in fewer columns and a coarser spacing. The calculated temperatures at each discrete point might deviate from the actual continuous temperature variation, especially near the transition between the two boundary regions (0°C to 150°C). As mentioned, small h becomes more precise and increases the computational cost.
Achieving Convergence: It is difficult to achieve convergence as there will always be some level of error, our aim is to select a grid spacing that provides a balance between accuracy and computational efficiency. Choosing a finer grid should show a well ordered more accurate temperature variation compared to a coarser grid.
[bookmark: _Toc170668433]6.5 Progression of code through time steps
The main loop in the code iterates through response each time step from the initial time to the total simulation time, where user inputs a time step of (dt).This loop typically uses a counter variable (n) to keep track of the current time step. And with use of Fo parameter to stabilise simulation between (0>0.25).
[bookmark: _Toc170668434]6.6 Implementation of Conditions for reaching thermal equilibrium
Thermal equilibrium is reached when the temperature distribution throughout the plate no longer changes and plateaus. In practice, this might be determined by setting a convergence number which (1e-4). The code should include a loop that continues repeats through time steps until the maximum change in temperature between successive time steps falls below a certain window.

[bookmark: _Toc170668435]7.0 Validation of the model
[bookmark: _Toc170668436]7.1 Definition of parameters
Defining the parameters within the code requires the following:
· Plate dimensions (length, width)
· Initial temperature distribution of plate.
· Thermal diffusivity
· Grid spacing (x & y directions)
· Boundary condition values 
· Total simulation time and time step 

clc
clear  
close all

% Input given parameters of Aluminium plate dimensions metres (m)
x = 6;                                                               % X parameter domain (width) in (m).     
y = 6;                                                               % y parameter domain (height) in (m).                                

% Aluminium Plate material properties 

k = 143;                                                             % Conductivity of Alu plate  W/m.c.        
c = 795;                                                             % Specific Heat Capacity Alu plate J/kg.C.
p = 2.8*10^3;                                                        % Desnity of Alu Plate kg/m^3.
alpha = k / (p*c);                                                    % Aplha represents Thermal diffusivity of Aluminium plate m^2/s.


% Input reuired for Grid spacing 'h', Value check required.
h = input('Enter chosen grid spacing here - ');                      % User input grid spacing for 'h', nodes.
while mod(6,h) ~= 0 || h<0 || h>6                                    % Grid spacing aitment into 6 divisions.                           
    fprintf('Invalid h input  \ n');                                 % User input invalid, enter again.                    
    h = input('enter chosen grid spacing here - ' );
end


% Input required for time step value 't', value check required.
dt = input('enter chosen time step in seconds -');                   %User input time step for 'dt', input must be in seconds

% Time step input must be less than Fo 'Fo<0 | Fo>0.25 for Stability Criterion to be fulfilled

Fo= (alpha*dt) / ( h^2);
while Fo<0 || Fo>=1/4
    fprintf('Invalid time step entered \n');
    dt = input('enter chosen time step in seconds -');
end

[bookmark: _Toc170668437]7.2 Grid creation
Create a matrix array to represent the temperatures at each gid point of plate. 
%  Matrix dimensions
rows = (y / h) + 1;
columns = (x / h) + 1;

%  Matrix initialisation
T = zeros(rows, columns); % T is the Temp matrix, beginning with zeros.

% Inclusion of boundary conditions
for c = 1:columns
    d = (c - 1) * h;
    if d <= 2 / 3 * x
        T(1, c) = 12.5 * d;
    else
        T(1, c) = -25 * d + 150;
    end
end
[bookmark: _Toc170668438]7.3 Defining initial and boundary conditions of plate.
The boundary conditions were inputted by referencing Direction poles that are North, East, South and West. A tolerance was inputted for use in grid parameters that would allow for a range to be applied that should not exceed values.
% Introduce boundary conditions
for c = 1:columns
    d = (c - 1) * h;
    if d <= 2 / 3 * x
        T(1, c) = 12.5 * d;
    else
        T(1, c) = -25 * d + 150;
    end
end

[bookmark: _Toc170668439]7.4 Thermal Equilibrium establishment 
There are two input variables that the user must enter for initializing and running of the code until Thermal equilibrium is established. The input variables must adhere to rules, as set in the coding sequences. The step input ‘h’ must fall into and divide into the given dimensions of the plate and matrix that are 0,6 X 0,6. The ‘while’ mod is used for opening statement of code, this is best suited where a specific code is repeated an unknown quantity of times until the condition is met. 

% Additional Matrices for achieving thermal equilibrium
equilibrium_reached = false;
max_iterations = 1000; % SET MAXIMUM NUMBER FOR STOPPING.
for n = 1:max_iterations
    T_new = T; % Creates  new matrix for the new temperatures
 
    for i = 2:rows-1
        for j = 2:columns-1
            T_new(i, j) = Fo * (T(i+1, j) + T(i-1, j) + T(i, j+1) + T(i, j-1) ...
                               +(1 - Fo) * T(i, j));
        end
    end

%Thermal equilbrium 
    if (max(max(abs(T - T_new))) <1e-4)
 equilibrium_reached = true;
  break;
Additionally, for the other variable which is ‘delta t’ of shortened for code ‘dt’. The input of this variable must fall within the stability criterion ‘Fo’which is ¼. The constant boundary condition provided where inputted for each reference plane of aluminium plate from 0 > 6 at which thermal Equilibrium was reached at time ‘t’.  By setting max number of iterations this prevents  the code from infinitely looping, and helps understand convergence behaviour. The break function is used for stopping the loop, causing iterations to cease. Its used in ‘for’ loops.
[bookmark: _Toc170668440]7.5 Visual Representation 
% Temperature distribution of Aluminium plate
    X = 0:h:6;
    y = 0:h:6;
    [XN,YN] = meshgrid(x,y);
    Z = T;

    mesh(XN,YN, Z);
    colorbar;

    cim([0 6])
    title('Temperature distribution in Aluminium plate');
    xlabel('T(0,y,t) = 0 | T(6,Y,T)=0');
    ylabel('T(x,6,t) = f(x) | T(x,0,t) = 0');
    contour(ZN)
    break; %stop loop aftewr visualization
end

if n == max_iterations
  fprintf('Maximum iterations reached, equilibrium not achieved.\n');
end

Including a graph allows for visualisation of temperature distribution, and can aid in communicate findings from coding and research. 

[bookmark: _Toc170668441]8.0 Sensitivity analysis of the model

[bookmark: _Toc170668442]8.0 Limitations 
Using EFDM is  useful in solving such calculations as the heat transfer equation used in this report, here are some of the limitations.
[bookmark: _Toc170668443]8.1 Numerical method limitations
In considering the limitations of numerical methods Murthy (2002) and Ferziger (2002) highlighted the following.
[bookmark: _Toc170668444]8.1.1 Stability
The solutions are calculated at grid points based on values of previous near by points in a previous time step, including a stability criterion such as CFL ensures stability however in violating the conditions will lead to numerical instability causing uncontrollable error growth.
[bookmark: _Toc170668445]8.1.2 Truncation Error
Small errors are introduced when each derivative approximation is introduced. As approximations they introduce small errors in each step, which can lead to accumulation over time especially with longer time steps.
[bookmark: _Toc170668446]8.1.3 Grid setting
Setting the size of the grid spacing (fine) will provide much more curate results, but at the expense of computational run time. Therefore, the understanding of efficiency and accuracy must be considered.
[bookmark: _Toc170668447]8.1.4 Convergence limitations
Although applying conditions to ensure stability, this can also be a hindrance. Setting smaller time steps can increase the length of computational time, especially with much more complex expansions. Ensuring the convergence criteria is established can end the simulation once a desired level of accuracy has been met.
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Fig 5.0, Image depicting the error convergence of FDA vs CDA (.Pacheco, 2022).
In approximating mathematical procedures as used in the conversion of the HE into a linear though Taylor series expansion, this increases the chance of Truncation errors. By limiting the infinite terms in the Taylor series, that is only including the equation to the power and factoral ^3, we are indeed reducing the mathematical accuracy by not including all the other terms afterwards.
ε1 = 
Fig5.1: Use of the above equation for calculating the relative error percentage.
By using relative error calculations, we care able to quantify the accuracy of the heat transfer simulation, aiding in the development of ideal grid spacing suited to system’s needs. Calculating the absolute simulated temperature and compare with the absolute error result, deducting the two and arriving at a discrepancy error percentage. The lower the ε1 the greater the accuracy, to maximize results its recommended to repeat this at various points Moore (2023), Brenner (2008).

[bookmark: _Toc170668448][bookmark: _Toc157401948]9.0 Suggested Improvements & Future Recommendations
For this report EFDM offered a simple implementation however is limited due to the Fo < = 0.25, requiring the user to input small, limited time steps. Using such methods as implementing Finite Difference Methods involves calculating a system of linear equations at each time step, allowing for larger time steps to be used and allows for longer simulations of time. IFDM requires exceptionally more computational power compared to EFDM methods (Hirsch, 2007) 
Providing a more realistic experimental condition (where the system isn’t insulated) would demonstrate a real-world engineering problem. It is impossible to perfectly insulate an object.  Additionally real-world engineering problems do not revolve around “simple flat plates” and often are more complex geometrically and dimensionally where uniform grid structures aren’t suited. 
Limitations on coding experience and ability can severely limit the outcome, even marginal  typing errors can hinder outcomes and reduce reliability. 

[bookmark: _Toc170668449]10.0 Conclusion 
Understanding the fundamentals of heat transfer using finite difference methods can be incredibly useful in environments working with heat (heat treatment, forging and electronics). As discussed, simple geometrically insulated simulations allow for the understanding and basic use of techniques of heat transfer. However, this is a limiting factor, and more complex geometries and methods of convective heat transfer (through air) are more realistic and applicable. There is a trade off in achieving accuracy at computational expense, and achieving stability, sensitivity and accuracy analysis needs to match the scenario and computational power available. Improving coding practice would help substantially. 

[bookmark: _Toc170668450]Appendix
clc
clear  
close all

% Input given parameters of Aluminium plate dimensions metres (m)
x = 6;                                                               % X parameter domain (width) in (m).     
y = 6;                                                               % y parameter domain (height) in (m).                                

% Aluminium Plate material properties 

k = 143;                                                             % Conductivity of Alu plate  W/m.c.        
c = 795;                                                             % Specific Heat Capacity Alu plate J/kg.C.
p = 2.8*10^3;                                                        % Desnity of Alu Plate kg/m^3.
alpha = k / (p*c);                                                    % Aplha represents Thermal diffusivity of Aluminium plate m^2/s.


% Input reuired for Grid spacing 'h', Value check required.
h = input('Enter chosen grid spacing here - ');                      % User input grid spacing for 'h', nodes.
while mod(6,h) ~= 0 || h<0 || h>6                                    % Grid spacing aitment into 6 divisions.                           
    fprintf('Invalid h input  \ n');                                 % User input invalid, enter again.                    
    h = input('enter chosen grid spacing here - ' );
end


% Input required for time step value 't', value check required.
dt = input('enter chosen time step in seconds -');                   %User input time step for 'dt', input must be in seconds

% Time step input must be less than Fo 'Fo<0 | Fo>0.25 for Stability Criterion to be fulfilled

Fo= (alpha*dt) / ( h^2);
while Fo<0 || Fo>=1/4
    fprintf('Invalid time step entered \n');
    dt = input('enter chosen time step in seconds -');
end

%  Matrix dimensions
rows = (y / h) + 1;
columns = (x / h) + 1;

%  Matrix initialisation
T = zeros(rows, columns); % T is the Temp matrix, beginning with zeros.

% Inclusion of boundary conditions
for c = 1:columns
    d = (c - 1) * h;
    if d <= 2 / 3 * x
        T(1, c) = 12.5 * d;
    else
        T(1, c) = -25 * d + 150;
    end
end

% Additional Matrices for achieving thermal equilibrium
equilibrium_reached = false;
max_iterations = 1000; % SET MAXIMUM NUMBER FOR STOPPING.
for n = 1:max_iterations
    T_new = T; % Creates  new matrix for the new temperatures
 
    for i = 2:rows-1
        for j = 2:columns-1
            T_new(i, j) = Fo * (T(i+1, j) + T(i-1, j) + T(i, j+1) + T(i, j-1) ...
                               +(1 - Fo) * T(i, j));
        end
    end

%Thermal equilbrium 
    if (max(max(abs(T - T_new))) <1e-4)
 equilibrium_reached = true;
  break;

    end
% Temperature distribution of Aluminium plate
    X = 0:h:6;
    y = 0:h:6;
    [XN,YN] = meshgrid(x,y);
    Z = T;

    mesh(XN,YN, Z);
    colorbar;

    cim([0 6])
    title('Temperature distribution in Aluminium plate');
    xlabel('T(0,y,t) = 0 | T(6,Y,T)=0');
    ylabel('T(x,6,t) = f(x) | T(x,0,t) = 0');
    contour(ZN)
    break; %stop loop aftewr visualization
end

if n == max_iterations
  fprintf('Maximum iterations reached, equilibrium not achieved.\n');
end
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absorbers and emitters of radi

Heat Transfer from Extended Surface (Fin)

Heat transfer from extended surfaces, or fins, is a common heat transfer process used in
many engineering applications, such as heat exchangers, electronic cooling, and air
conditioning. Fins are thin, elongated structures that are attached to a base surface, which
can be a wall, a pipe, or a plate, and are designed to increase the surface area for heat
transfer.

Afin is a surface that extends from an object to increase the rate of heat transfer to or
from the environment by increasing convection.

‘Adding a fin to an object increases the surface area and can sometimes be an
economical solution to heat transfer problems.

Finned surfaces are commonly used in practice to enhance heat transfer. In the analysis
of the fins, we consider steady operation with no heat generation in the fin.

We also assume that the convection heat transfer coefficient h is constant and uniform
over the entire surface of the fin.

« The rate of heat transfer from a solid surface to the atmosphere is given by Q =hAA T
where h and AT are not controllable.

« So, to increase the value of Q surface area should be increased. The extended surface
which increases the rate of heat transfer is known as the fin.

Generalized Equation for Fin Rectangular fin:
do 1dids hd
a4 dc & K, dx

FAQs about Heat Transfer through Fins
What is meant by "Heat Transfer through Fins"? ~

“Heat Transfer through Fins” refers to the process of transferring heat from a hot surface to the -
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In general, a finite difference approximate to the value of some derivative of a funct
u(z) at a point z, in its dom: W/(2g) or u”(xy). relies on a suitable combination
of sampled function values at nearby points. The underlying formalism used to construct
these approximation formulae is known as the calculus of finite differences. Its development
has a long and influential history, dating back to Newton.
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Figure 5.1.  Finite Difference Approximations.

We begin with the first order derivative. The simplest finite difference approx
s the ordinary difference quotient
u(z +h) — u(z)
T
that appears in the original calculus definition of the derivative. Indeed, if u is differentiable

< u'(z) (5.1)

at z, then o/(z) is, by definition, the limit, as h — 0 of the finite difference quotients.
lly, the difference quotient measures the slope of the secant line through the
two points (z,u(x)) and (z + h, u(z + h)) on the graph of the function. For small h, this
hould be a reasonably good approximation to the slope of the tangent line, u'(z), as
illustrated in the first picture in Figure 5.1. Throughout our discussion, h, the step s
which may be either positive or negative, is assumed to be small: | h| < 1. When h > 0,
(5.1) is referred to as a forwand difference, while h < 0 yields a backward difference
How close an approximation is the difference quotient? To answer this question, we
sume that u(z) is at least twice contimuously differentiable, and examine its first order
lor expansion
u(z + h) = u(z) + u'(x) h+ Ju"(€) h? (5.2)
at the point z. We have used the Cauchy form for the remainder term, [7,129], in which
€. which depends on both z and h, is a point lying between z and z + h. Rearranging
(5.2), we find
u(z +h) —u(x)
h
Thus, the error in the finite difference approximation (5.1) can be bounded by a multiple
of the step size:

u'(z) = §u"(€) h.

u(z +h) — u(z)
n

where ¢ u”(€) | depends on the magnitude of the second derivative of the function
over the interval in question. Since the error is proportional to the first power of h, we

¢ that the finite difference quotient (5.1) is a first order approximation to the derivative
u/(x). When the precise formula for the error is not so important, we will write

W (x)| < Chl.
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Figure 5.1.  Finite Difference Approximation:

We begin with the first order derivative. The simplest finite difference approxi
is the ordinary difference quotient

u(z +h) — u(z)
T
that appears i ginal calculus definition of the derivative. Indeed, if u is differentiable
at z, then v/(z) is, by definition, the limit, as h — 0 of the finite difference quotien
Geometrically, the difference quotient measures the slope of the secant line through the
two points (z, u(x)) and (z + h, u(z + h)) on the graph of the function. For small 4, t
should be a reasonably good approximation to the slope of the tangent line, u/(x), as
ated in the firs wre in Figure 5.1. Throughout our discussion, h, the step size,
which may be either positive or negative, is assumed to be small: | h| < 1. When h > 0,
(5.1) is referred to as a forward difference, while h < 0 yields a backward difference.
How close an approximation is the difference quotient? To answer this question, we
sume that u(z) is at least twice continuously differentiable, and examine its
Taylor expansion

u'(x)

u(z + h) = u(z) + o' (x) h+ Fu"(§) h*
at the point z. We have used the Cauchy form for the remainder term, [7,129], in which
€. which depends on both z and h, is a point lying between z and z + h. Rearranging

(5.2), we find

u(z +h) —u(z

— W(x) = 4" () h

Thus, the error in the finite difference approximation (5.1) can be bounded by a multiple
of the step size:
u(z + h) — u(z)
0

where ' = max 4 | u”(€) | depends on the magnitude of the second derivative of the function
over the interval in question. Since the error is proportional to the first power of h, we
ay that the finite difference quotient (5.1) is a first order approximation to the derivative
u/(x). When the precise formula for the error is not so important, we will write

- w(@)|<Clhl,

W(z) w +0(h)
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Figure 2: North boundary’s temperature profile.

The initial and boundary conditions are summarised in figure 3.

T(x,6,t) = f(x)

Aluminium Plate
T0,y,)=0

Initial Domain Condition :
T=0°C

-«
T(x,0,)=0
x

Figure 3: Initial and boundary conditions schematic.
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The grid spacing / and the time step At should be the choice of the user of the model.

T(6,7,t) =0

The code will be tested against the following analytical solution of the temperature at thermal equilibrium (Daileda

R.C.,2012),

450 & (3D naex,  memey
TGy =7 nZ; aninh(n-n)'s'“( 3 ) - sinn ( 3 )

You must complete the computational model in Matlab based on the EFDM and considering the aforementioned

initial and boundary conditions.

The code must achieve the following,
a. Define the platc dimensions and propertics.
b, Ask the user to choose the grid spacing.

¢, The code should prevent the user to enter a grid spacing that does not comply with the dimensions of the

plate.
d. Ask the user to choose a time step.
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—+— Forward scheme *  Discuss model limitations Stabillity criterion/Truncation errors/round off errors/Look into
1o-2{ —=— Central scheme Von newmann for reduction methods and considerations
L In this two-dimensional problem the Von Neumann analysis is applied by use of the Fourier method
£ w0 (Fo number). It is used within the application of linear constant coefficient finite difference formulas
in rectangular grid formats (Trefethen, 1994).It is used for ensuing characteristic results in terms of
0 amplification factors that the Fo stability must lie within. Any slight deviations in stability will cause
10710 growth and fluctuation errors in final answers of solutions. In conjunction with stability issues, round
off errors are an accumulative inconvenience that can arise with computational calculations. Within
1072 107 10 10~ 107 1077 10° " " - P
h the realms of this assignment, as ‘h’ value nears zero, that is the mesh size reduces which can aid in
approximation. On finite difference methods the FDA is used for simplicity and speed of solving,
Figure 2: Convergence of forward and central finite difference schemes. however for good accuracy the degradation in the convergence of FDA is when value ‘h’ near the
value 1078, Furthermore, a number further away from this demonstrates greater deviation in errors
Exercise. Now, try yourself to derive similar estimates for the central approximation size (.Pacheco, 2022)
— h) — 2u(a) h
i )~ 2u(@) +u(e +h)
2
Knowing that this scheme is O(h2), for what order of h should the rounding errors become relevant?
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Figure 2: North boundary's temperature profile.

“The initial and boundary conditions are summarised in figure 3
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Figure 3 Intsl and boundary conditons schematic.
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“The grid spacing h and the ime step At should b the choice of the user of the model.

“The code will be tsted against the following analytial slution of the temperatue at thermal equilibrium (Daileda
RC.2012),

‘You must complete the computationsl model in Mailab based on the EFDM and considering the aforementioned
initial and boundary conditions.

“The code must achieve the following,
a. Definethe plate dimensions snd propertis.
b Ask the user to choose the gridspacing.
. The code should prevent the user 1o enter & grid spacing that does mot comply with the dimensions of the
plate.
4 Askthe user to choose a time stp.
. The code should make sure that the sabilty erierion is ulfilled.
£ Calculate and display the temperatures t every mode of the plate a cach time step.
& The programme should stop when thermal cquilibrium is reached and return th tme rsult.
b Compare the numerical result agains the anlytical solution,
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