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[bookmark: _Toc167131145]Introduction 
This report will aim to cover different aspects that go into the creation of a feedback control system. A control system is a collection of electrical or mechanical components that use control loops to govern other components or systems. (Kirvan, 2023)

In many sectors, control systems play a crucial role in distribution and manufacturing. Technology related to automation is important to these systems. Industrial control systems, such as supervisory control and data acquisition systems, and distributed control systems, are examples of the control loop types that govern these activities. One type of controller that are used are PID controllers. (Kirvan, 2023)






















[bookmark: _Toc167131146]PID control
A PID controller can be split up into three separate modes. These modes being:
Proportional mode
Integral mode
Derivative mode

[bookmark: _Toc167131147]Proportional (P) control: This part modifies the process's output according to the error that exists between the process variable (PV) and the setpoint at the moment. The magnitude of the applied correction increases with the mistake. (apmonitor, 2023)

[bookmark: _Toc167131148]Integral (I) control: This part modifies the result by taking into account the cumulative mistake over time. It can increase the control system's stability and aid in the elimination of steady-state error. (apmonitor, 2023)

Derivative (D) control: This part modifies the output according to the error's rate of change. Although it enhances the stability of the control system and reduces oscillations, it is frequently left out since PI control is adequate. Excessive output changes and measurement noise can be caused by the derivative term. In order to obtain a more accurate estimate of the process variable rate of change, filters are essential. (apmonitor, 2023)


PID controllers make for more than 50% of industrial controllers. While many were analogue at first, the majority today employ computers and digital transmissions. Controller parameters can be explicitly obtained when the mathematical model of the system is accessible; otherwise, they have to be found empirically through tuning, which maximises efficiency and reduces inaccuracy. (James Bennett, n.d.)
Process reaction curves and trial-and-error are two popular tuning techniques. In the event that a system model is not available, the traditional techniques Cohen-Coon and Ziegler-Nichols are employed. While Cohen-Coon is utilised for open-loop systems, Ziegler-Nichols may be applied to both closed- and open-loop systems. In contrast to open-loop systems, which do not compare input and output, closed-loop systems employ feedback control. (James Bennett, n.d.)


The PID algorithm is:


· u is the control signal
· ε is the difference between the current value and the set point.
· Kc is the gain for a proportional controller.
· τi is the parameter that scales the integral controller.
· τd is the parameter that scales the derivative controller.
· t is the time taken for error measurement.
· b is the set point value of the signal, also known as bias or offset.
(James Bennett, n.d.)
The ultimate gain, or empirically established controller gain, is defined as Ku and provides steady and persistent oscillations for closed loop systems. The corrected controller gain, denoted as Kc, can be entered into the equation above using either the Cohen-Coon or Ziegler-Nichol’s technique. As seen below, Ku is determined empirically by beginning with a modest value of Kc and moving higher until stable oscillations are produced. If the gain is too low, as seen below, the output signal will be damped and finally reach equilibrium following the disruption. (James Bennett, n.d.)














[bookmark: _Toc167131149]block diagrams and signal flow graphs.

A control system can often be represented by a Block diagram, however whilst this is a good visualization of a system it can prove hard to work on when trying to apply it to the masons gain formula. To combat this the system is converted from a block diagram to a signal flow graph. Below is an example of converting a block diagram to signal flow graph in order to apply the masons gain formula.
[image: A diagram on a piece of paper

Description automatically generated]

The top sketch in the image is the block diagram representation of a system.
R(s) is the input.
C(s) is the output.
The green G(s) are the gains in the system.
The red H(s) are the feedback in the system.
The circles with X (Ꚛ) in them are summing points.
The lower drawing in the image above is the accompanying signal flow diagram for the system. Signal flow diagrams are made to make a system less complex when analysing and applying the masons gain formula.

[bookmark: _Toc167131150]Masons gain for a system.
Mason's gain formula offers a graph-theoretic approach to determining a control system's gain (msoe, n.d.). 
Samuel Mason created the technique, known as Mason's Gain Formula in the early 1950s to analyse interconnected analogue systems. (Lyons, 2009) 
The masons gain formula is represented by:

However, before the formula can be used there are a few variables that need to be defined.
N = total number of forward paths
Pi = gain of the ith forward path
Δ = 1- (the sum of all individual loop gains + the sum of pairs of 2 non touching loops)
Δi = 1-(loop gains not touching the forward path)
(geeksforgeeks, 2024)

Next is to look at the signal flow diagram and identify the gains, forward paths, loops, etc (geeksforgeeks, 2024).










Forward paths – these are the paths that goes from the input node to the output node. (geeksforgeeks, 2024)
 

Forward path gains – these are the gains along the forward path.  (geeksforgeeks, 2024)
 

Individual loops – these are the paths where the signal loops and will terminate on the same node it starts.  (geeksforgeeks, 2024)
 
 
 
 

Individual loop gains – these are the gains along each individual loop  (geeksforgeeks, 2024)
 
 
 
 

Non touching loops – these are the loop pairs that do not share any common nodes with each other.  (geeksforgeeks, 2024)
 
 
 


Since there are no loops that do not touch the forward path:
  
Additionally, there are no second forward path so:
 

Now that all the gains have been found they can be put into the masons gain formula:





















[bookmark: _Toc167131151]What is state space modelling?
State space models are a way for engineers to tray and predict what a system will do through simulation. Instead of using one or more nth-order differential or difference equations to describe a system, state-space models use state variables to describe a system by a set of first-order equations. The model is called a linear state space model if the set of first-order differential equations is linear in the input and state variables. (mathworks, n.d.)
Because the linear state-space model structure just needs the model order, n, to be specified, it is a viable option for rapid estimate. The number of delayed inputs and outputs utilised in the associated difference equation is related to, but not always equal to, the model order, which is an integer equal to the dimension of x(t). Although they are not measured in an experiment, state variables x(t) can be reconstructed from the measured input-output data. (mathworks, n.d.)






















[bookmark: _Toc167131152]Example of state space modelling 
A system has been provided as shown by:
[image: ]
Before the system can be converted to a state space model, the system needs to be represented as a transfer function:
First the forward path gains need to be put together.


Second the feedback needs to be combined with the gains.




Third the transfer function can be found by removing the (s+1) on the bottom of the fraction by multiplying the equation.


Finally expand the brackets on the denominator of the equation

It is now time to convert the transfer function to state space model.
first write the denominator as a characteristic equation of the form:

This is represented in state space form as
The state equation will be  (lpsa, n.d.):

And the output equation will be  (lpsa, n.d.):

So the state space model for the system is  (lpsa, n.d.):





Another system has been provided that needs to be converted to state space model.



To do this the same steps are used as the example previously and so the state space model for this system is  (lpsa, n.d.):





[bookmark: _Toc167131153]Root locus 
When designing a control system there are a number of aspects that need to be taken into account. These factors are whether the system is stable and how the system will behave. An analysis of what methods must be put in place to tune a systems performance. These are all things that performing a root locus analysis on a system can help with. 
The Root Locus Plot displays the roots of the closed-loop system's characteristic equation for every value of a system parameter, often the gain, but you can use any other openloop transfer function variable. With this technique, the designer may forecast how changing the gain value OR adding open-loop zeros and/or poles will affect the closed-loop pole locations.  The ability to generate the closed-loop system's root loci manually and using a computer (such as MatLab) is a MUST for a designer. The ability to manually sketch the root loci is invaluable for immediately obtaining a general notion of the root loci and for interpreting computer-generated root loci. (Craig, n.d.)
Below is an example of root locus.
The system that has been provide is:
[image: ]













First thing to do is Identify the poles and zeros (W.Bolton, 1998):



The top of the fraction will be the zeros and the bottom will be the poles. In this case there are no zeros and 3 poles that would be needed to make s = 0 (W.Bolton, 1998):
Zeros= no zeros
Poles= -2, -3,-4

Next the asymptotes and their angles need to be found (W.Bolton, 1998).
Since there are three poles and zero zeros, there will be asymptotes at:


The angles of the asymptotes are given by (W.Bolton, 1998):

Then substitute K with 0, 1, 2, 3… until the angles start repeating (W.Bolton, 1998).
The angles for this instance are:
θ = 60°, 180° and 300°

The next step is to calculate the intersection of the asymptotes (W.Bolton, 1998)
The equation for this is (W.Bolton, 1998):



Now it is time to determine breakaway and break in points (W.Bolton, 1998)







This can now be put through the quadratic equation to find the breakaway points (W.Bolton, 1998)

Only -2.4 is feasible. 














Now that everything has been found the root locus can be plot (W.Bolton, 1998)

Green – angles of the asymptotes
Red – poles
Blue – root locus intersecting at the break away point.

[image: ]





Now the value of k that makes the system unstable can be determined. 
To find the value of k that makes the system unstable, we need to find when the root locus crosses the imaginary axis. For this system, due to symmetry, it is easier to determine the value of k through the Routh-Hurwitz criterion or through solving for values directly from the characteristic equation (javatpoint, n.d.).

The characteristic equation of the closed-loop system is  (javatpoint, n.d.).:




Using Routh-Hurwitz to check for stability  (javatpoint, n.d.).:
      
For stability, all elements in the first column must be positive  (javatpoint, n.d.).



So the system will become unstable if k is greater of equal to 192.







A second system has been provided that is represented by:
[image: ]
For this equation a similar process to before will be followed.
First thing to do is Identify the poles and zeros  (W.Bolton, 1998):



Zeros= no zeros
Poles= -1-2j, -1+2j, -2

Next the asymptotes and their angles need to be found  (W.Bolton, 1998).


The angles of the asymptotes are given by  (W.Bolton, 1998):

The angles for this instance are  (W.Bolton, 1998):
θ = 60°, 180° and 300°




The next step is to calculate the intersection of the asymptotes  (W.Bolton, 1998).
The equation for this is:



Determine breakaway and break in points  (W.Bolton, 1998).







This can now be put through the quadratic equation to find the breakaway points.  (W.Bolton, 1998)










Plot the root locus  (W.Bolton, 1998)
Green – angles of the asymptotes
Red – poles
Blue – root locus intersecting at the break away point.

[image: ]










Now the value of k that makes the system unstable can be determined. 
The characteristic equation of the closed-loop system is  (javatpoint, n.d.):




Using Routh-Hurwitz to check for stability  (javatpoint, n.d.):
      
For stability, all elements in the first column must be positive  (javatpoint, n.d.)
















[bookmark: _Toc167131154]Bode diagrams & Nichol’s chart.
Resonant frequency, gain, phase margin, and the system's poles and zeros are among the many interdependent parameters that are frequently used to characterize linear feedback circuits. To design the system for stability and maximum operational range, these interdependent parameters can be analysed collectively. There are several ways to visualize these numbers; the two most common ways are Bode diagrams and Nichols charts. (community, n.d.)

What are bode diagrams/plots?
Bode plots are a method of describing a liner time-invariant systems’ frequency response. It is often used in control systems as a method of analysing the systems stability. A bode plot will display how a system response to sinusoidal inputs of varying frequencies. (P.K. Rajan, 2005)
Example:
[image: A graph of a function

Description automatically generated]
(swarthmore, n.d.)



In a bode plot, the x-axis typically represents frequency, usually on a logarithmic scale, while the y – axis represents either magnitude (measured in decibels) or phase angle (measured in degrees) of the systems output (tutorialspoint, n.d.). 

The bode plot provides valuable insight into the behaviours of a system across different frequencies. We can use it to analyse stability, gain margin, phase margin, bandwidth and response frequency. By examining the plot, we can determine how the system responds to different input frequencies and adjust its parameters to achieve the desired performance of the system (kollmorgen, n.d.). 
The plot consists of two separate graphs: one for magnitude and one for phase. These graphs allow us to easily identify important characteristics of the system, such as gain, attenuation, resonance frequencies and phase shift. (kollmorgen, n.d.)
Additionally bode plots facilitate the design and analysis of control systems which we can use to design controllers that stabilize a system, ensuring it behaves predictably.  By comparing the bode plot of the open loop system to the closed loop system we can assess stability and design appropriate compensators to achieve desired system behaviour. (kollmorgen, n.d.)














What is Nichol’s chart
Nichols charts are a method used to analyse the closed loop frequency response of a feedback system and identifying whether it is stable (oreilly, n.d.). 
The original Nichols chart, reprinted from the 1947 textbook by James, Nichols, and Phillips (Malchano, 2004) 
[image: Nichols chart of frequency response - MATLAB nichols]
(electrical4u, 2024)
In order to use a Nichols chart there are 2 different types of loci you need to identify. M-circles represent the constant magnitude loci and N-circles represent the phase angle Loci. But since these plots provide information with less manipulation, the constant M and constant N circles in the gain phase plane are ready for system design and analysis. (electrical4u, 2024)






Advantages of a Nichols chart:
· Since the Nichols chart is based on the Nyquist plot the whole information is concentrated in one curve. This means that there are no calculations required and no knowledge of higher mathematics needed.
· Nichols plot on complicated circuits are easier to interpret than a Nyquist plot because it represents the Nyquist curve when unfolded onto the left half-planes.
· Necessary changes made to the circuit are more clearly obvious due to the gain and phase margins being able to be directly read.
· Only a vertical shift is needed for gain changes due to the logarithmic vertical scale.
(Seibt, 2014)
despite the large number of advantages that Nichols charts have there are some disadvantages. One of which is that Nichols charts can come with a lack of clarity around the frequency of the response. (Ellis, 2012)















[bookmark: _Toc167131155]Conclusion 
Whilst control systems from an outside view may seem daunting and extraordinarily complex, there are a number of methods that have be created in order to assist with the analysis and design of these control systems.  This report has given a brief introduction into the possible uses of these methods and how they play out. Despite this there are still a large number of methods that have been excluded from this report and the uses of the ones that have can be greatly expanded on.
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