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Question One (30 marks) 

a. A series RLC circuit has the following total impedance in the Laplace domain: 

 

𝑍(𝑠) = 2𝑠 +
1000

𝑠
+ 6  

Determine the values of the resistor R, inductor L and the capacitor C in the circuit. 

 

[5 marks] 

Solution  

The general form of the impedance for a series RLC circuit in the Laplace domain is: 

𝑍(𝑠) = 𝑅 + 𝑠𝐿 +
1

𝑠𝐶
 

The expression 2𝑠 +
1000

𝑠
+ 6  can be separated into three distinct terms: 

1. The term  2𝑠 is the 𝑠𝐿 term (inductive term). 

2. The term 
1000

𝑠
  corresponds to the capacitive term  

1

𝑠𝐶
. 

3. The constant term 6 corresponds to the resistor R. 

 

∴ 𝐿 = 2𝐻  
1

𝐶
= 1000      

 ∴    𝐶 =
1

1000
 𝐹   

 

𝑅 = 6 Ω 

𝑻𝒉𝒖𝒔, 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒐𝒏𝒆𝒏𝒕 𝒗𝒂𝒍𝒖𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒆𝒓𝒊𝒆𝒔 𝑹𝑳𝑪 𝒄𝒊𝒓𝒄𝒖𝒊𝒕 𝒂𝒓𝒆: 𝑹 = 𝟔, 𝑳 = 𝟐𝑯, 𝑪 =
𝟏

𝟏𝟎𝟎𝟎
 𝑭     

 

 

b. Compute the Laplace transform of the given functions: 

[10 marks] 

i. 3𝑒3𝑡 cos(2𝑡) +𝑡2 + 0.75 

ii. sin(4𝑡) 𝑒𝑡 + 5𝑒−3𝑡 

iii. 𝑒2𝑡(3 − 𝑡2) +
3𝜋

2
 

iv. 𝑡 cosh(2𝑡) + 𝑒−2𝑡 

v. 𝑒2𝑒−4𝑡 𝑡3 − 3𝑒𝑡 sin(𝑒2𝑡) 



3 
 

Solution 

i. 𝐿{3𝑒3𝑡 cos(2𝑡) +𝑡2 + 0.75} = 3.
𝑠−3

(𝑠−3)2+4
+

2

𝑠3 +
0.75

𝑠
 

 

ii. 𝐿{sin(4𝑡) 𝑒𝑡 + 5𝑒−3𝑡} =
4

(𝑠−1)2+(4)2 +
5

𝑠+3
 

 

 

iii. 𝐿 {𝑒2𝑡(3 − 𝑡2) +
3𝜋

2
} =  𝐿 {3𝑒2𝑡 − 𝑡2𝑒2𝑡 +

3𝜋

2
} 

=
3

𝑠 − 2
−

2

(𝑠 − 2)3
+

3𝜋

2𝑠
 

 

iv. 𝐿{𝑡 cosh(2𝑡) + 𝑒−2𝑡} =  
2𝑠

(𝑠2+4)2
+

1

𝑠+2
 

 

v. 𝐿{𝑒2𝑒−4𝑡 𝑡3 − 3𝑒𝑡 sin(𝑒2𝑡)} = 𝑒2 3!

(𝑠+4)4 − 3.
𝑒2

(𝑠−1)2+(𝑒2)2 

 

=
6𝑒2

(𝑠 + 4)4
−

3𝑒2

(𝑠 − 1)2 + 𝑒4
 

[10 marks] 

c. A series RL circuit, as shown in Figure 1, is connected to an exponential voltage 

source 𝑣(𝑡) = 80𝑒−10𝑡𝑣𝑜𝑙𝑡𝑠 for 𝑡 ≥ 0.  The circuit contains a resistance 𝑅 = 4 𝛺 and 

an inductance 𝐿 = 0.5𝐻. 

The switch is closed at 𝑡 = 0. The circuit is described by the following differential 

equation: 

𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 = 𝑣(𝑡) 

Using the Laplace transform method, determine the current 𝑖(𝑡) 𝑓𝑜𝑟 𝑡 ≥ 0, assuming 𝑖(0) =
0. 

[15 marks] 

 

 

 

 

 

Figure 1 

𝑣(𝑡) = 80𝑒−10𝑡𝑣𝑜𝑙𝑡𝑠 

𝑅 = 4 𝛺 

𝐿 = 0.5 𝐻 
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Solution 

𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 = 𝑣 

0.5
𝑑𝑖

𝑑𝑡
+ 4𝑖 = 80𝑒−10𝑡                                 [𝟏]  

0.5 ℒ[
𝑑𝑖

𝑑𝑡
] + 4 ℒ[𝑖] = 80 ℒ[𝑒−10𝑡] 

0.5 𝑠𝐼(𝑠) − 𝑖(0) + 4𝐼(𝑠) =
80

𝑠 + 10
                          [𝟑] 

0.5 𝑠𝐼(𝑠) + 4𝐼(𝑠) =
80

𝑠 + 10
 

 

𝐼(𝑠){0.5 𝑠 + 4} =
80

𝑠 + 10
                           [𝟐] 

𝐼(𝑠) =
80

(0.5𝑠 + 4)(𝑠 + 10)
                                        [𝟐] 

 

𝐼(𝑠) =
160

(𝑠 + 8)(𝑠 + 10)
 

160

(𝑠 + 8)(𝑠 + 10)
=

𝐴1

(𝑠 + 8)
+

𝐴2

(𝑠 + 10)
                          [𝟐] 

 

160 = 𝐴1(𝑠 + 10) + 𝐴2(𝑠 + 8) 

𝑠 = −10 

160 = 𝐴1(−10 + 10) + 𝐴2(−2) … … … . 𝑨𝟐 = − 𝟖𝟎                    [𝟏] 

𝑠 = −8 

160 = 𝐴1(−8 + 10) + 𝐴2(−8 + 8) … … … . 𝑨𝟏 = 𝟖𝟎                           [𝟏] 

𝐼(𝑠) =
160

(𝑠 + 8)(𝑠 + 10)
=

80

(𝑠 + 8)
+

−80

(𝑠 + 10)
                 [𝟏] 

𝐼(𝑠) =
80

(𝑠 + 8)
−

80

(𝑠 + 10)
 

𝒊(𝒕) = 𝟖𝟎𝒆−𝟖𝒕 − 𝟖𝟎𝒆−𝟏𝟎𝒕                                 [𝟐] 
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Question Two (30 marks) 

a. Determine the fundamental frequency of the following signals: 

 

i. 𝑥(𝑡) =  2 + 3 cos(0.2𝑡) + cos(0.25𝑡 +
𝜋

2
 ) + 4 cos(0.3𝑡 − 𝜋)  

[3 marks] 

ii. 𝑥(𝑡) =  1 + 10 cos (2𝜋(60)𝑡 +
𝜋

8
) + 2 cos(2𝜋(300)𝑡 +

𝜋

4
) 

[2 marks] 

Solutions 

 

i. 𝑥(𝑡) =  2 + 3 cos(0.2𝑡) + cos(0.25𝑡 +
𝜋

2
 ) + 4 cos(0.3𝑡 − 𝜋)  

Frequencies are:   

𝜔1 = 0.2 𝑟𝑒𝑑/𝑠𝑒𝑐 

𝜔2 = 0.25 𝑟𝑒𝑑/𝑠𝑒𝑐 

𝜔3 = 0.3 𝑟𝑒𝑑/𝑠𝑒𝑐 

The greatest common divisor is   0.05 𝑟𝑒𝑑/𝑠𝑒𝑐 

∴  𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒚 𝝎𝟎 = 𝟎. 𝟎𝟓 𝒓𝒆𝒅/𝒔𝒆𝒄 

ii.  

𝑥(𝑡) =  1 + 10 cos (2𝜋(60)𝑡 +
𝜋

8
) + 2 cos(2𝜋(300)𝑡 +

𝜋

4
) 

 

𝑓1 = 60  𝐻𝑧 

𝑓2 = 300  𝐻𝑧 

∴     𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒚 𝒇𝟎 = 𝟔𝟎 𝑯𝒛 

 

b. Figure 2 below shows the waveform graph of a periodic square wave 𝑓(𝑥), defined by 

the following piecewise function:  

𝑓(𝑥) = {
1          𝑖𝑓 − 𝜋 ≤ 𝑥 < 0
0          𝑖𝑓     0  ≤ 𝑥 < 𝜋

     

And the function is periodic with  𝑓(𝑥 + 2𝜋) = 𝑓(𝑥). 

Write down the real Fourier series expression for 𝑓(𝑥), explicitly including the first five non-

zero terms. 

[25 marks] 
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Figure 2 

 

Solution 

𝑓(𝑥) =
𝑎𝑜

2
+ ∑[𝑎n cos 𝑛𝑥 

∞

𝑛=1

+ 𝑏n sin 𝑛𝑥 ] 

 

𝑎𝑜 =
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥

𝜋

−𝜋

 

 

𝑎𝑜 =
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥

0

−𝜋

+
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥

𝜋

0

 

𝑎𝑜 =
1

𝜋
∫ 1 𝑑𝑥

0

−𝜋

+
1

𝜋
∫ 0 𝑑𝑥

𝜋

0

 

 

𝑎𝑜 =
1

𝜋
[𝑥]−𝜋

0 + 0  

𝑎𝑜 =
1

𝜋
(0 − (−𝜋) 

𝑎𝑜 =
1

𝜋
(0 − (−𝜋)) 

𝑎𝑜 =
1

𝜋
(𝜋) 

 

∴ 𝒂𝒐 = 𝟏 

[7 marks] 

 

 

𝑎n =
1

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥

𝜋

−𝜋

 

𝑎n =
1

𝜋
∫ 𝑓(𝑥) 𝑐𝑜𝑠 𝑛𝑥 𝑑𝑥

0

−𝜋

+
1

𝜋
∫ 𝑓(𝑥) 𝑐𝑜𝑠 𝑛𝑥 𝑑𝑥

𝜋

0

 

 

𝝅 2𝝅 -𝝅 -2𝝅 
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𝑎n =
1

𝜋
∫ 1 𝑐𝑜𝑠 𝑛𝑥 𝑑𝑥

0

−𝜋

+
1

𝜋
∫ 0 𝑐𝑜𝑠 𝑛𝑥 𝑑𝑥

𝜋

0

 

=
1

𝜋
([

sin 𝑛𝑥

𝑛
]

−𝜋

0

) 

 

=
1

𝑛𝜋
([𝑠𝑖𝑛 𝑛𝑥]−𝜋

0 ) 

 

=
1

𝑛𝜋
[𝑠𝑖𝑛 0 − 𝑠𝑖𝑛(−𝑛𝜋)] 

=
1

𝑛𝜋
[0 + 𝑠𝑖𝑛(𝑛𝜋)] 

=
1

𝑛𝜋
[0 +0] 

 

𝒂𝐧 = 𝟎 

[7 marks] 

 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥

𝜋

−𝜋

 

Integration will be performed in two parts from 0 to 𝜋 and from 𝜋 to 2𝜋 

𝑏n =
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥

0

−𝜋

+
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥

𝜋

0

 

=
1

𝜋
∫ 1 sin 𝑛𝑥 𝑑𝑥

0

−𝜋

+
1

𝜋
∫ 0 sin 𝑛𝑥 𝑑𝑥

𝜋

0

 

=
1

𝜋
[(−

𝑐𝑜𝑠 𝑛𝑥

𝑛
)]

−𝜋

0

 

=
−1

𝑛𝜋
[(𝑐𝑜𝑠 𝑛𝑥)]−𝜋

0  

 

= −
1

𝑛𝜋
(1 − 𝑐𝑜𝑠(−𝑛𝜋) 

 

𝒃𝒏 =
−𝟏

𝒏𝝅
(𝟏 − (−𝟏)𝒏) 

 

𝒃𝒏 =
−𝟏

𝒏𝝅
(𝟏 − (−𝟏)) =

−𝟐

𝒏𝝅
    𝒇𝒐𝒓 𝒏 𝒐𝒅𝒅 

 

𝒃𝒏 =
−𝟏

𝒏𝝅
(𝟏 − (𝟏)) = 𝟎   𝒇𝒐𝒓 𝒏 𝒆𝒗𝒆𝒏 

 

[7 marks] 

 

𝑓(𝑥) =
𝑎𝑜

2
+ ∑[𝑎𝑛 cos 𝑛𝑥 

∞

𝑛=1

+ 𝑏𝑛 sin 𝑛𝑥 ] 
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𝑎𝑜 = 𝟏              𝒂𝒏 = 𝟎               𝒃𝒏 = −
𝟏

𝒏𝝅
(𝟏 − (−𝟏)𝒏) 

 

 

The Fourier series up to the first five non-zero terms is: 

 

𝑓(𝑥) = (
1

2
) −

2

𝜋
(𝑠𝑖𝑛(𝑥) +

1

3
𝑠𝑖𝑛(3𝑥) +

1

5
𝑠𝑖𝑛(5𝑥) +

1

7
𝑠𝑖𝑛(7𝑥) +

1

9
𝑠𝑖𝑛(9𝑥) … ) 

 

[4 marks] 

Question Three (20 marks) 

For the circuit shown in Figure 3, determine: 

a. The Thevenin equivalent circuit with respect to terminals A and B. 

[10 marks] 

b. The load impedance ZL that maximizes the power drawn. 

[3 marks] 

c. The maximum average power. 

[7 marks] 

 

Figure 3 

 

Solution 

a. Thevenin equivalent circuit with respect to terminals AB. 

  

     𝑉𝑇ℎ = (
8 − 𝑗6

(8 − 𝑗6) + 4
)  10∠0° 

     𝑉𝑇ℎ = (
8 − 𝑗6

12 − 𝑗6
 ) 10∠0° 

     𝑉𝑇ℎ = (
10 ∠ − 36.9°

13.42 ∠ − 26.6°
 ) 10 ∠0° 
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     𝑉𝑇ℎ = (0.74 ∠ − 10.3°)10 ∠0° 
 

     𝑽𝑻𝒉 = 𝟕. 𝟒 ∠ − 𝟏𝟎. 𝟑°   𝑽                  [ 𝟓]      

 

 

𝑍𝑡ℎ =
4 (8 − 𝑗6)

4 + 8 − 𝑗6
+ 𝑗5  

 

𝑍𝑡ℎ =
32 − 𝑗24

12 − 𝑗6
+ 𝑗5  

 

𝑍𝑡ℎ =
40∠ − 36.9° 

13.4∠ − 26.6° 
+ 𝑗5  

 

𝑍𝑡ℎ = ( 3 ∠ − 10.3°) + 𝑗5 

 

𝑍𝑡ℎ = 2.95 − 𝑗0.54 + 𝑗5 

𝒁𝒕𝒉 = 𝟐. 𝟗𝟓 + 𝒋𝟒. 𝟒𝟔    Ω     𝒐𝒓   𝒁𝒕𝒉 = 𝟓. 𝟑𝟓 ∠𝟓𝟔. 𝟓°     Ω                   [ 𝟓]             

 

b. The load impedance ZL that maximize the power drawn. 

 

 

𝑍𝐿 𝑓𝑜𝑟 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑝𝑜𝑤𝑒𝑟   

 

𝑍𝐿 = 𝑍𝑡ℎ
∗  = 2.95 − 𝑗4.46    Ω   𝑜𝑟         5.34  ∠ − 56.6°                 [ 3]             

 

c. The maximum average power. 

 

𝐼 =
7.4 ∠ − 10.3°   

2.95 + 𝑗4.46 + 2.95 − 𝑗4.46
 

 

𝐼 =
7.4 ∠ − 10.3°   

5.9 
=

7.4 ∠ − 10.3°   

5.9 ∠0°
= 1.25 ∠ − 10.3°     𝐴  

 

𝑰 =  𝟏. 𝟐𝟓 ∠ − 𝟏𝟎. 𝟑°     𝑨                    [ 𝟒]             

 

𝑃𝑎𝑣𝑔 𝑚𝑎𝑥 = 𝐼2𝑍𝐿  

 𝑃𝑎𝑣𝑔 𝑚𝑎𝑥 =
1

2
(1.25)2(2.95) 

 

𝑷𝒂𝒗𝒈 𝒎𝒂𝒙 = 𝟐. 𝟑𝟎𝟒   𝑾                                                  [𝟑]         
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Question Four (20 marks) 

a. In the UK, three-phase systems are often configured as either star (Y) or delta (Δ). 

When dealing with motor loads, it is common for the motor to start in star 

configuration and then be switched to delta configuration after reaching a specific 

speed to provide higher torque. 

Consider the star-connected load in Figure 4 below with the following impedance: 

  𝑍𝐴 = 10 + 𝑗6 Ω 

  𝑍𝐵 = 8 + 𝑗4 Ω 

  𝑍𝐶 = 12 + 𝑗8 Ω 

 

Provide the equivalent delta network impedance in both Polar and Cartesian (Rectangular) 

forms. 

 

Figure 4 

 

[10 marks] 
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Solution  

 

𝑍1 =
𝑍𝐴𝑍𝐵 + 𝑍𝐵𝑍𝐶 + 𝑍𝐶𝑍𝐴

𝑍𝑩
 

 

𝑍1 =
(10 + 𝑗6)(8 + 𝑗4) + (8 + 𝑗4)(12 + 𝑗8) + (12 + 𝑗8)(10 + 𝑗6)

(8 + 𝑗4)
 

𝑍1 =
(80 + 𝑗40 + 𝑗48 − 24) + (96 + 𝑗64 + 𝑗48 − 32) + (120 + 𝑗72 + 𝑗80 − 48)

(8 + 𝑗4)
 

𝑍1 =
(56 + 𝑗88) + (64 + 𝑗112) + (72 + 𝑗152)

(8 + 𝑗4)
 

𝑍1 =
192 + 𝑗352

8 + 𝑗4
 

𝑍1 =
400.96∠61.39°

8.944∠26.57°
 

𝒁𝟏 = 𝟒𝟒. 𝟖𝟑∠𝟑𝟒. 𝟖𝟐° 

𝒁𝟏 = 𝟑𝟔. 𝟖𝟎 + 𝒋𝟐𝟓. 𝟔𝟎  Ω 

[5] 

𝑍2 =
𝑍𝐴𝑍𝐵 + 𝑍𝐵𝑍𝐶 + 𝑍𝐶𝑍𝐴

𝑍𝑨
 

 

𝑍2 =
(10 + 𝑗6)(8 + 𝑗4) + (8 + 𝑗4)(12 + 𝑗8) + (12 + 𝑗8)(10 + 𝑗6)

(10 + 𝑗6)
 

𝑍2 =
(80 + 𝑗40 + 𝑗48 − 24) + (96 + 𝑗64 + 𝑗48 − 32) + (120 + 𝑗72 + 𝑗80 − 48)

(10 + 𝑗6)
 

𝑍2 =
(56 + 𝑗88) + (64 + 𝑗112) + (72 + 𝑗152)

(10 + 𝑗6)
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𝑍2 =
192 + 𝑗352

(10 + 𝑗6)
 

𝑍2 =
400.96∠61.39°

11.66∠30.96°
 

𝒁𝟐 = 𝟑𝟒. 𝟑𝟗∠𝟏. 𝟗𝟖° 

𝒁𝟐 = 𝟑𝟒. 𝟑𝟕 + 𝒋𝟏. 𝟏𝟗  Ω 

[3] 

𝑍3 =
𝑍𝐴𝑍𝐵 + 𝑍𝐵𝑍𝐶 + 𝑍𝐶𝑍𝐴

𝑍𝒄
 

 

𝑍3 =
(10 + 𝑗6)(8 + 𝑗4) + (8 + 𝑗4)(12 + 𝑗8) + (12 + 𝑗8)(10 + 𝑗6)

(12 + 𝑗8)
 

𝑍3 =
(80 + 𝑗40 + 𝑗48 − 24) + (96 + 𝑗64 + 𝑗48 − 32) + (120 + 𝑗72 + 𝑗80 − 48)

(12 + 𝑗8)
 

𝑍3 =
(56 + 𝑗88) + (64 + 𝑗112) + (72 + 𝑗152)

(12 + 𝑗8)
 

𝑍3 =
192 + 𝑗352

(12 + 𝑗8)
 

𝑍3 =
400.96∠61.39°

14.42∠33.69°
 

𝑍3 = 38.48∠1.82° 

𝑍3 = 38.46 + 𝑗1.22  Ω 

[2] 

 

b. A periodic voltage source is represented by the waveform: 

𝑣(𝑡) = 300 cos(2π120t) + 100 cos(4π120t)  𝑉 , 

and is applied across a circuit. The resulting current through the circuit is given by the 

Fourier series: 

𝑖(𝑡) = 15 cos(2𝜋120𝑡 − 30°) + 5 cos(6𝜋120𝑡 + 60°) 𝐴 

Determine: 

 

i. The rms values of both the voltage and the current.   

[4 marks] 

ii. The real (average) power delivered to the circuit and the power factor of the circuit.  
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[6 marks]  

Solution     

i.  

𝑣(𝑡) = 300 cos(2π120t) + 100 cos(4π120t)  𝑉  

𝑖(𝑡) = 15 cos(2𝜋120𝑡 − 30°) + 5 cos(6𝜋120𝑡 + 60°) 𝐴 

The rms value of the voltage. 

Vrms = √V𝑜
2 + ∑(

𝑉n
2

2
)

∞

n=1

= √0 +
3002

2
+

1002

2
= 𝟐𝟐𝟑. 𝟔𝟎𝟕 𝐕                        [𝟐] 

The rms value of the current, 

 Irms = √𝐼𝑜
2 + ∑(

𝐼𝑛
2

2
)

∞

𝑛=1

  = √0 +
152 + 52

2
= 𝟏𝟏. 𝟏𝟖𝟎 𝐀                 [𝟐] 

 

ii.  

The power absorbed by the load.   

𝑃𝑎𝑣 = 𝑉0𝐼0 + ∑
𝑉𝑛𝐼𝑛

2

∞

𝑛=1

cos ∅𝑛 − 𝜃𝑛 

𝑃𝑎𝑣 = 0 +
(300)(15)

2
cos(30°) + 0 = 𝟏𝟗𝟒𝟖. 𝟓𝟓𝟕 𝐖               [𝟑] 

The power factor of the load. 

 

𝑆 = 𝑉 𝑟𝑚𝑠 × 𝐼 𝑟𝑚𝑠 = 223.607 ×  11.180 =  2499.926 𝑉𝐴 

𝑝𝑓 =
𝑃

𝑆
=

1948.557

2499.926 
  

𝒑𝒇 = 𝟎. 𝟕𝟕𝟗.                  [𝟑] 

 

 

 

End 


