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Question One (30 marks)

a. A series RLC circuit has the following total impedance in the Laplace domain:

1000
Z(s) = 25+T+6

Determine the values of the resistor R, inductor L and the capacitor C in the circuit.

Solution

[5 marks]

The general form of the impedance for a series RLC circuit in the Laplace domain is:

1
Z(s)=R+sL+—
sC

The expression 2s + @ + 6 can be separated into three distinct terms:

1. Theterm 2s is the sL term (inductive term).
2. Theterm wsﬂ corresponds to the capacitive term é
3. The constant term 6 corresponds to the resistor R.

~ L =2H
1
E=1000
1
C:mF
R =60

Thus, the component values in the series RLC circuitare:R = 6,L = 2H,C =

b. Compute the Laplace transform of the given functions:

i. 3e3tcos(2t) +t%+ 0.75
ii. sin(4t) et + 5e73t
i, e2(3-t3)+>
iv.  tcosh(2t) +e 2t

V. e?e 3 — 3etsin(e?t)

1

1000 F

[10 marks]



Solution

i 3t 2 _ s-3 2,075
i.  L{3e’'cos(2t) +t* + 0.75} = 3.—(5_3)2+4 +5+=

4 5

.. . t -3t — E— _—
ii. L{sin(4t) e* +5e7°'} = G—1)2+(4)2 tis

i, L{e?(3 -1+ T} = L{3e - e + T}

3 2 3m
T s—2 (s—2)3 2s

. -2ty _ _ 2 1
iv. L{tcosh(2t) +e '} = (52+4)2 T

3! e?

2,4t 13 _ a,t civ (024)) — »2_ 3
V. L{e?e™ ¢ —3e’sin(e?t)} = e? 7 3.(5_1)2+(82)2

_ 6e? B 3e?
CsHH (s—DZtet

[10 marks]

c. Aseries RL circuit, as shown in Figure 1, is connected to an exponential voltage

source v(t) = 80e~%%yolts for t > 0. The circuit contains a resistance R = 4 2 and
an inductance L = 0.5H.

The switch is closed at t = 0. The circuit is described by the following differential
equation:

Ldi+R'— t
g tR=v®

Using the Laplace transform method, determine the current i(t) for t = 0, assuming i(0) =
0.

[15 marks]

X

t

Il
o

L=05H
v(t) = 80e~10%olts




Solution

Ldi+R'—
ac TtV

di
0.5+ 4i = 80e ™" [1]

ﬂ o —10t
0.5 L[] + 4 L[i] = 80 L[e™**"]

0.5 sI(s) — i(0) + 4I(s) =

s+10

0.5sI(s) +4I(s) = 110

80

1(s){0.5s +4} = ST 10

80
(0.55 + 4)(s + 10)

I(s) =

160
Is) = (s +8)(s+10)
160 a1 A2
G+8)(+10) (s+8) | (s+10)

160 = A1(s + 10) + A2(s + 8)

s =-10
160 = A1(—10 + 10) + A2(-2) ..........A2 = — 80 [1]
s=-8
160 = A1(—8+ 10) + A2(—-8+8) ..........A1 = 80 (1]
I(s) = 160 _ 80 N —80 1]
(s+8)(s+10) (s+8) (s+10)
I(s) = 8o 80
(s+8) (s+10)
i(t) = 80e 8 — 80e10¢ [2]



Question Two (30 marks)

a. Determine the fundamental frequency of the following signals:

i. x(t) = 2+ 3cos(0.2t) + cos(0.25t + g) + 4 cos(0.3t — )
[3 marks]
il x(t) = 1+ 10cos (2m(60)t +X) + 2 cos(2m(300)¢ + )

[2 marks]

Solutions

i.  x(t) = 2+ 3cos(0.2t) + cos(0.25t + g) + 4 cos(0.3t — )
Frequencies are:

wy = 0.2red/sec

w, = 0.25red/sec

w3 = 0.3red/sec
The greatest common divisor is 0.05 red/sec

~ fundamental frequency wy, = 0.05 red/sec
n T
x(t) = 1+ 10cos (2n(60)t + §) + 2 cos(2m(300)t + Z)

f1 =60 Hz
f, =300 Hz

fundamental frequency f, = 60 Hz

b. Figure 2 below shows the waveform graph of a periodic square wave f(x), defined by
the following piecewise function:

(1 if —m<x<0
f(x)_{O if 0 <x<m

And the function is periodic with f(x + 2m) = f(x).

Write down the real Fourier series expression for f(x), explicitly including the first five non-
zero terms.

[25 marks]



Figure 2

Solution

f(x) =%+Z[ancosnx + b, sinnx |

n=1

4= f_if(x)dx

1 (° 1 ("
ao=ELnf(x)dx+EL f(x)dx

1 (° 1"
a(’:;_[ 1dx+;j0dx
-7 0

a, ==(0-(-m)
1
a, == (m)
a, =1

1 V3
a, = Ef f(x) cosnx dx
—TT

1 (° 1"
a“:Ef f(x)cosnxdx+;f f(x) cosnx dx
-1 0

[7 marks]



T T
_ 1 [sin nx]o
T n l_,

= % ([sinnx]°,)

1 (° 1"
anz—f 1cosnxdx+—f 0cosnxdx
-7 0

1
— [sin sin(—nm)]

= % [0 + sin(nm)]

1
= —[0+0]
nrm

a,=0
[7 marks]

1 Y
b, = —f f(x) sinnx dx
TJ)_g
Integration will be performed in two parts from 0 to 7 and from 7 to 27
1 (0 1"
b, = —j f(x) sinnx dx + —j f(x) sinnx dx
T[ -7 T[ 0

1 (° 1 ("
=—j 1sinnxdx+—f 0sinnx dx
TJ)_, T Jo

- =)

-1

= —[(cos nx)]°,
nm
= _E(l — cos(—nm)

b =11 )"
n_E( _(_))

b —_1(1 ( 1))—_2 dd
n= = forno

b —_1(1 (1))=0
n= =0 forneven

[7 marks]

f(x) =%+Z[ancosnx + b, sinnx |

n=1
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1
a, =1 a,=0 bn:_ﬁ(l_(_l)n)

The Fourier series up to the first five non-zero terms is:

1N 2/ 1 1 1 1
flx) = (E) — ;(sm(x) + §sm(3x) + gsm(Sx) + ;sm(7x) + 551n(9x) )
[4 marks]
Question Three (20 marks)
For the circuit shown in Figure 3, determine:
a. The Thevenin equivalent circuit with respect to terminals A and B.
[10 marks]
b. The load impedance Z. that maximizes the power drawn.
[3 marks]
c. The maximum average power.
[7 marks]

4Q j5Q

8Q

e

E—

5B

Figure 3

Solution

a. Thevenin equivalent circuit with respect to terminals AB.

V. —( 8-J6 )1040°
Th = \(8—j6) + 4

8—j6

Vrn = (12 —j6 ) 10207
10 2 — 36.9°

13.42 2 — 26.6°

Vin = ( ) 10 £0°

8



Vpp = (0.74 2 — 10.3°)10 20°

Vin=7.42-10.3° V [5]
4(8—j6)
-~ 7 15
th=23g_j6 )
32 — j24

Zth:lz——j6+]5

;o 404 — 36.9° N
th = 13.42 — 26.6°

j5
Zn = (3 2—10.3°) + 5

Zup = 2.95 — j0.54 + j5
Z,;, =2.95+j4.46 Q or Z,;,=5.35256.5° Q

b. The load impedance Z. that maximize the power drawn.

Z; for maximum power
Z, =Zy =295—j446 Q or 5.34 £ —56.6°
c. The maximum average power.

[ 7.4 £ —10.3°
© 2.95+ j4.46 + 2.95 — j4.46

_74.-103° 7.4.,-10.3°

=5 =g = 1254-103° 4

I=1252,-10.3° A [ 4]

Pavg max — IZZL

1
Pavg max = 2 (1-25)2(2'95)

Popgmax = 2.304 W [3]



Question Four (20 marks)

In the UK, three-phase systems are often configured as either star (Y) or delta (A).
When dealing with motor loads, it is common for the motor to start in star
configuration and then be switched to delta configuration after reaching a specific

speed to provide higher torque.

a.

Consider the star-connected load in Figure 4 below with the following impedance:

Z,=10+j6Q
Zp=8+j40
Z.=12+j80Q

Provide the equivalent delta network impedance in both Polar and Cartesian (Rectangular)
forms.

Figure 4

[10 marks]
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Solution

1

2

z (10 + j6)
(80 + j40 + j48 — 24) + (96 + j64 + j48 — 32) + (120 + j72 + jBO — 48)
N (10 + j6)
, (56 + j88) + (64 + j112) + (72 + j152)
2= (10 + j6)

ZyZy + ZgZc + ZcZy
1:
Zp

7 = (10+j6)(8+j4)+ (8+j4)(12+j8) + (12 +j8)(10 + j6)
e (8 + j4)

. _ (80 +)40 + /48 — 24) + (96 + j64 + j48 — 32) + (120 + /72 + /80 — 48)

(8+j4)
, (56 + j88) + (64 + j112) + (72 + j152)
L (8 +j4)
192 + 352
17 8+j4
, 400.96,61.39°
1™ 8944,26.57°

Z, =44.83,34.82°

Z,=36.80+j25.60 ()

Zylig +Zgle+ 22y
Zz = ZA

7 (10+j6)(8+j4) + (8+j4)(12 +j8) + (12 + j8)(10 + j6)

11

[5]



192 +j352

27 (10 4 j6)
, 400.96,61.39°
27 11.66230.96°

Z; =34.39£1.98°

Z,=34.37+j1.19 Q

Zplg+ZgZc+ ZcZy
3 =
Ze

_ (104j6)(8+j4) + (8 + j4)(12 + j8) + (12 + j8)(10 + j6)
3 (12 + j8)

;. (BO+40 + 48 — 24) + (96 + j64 + j48 — 32) + (120 + /72 + /80 — 48)

3 (12 + j8)
. (56 + j88) + (64 + j112) + (72 + j152)

3 (12 + j8)

192 +j352

T (12 +8)

. 400.96,61.39°
37 14.42,33.69°

Z3 = 38.4841.82°

Zz = 38.46 +j1.22 Q

b. A periodic voltage source is represented by the waveform:

v(t) = 300 cos(2m120t) + 100 cos(4m120t) V,

and is applied across a circuit. The resulting current through the circuit is given by the

Fourier series:
i(t) = 15 cos(2m120t — 30") + 5 cos(6m120t + 60°) A

Determine:

I.  The rms values of both the voltage and the current.

12

[3]

[2]

[4 marks]
ii.  The real (average) power delivered to the circuit and the power factor of the circuit.



[6 marks]
Solution

i.
v(t) = 300 cos(2m120t) + 100 cos(4m120t) V

i(t) = 15 cos(2m120t — 30") + 5 cos(6m120t + 60°) A

The rms value of the voltage.

3002 N 1002
2 2

=223.607V 2]

ii.
The power absorbed by the load.

A
P =Volo+z " cos @, — 6,

_ ., 300)(15)

av —

c0s(30°) + 0 = 1948.557 W 3]

The power factor of the load.

S =V yms X pms = 223.607 X 11.180 = 2499.926 VA

P 1948557
Pf =5 = 3299926
pf = 0.779. 3]
End
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