DIFFERRENTIATION PRACTICE

1 a y=Inx’=2Inx
(using properties of logs)
Cdy 5 1 2

X X

Alternative method:

When y =1nf(x), dy )

f(x)
(by the chain rule)
=lnx* == dy 2? 2
dx x* x

b y=x"sin3x
Using the product rule,
Y_ x*(3cos3x)+ (sin 3x) x 2x
=3x” cos3x+2xsin3x
2 a 2y=x-—sinxcosx
Ly = i—lsinxcosx
Y 573
Using the product rule,
d 1

1
— =———(sinx(—sinx)+cosxcosx)
dx 2 2

s 2 1 2
=—+—sIn” x——cos” x
2 2 2

:l(l—cosz x)+lsin2 x
2 2

P
=—SIin " x+—Ssin" x
2 2

=sin’ x

x 1.
b y=———sinxcosx
2 2

Y _gin?x

2
3x—)2}:25inxcosx=sin2x

2
At points of inflection d—); =0

1.e. sin2x=0

2x=m,2n or 3n

T 3n
X=—,T or —
2 2
T T
Whenx=—, y=—
2’ Y 4
n d’y 3n d’y
Atx=—,—->0; atx=—ry, —2<0
3 dx 4 dx
d’y . . n
So —=- changes sign either side of x = —
dx 2
Whenx:n,y:g
3n d° 5t d°
Atx:—n,d—J;<0;atx 2 dJ; 0
dx 47 dx

2
So )2} changes sign either side of x ==
dx

Whenx:'?’—ﬂ,y:?’—Tt
2 4

5m d’y

2
Atx= 9V 0 atx=TE Yy
4 dx

2

2
So jx—J; changes sign either side of x :%

Hence the points of inflection are

T 7 nj (37: 37[)
—,— |, | m,— | and
(2 4) ( 2 2 4
















DIFFERRENTIATION PRACTICE


Y

dx

b

a

_sinx

X
Using the quotient rule:

xcosx—sinxxl1

2
X

_ Xcosx—sinx

X

y=1In 21 =Inl-In(x*+9)
X +9

=—In(x*+9)

(by the laws of logarithms)

Using the chain rule:

d 1 2x
aygz—g
fx)= 42
£1(x) = (x +2)x1—-xx2x _ 2-x
(x> +2)° (x> +2)°

The function is increasing when f'(x) >
ie 2_—)62 >

S (x*+2) g

<2

-2<x<\2

Hence f(x) is increasing on the interval

[k, k] where k = V2.

0

b

a

F(x) = “2x(x* +2)* —4x(x> +2)(2—-x%)
(x* +2)*
2x(x” +2)(~(" +2)-2(2-x"))
(x> +2)*
3 2x(x* +2)(x* = 6)
(x> +2)*

f"(x) changes sign when the numerator
2x(x* +2)(x* —6) is zero
ie.at x=0andx=+/6

+/6

where y=0and y = ——
Y )

Points of inflection are

(0, 0) and (J_r 6, i%}

f(x)—121nx+x% x>0

12 3 . 12 3
fi)=—+2x ==+ x

f(x) 1s an increasing function when
f'(x)=>0

Asx >0, 2+%\/; is always positive.
X

.. f(x) is increasing for all x > 0.

12 3 . 12 3
f"(X)=——+=x =
) x> 4 x 4\/—

At a point of inflection f"(x)=0

123
x° 4\/;
12 3

¥ adx
x* =16vx

ol

x> =16
= 3256
f(%/256) =121n(256)" +256*

=4In256+16

=4In2*+16=32In2+16
Coordinates of the point of inflection are

(¥256,321n2-+16)







6 y=cos’x+sinx

d )
—y=—2cosxs1nx+cosx
dx

=cosx(l—2sinx)
At stationary points % =0
cosx(1-2sinx)=0

) 1
cosx =0 or smx:E

Solutions in the interval (0, 27wt] are

T T S5n; 3n
x=—,—,— and —

6 2 6 2

T 3 1 5
X=—=>y="rt—==

6 4 2 4
x=2oy=

> y

Sn 31 5
X=—=Dy=—+—=—

6 4 2 4
x—3—n: =-1

> y

So the stationary points are
EOV(E Q) (2% 2) and [ 2F, -
6 4 2 6 4 2

7 y=x+/sinx = x(sin x)%

dy 1 . _1 . 1
— =xx—(sinx) 2cosx+(sinx)? x1
™ 2( ) (sinx)

1 . -1 .
zz(smx) *(xcosx+2sinx)

At the maximum point % =0

%(sin x) (xcosx+2sinx)=0

. xcosx+2sinx=0
1

v/sin x

Dividing through by cos x gives

(as (sin x)_% = #0)

x+2tanx=0

So the x-coordinate of the maximum point
satisfies 2tanx+x =0.

a

a

f(x) — eO.Sx _x2

f'(x)=0.5¢">* —2x

£(6) =—1.957...<0
£(7)=2.557..> 0

As the sign changes between x = 6 and
x=7and f'(x) is continuous, f'(x)=0
has a root p between 6 and 7.

Therefore y = f(x) has a stationary point at
x=pwhere 6 <p<7.

f(x)=e"" sin2x

f'(x) = e’ (2c0s 2x) +sin 2x(2e*")

=2e>*(cos 2x +sin 2x)
At turning points f'(x) =0

2e¢*(cos2x +sin2x) =0
cos2x+sin2x=0

sin2x =—cos2x

Divide both sides by cos2x:

tan2x = -1

2x:3—no 7—“
4 4
3t Tn

SX= 2 or ry (in the interval 0 < x < m)

3n

3n 1 =
Whenx=—,y=—¢*

NG

Tn 1
Whenx=—,y=——=¢"*

87T\

So the coordinates of the turning points

are 3—nLe%ﬂ and 7—H—Le%ﬂ
82 8 2 )







9 b f'(x)=2e""(cos2x+sin2x)

f"(x) = 2e”*(—=2sin 2x + 2 cos 2x)
+4e™ (cos 2x +sin 2x)
= e’ (—4sin 2x +4cos2x
+4cos2x+4sin2x)

=8e* cos2x
3n
c f" 3—n =Se4cos3—n
8 4

3n 3n
=8¢+ (—gj =—4J2¢* <0

[3 1 34} :
S| —,—F—=¢€ 1S a maximum.
8" \2

2

] ]
=8e* L\/EJ:A/Ee“ >0

: 7—n —Le%{ 1S a minimum

AR )

d At points of inflection f"(x)=0
8e* cos2x =0

cos2x=0

3n 3n

Whenxz3—n,y=e7sin—n:—e2
4 2

Points of inflection are

T 3 3n 37"
—,e? |and | —,—e? |.
4 4

10 y=2e"+3x"+2
d—)}:26)‘+6x
dx
Whenx =0, y=4 and d—y:2
dx
Equation of normal at (0, 4) is
1
-4=—=(x-0
y ;=0
2y-8=—x

or x+2y—-8=0

11a fx)=3Inx+rt
X

, 3 1
f'(x)=———
X x
. . dy
At a stationary point — =0
dx
1
———=0
X X
3x-1=0
1
X=—
3

So the x-coordinate of the stationary
: 1
oint P1s —
P 3
b Atthe point O, x=1soy=1f(l)=1

The gradient of the curve at point Q is
f')=3-1=2

So the gradient of the normal to the curve

o1
atQis ——
0 2

Equation of the normal at Q is

1
—l=——(x-1
y 2( )

. 1
Le. y=——x+—
4 2 2







12a Let f(x)=e> cosx

Then f'(x) =e”*(—sin x) + cos x(2e”")

=e”*(2cos x —sin x)
Turning points occur when f'(x) =0

e”(2cosx—sinx) =0

sin x =2cos x
Dividing both sides by cosx gives
tanx =2

b When x=0,y=f(0)=¢"cos0=1

The gradient of the curve at (0, 1) is
f'(0)=¢e"(2-0)=2

This is also the gradient of the tangent
at (0, 1).

So the equation of the tangent at (0, 1) is
y—1=2(x-0)
y=2x+1

13a x=)"Iny

Using the product rule:
g:yz (1]+lnyx2y:y+2ylny
dy y
dy 1 1
b —_— =
d« dxr  y+2ylny
dy
Wheny=e,
dy _ 1 1

dx e+2elne=£

14a f(x)=(x-2x)e™"

15a

16 a

£/(x) = (x* = 2x)(—e ) + (3x> —2)e

=e (=X +3x* +2x-2)

When x =0, f'(x)=-2
Gradient of normal is 1
.. equation of normal to the curve at the
origin is

1
a
This line will intersect the curve again
when
1 3 _
—x=(x"-2x)e "
5 ( )
1=2(x"-2)e™"
e =2x" -4
2%’ =e" +4
f(x) =x(I1+x)Inx=(x+x")Inx
f'(x) = (x+x2)><l+lnx><(1+2x)

X
=1+x+(1+2x)Inx

At minimum point 4, f'(x) =0

I+x+(1+2x)Inx=0
(1+2x)Inx=-(1+x)
I+x

1+2x
So x-coordinate of 4 is the solution to

I+x

the equation x =e '*2*

Inx=-

x=4t-3, y:%:&‘z
Q:4’ d—y:—16t‘3
dt dt

dy
dy_q 16" _ 4
dx dx 4 £

dt







16 b When ¢ = 2, the curve has gradient
dy -4 1

& 2 2
.. the normal has gradient 2.

Also, whent=2,x=5and y =2,
so the point 4 has coordinates (5, 2).

.. the equation of the normal at 4 is

y—2=2(x-5)
le. y=2x-8

17 x=2t, y=t’

& ¥y

dt dt

ol

Y
dx

At the point P where ¢ = 3, the gradient of

the curve is d_y =3
dx

.. gradient of the normal is —%

Also, when ¢ = 3, the coordinates are (6, 9).

.. the equation of the normal at P is

1
—9=——(x—6
y 3( )

ie. 3y+x=33

18 x=¢, y==’
& 3o By

de " dr

dy
dy_ a2t _2

dr  dx 32 3
dr

At the point (1, 1) the value of #is 1.

.". the gradient of the curve is %, which is

also the gradient of the tangent.
.. the equation of the tangent is

2
—1=Z(x-1
y 3)( )

1e —2x+—
L.y 353

19 a x=2cost+sin2t, y=cost—2sin2¢

=-2sint+2cos 2t

dr
d—y=—sint—4cos2t
t

b dv g¢  —sint—4cos2t

dv  dx  _2sinz+2cos2t

-4-0
Whent:E, d_y: =
4 dx -++40

s

S
| -







19 ¢ The gradient of the normal at the point

P where ¢ =% is 2.

The coordinates of P are found by

o T . .
substituting ¢ = 1 into the parametric

equations:

2
x=—+

L y=—2
NN}

.. the equation of the normal at P is

Aot

y—i+2:—2x+2\5+2

NG

. 5v2
1Le.y+2x=——

2
202 x=2t+3, y=£— 4

At point 4, where ¢ =—1,
x=1andy=3.

.. the coordinates of 4 are (1, 3).

E=2, Y3y
dr dr

Cdy 3’4

U dx 2

At the point 4, & = 1
dx 2

.. gradient of the tangent at 4 is —%
Equation of the tangent at 4 is

-3= L (x-1)
4 2

2y—6=—x+1
ie. 2y+x=7

b The tangent line / meets the curve C at
points 4 and B.

Substitute x =2¢+3 and y =¢> — 4¢ into
the equation of /:

20 —46)+(2t+3)=7
28 —6t=4
£ =3t-2=0

Atpoint 4, t=—-1,s0 ¢t=—1is aroot of
this equation, and hence (¢ + 1) is a factor
of the left-hand side expression.

£=3t-2=0+)(t*—t-2)
=(+D)(+D)(r-2)
=2(t+1)*(t-2)

So line / meets the curve C at t =—1
(repeated root because the line is tangent
to the curve there) and at 7 = 2.

Therefore, at point B, ¢ = 2.

21 The rate of change of V' is CL—V
t

d—V ocV
dr

i.e. d—V =—kV
de

where k is a positive constant.
(The negative sign is needed as the value
of the car is decreasing.)

22 The rate of change of mass is 11%
t

where k is a positive constant.
(The negative sign represents /oss of mass.)







23 The rate of change of pondweed is ;E
t

The growth rate is proportional to P:

growth rate oc P

i.e. growth rate = kP
where £ is a positive constant.

But pondweed is also being removed at a
constant rate Q.

dpP
T growth rate — removal rate
dp
= —kP-—
dr 9

24 The rate of increase of the radius is %
t

dr 1 .
Lo —, as the rate is inversely
de r

proportional to the radius.

Hence i = ﬁ

de r
where k is the constant of proportion.

25 The rate of change of temperature is a9
t

do
S.o—oc (00,
v ©-6,)

. do
ie. — =-k(0-6,),
5 - KO-6)

where £ is a positive constant.
(The negative sign indicates that the

temperature is decreasing, i.e. loss
of temperature.)

26a x=4cos2t, y=3sint

The point 4 (2, %j is on the curve, so
. 3
4cos2t=2 and 3sint =5

cos2t:l and sinz,‘:l
2 2

The only value of 7 in the interval

—g <t <g that satisfies both equations

is g Therefore ¢ =% at the point 4.

= —8sin 2¢, d—);:3cost

dr dr

.dy _ 3cost
T dx  -8sin2¢
3cost

~ 16sintcost
(using a double angle formula)

B 3
16sint

3
=——cosect
16

¢ Atpoint 4, where ¢ =

2

T
6

& e
Il
|
|

.. gradient of the normal at A4 is g

Equation of the normal is

3 8
—Z=2(x-2
Y3 3( )

Multiply through by 6 and rearrange
to give:

6y—9=16x-32

6y—16x+23=0







26d To find where the normal cuts the curve,
substitute x =4cos2t and y =3sint into

the equation of the normal:

6(3sint)—16(4cos2¢)+23=0
18sint—64cos2t+23=0
18sint —64(1—2sin’¢)+23=0
(using a double angle formula)
128sin’ 1 +18sint —41=0

) 1. ) .
But sint = E is one solution of this

equation, as point 4 lies on the line and on
the curve. So

128sin’ 7 +18sint —41
=(2sint—1)(64sint +41)

2 (2sint—1)(64sint+41)=0

Therefore, at point B, sint = _%

.. the y-coordinate of point B is
41 123
3| —— |=——
64 64
27 a x=asin’t, y=acost

dx ) d )
— =2asintcost, & —asint
dr dt

dy —asint -1
So—= - = =——sect
dx 2asintcost 2cost 2

b AsP (%a, %a) lies on the curve,

. 3 1
asin“t=—a and acost=—a
4 2
sint = i—3 and cost :l
2 2
The only value of ¢ in the interval

0L g that satisfies both equations

is g Therefore ¢ =§ at the point P.

Gradient of the curve at point P is

1 T
——sec—=-1.
2 3

.. equation of the tangent at P is

—la = —l(x—éa]
7 4

1
——a=-x+—a
Y 2 4

Multiply equation by 4 and rearrange
to give

4y+4x=>35a

Equation of the tangent at C is
4y+4x=>5a

AtA,x:o:yz%a

AtB,y:O:>x:5—a
4
2
AreaofAOB:l S_a zéaz,
2\ 4 32
25

which is of the form ka? with k = >







2x 2y _
28x=(t+1)2,y=%t3+3 30 ¢ +e = xy

Differentiate with respect to x:

d e 2 2e +2e7 L = x Ly yxi
de " dx

3.

—1 2
L. d—y: 2 = 3t Zezyd—y—xd—y=y—262x

dx  2(t+1) 4(t+1) dx  dx
dy 3x4 262 dy _ 762
When =2, == =1 (Ze —x)a—y— ¢
4x3

.. gradient of the normal at the point P, dy _Y- 2¢e™
where 1 =2, is —1. dx 2e* —x
The coordinates of P are (9, 7). 31 y’+3x° —x’ =3
. equation of the normal is Differentiate with respect to x:
y=T=-1x-9) > dy dy 2 2
y—T=—x+9 3y a+(3xx2ya+y x3j—3x =0
iLe.y+x=16

, , (3y2+6xy)d—y:3)c2—3y2
29 5x* +5y° —6xy =13 dx

Differentiate with respect to x: Cdy 3(x*—yY) _ X' =y”

Tde 3y(y+2x)  p(y+2x)

dy dy j
10x+10y——-6| x—+y |=0
ydx ( dx 7

Turning points occur when % =0
(10y—6x)%=6y—10x -y
4 610 y(y+2x)
Ly _by—lux 2_ .2
T dr 10y—6x e
x=xy

At the point (1, 2)
Whenx=y, y°+3y° -y’ =3
dy 12-10

1
dx 20-6 14 7

503)°=3

y=1 and hence x =1

. .1
So the gradient of the curve at (1, 2) is 5 Whenx=—y, y*=3y° +)° =3

so -y’ =3

y= =3 and hence x = —3/-3

.". the coordinates of the turning points are

(1, 1) and (—3/-3, /=3).

10








32a (1+x)2+y)=x"+)’

Differentiate with respect to x:

(1+x)(%}+(2+y)(1) :2x+2y%

dy
I+x-2y)—=2x-y-2
( y)dx y

Ldy  2x-y-2
Cdx 1+x-2y

b When the curve meets the y-axis, x = 0.

Substitute x = 0 into the equation of
the curve:

24y=9y"

ie.y’—y-2=0

(y=2)(y+1)=0
y=2or y=-1

d 0-2-2

At (0,2), ==
dx 1+0-4

4
3

At & _0+1=2_ 1
dx 1+0+2 3

¢ A tangent that is parallel to the y-axis

has infinite gradient.

. dy 2x-y-2
dx 1+x-2y

Fo to be infinite,

the denominator 1+x—-2y =0,

lLe.x=2y-1

Substitute x =2y —1 into the equation of
the curve:

(1+2y-D2+y)=2y-1)" +)’
2y +4y=4y" —4y+1+)°
37 =8y +1=0

e 8+\/64—-12  4+413

6 3

y_4+\/§ x_5+2\/ﬁ
3 0T

3

When

When

4-J13  5-2J13
y= » X =
3 3
.". there are two points at which the
tangents are parallel to the y-axis.

(5+2\/B 4+\/BJ
re 3 , and

They a
Y 3

(5—2\/3 4—\/5].

3 3

1"







33 7x> +48xy -7y +75=0

Implicit differentiation with respect to x
gives

14x+48[xd—y+y)—l4yd—y =0
dx dx

dy
48x —14y) = = —14x—48
( y)d)C y

. dy  —14x-48y  Tx+24y
T dx 48x—14y  Ty-—24x

9

When d_yzi
dx 11

Tx+24y 2

Ty—24x 11
14y —48x =T7x+264y
125x+250y =0
“x+2y=0

So the coordinates of the points at which the
gradient is % satisfy x+2y =0,

which means that the points lie on the line
x+2y=0.

34 y=x"
Take natural logs of both sides:
Iny=Inx"
In y=xInx (using properties of logarithms)
Differentiate with respect to x:

1y

1
=xx—+Inxxl1
y dx X

=1l+Inx
dy
So—=y(+1nx
= ¥ )
But y=x"

dy
So—=x"(+1n
dx x *)

35a a"=e"
Take natural 1ogs of both sides:

Ing* =Ine"
xlna=kx

As this is true for all values of x, £ =1na.
b Taking a =2,

y=2"=¢" where k =In2
Y = ke =(n2)e"?* =2"In2
dx

¢ At the point (2, 4), x = 2.

.. gradient of the curve at (2, 4) is
dy 2 4
—=2"In2=4In2=In2" =1Inl6
dx

36 a P=P,(1.09)
Take natural logs of both sides:

In P =1In(B(1.09) )

=In P, +1In(1.09)
=InF +¢In1.09

S tIn1.09=InP-InF,

P
tzlnP—lnPO or ln(,,o)
In1.09 In1.09

b When =T, P=2F,.

Substituting these into the expression in
part a gives

_ In2
In1.09

=8.04 (3 5.f)

12







36¢ 42— p(1.09)(In1.09)
dr
When ¢t =T, P=2P, so (1.09)" =2

Hence % = P,(1.09)" (In 1.09)

=Fx2x1In1.09
=0.172F, (3 s.f.)

37a y=In(sinx)

d—y:cosxx
dx

=cotx

Sin x

At a stationary point % =0

T
cotx=0 = x=—
(in the interval 0 < x < m)

Whenx=£,y=ln sin~ |=In1=0
2 2

.. stationary point is at (%, Oj.

2
b 3;2} = —cosec’x
cosec’x=———>0 forallO<x<m
sin” x
2
jx); <0 forall0<x<m

Hence the curve C is concave for all
values of x in its domain.

38a m=40e "
After 9 months, = 0.75, so
m= 40 e—0.244><0.75 — 40 e—0.|83 — 33 31

b d_m = —0244x 4002 — _9 76024

dt

¢ The negative sign indicates that the mass
is decreasing.

39a f(x)=

cos2x

X

—2e"sin2x—¢* cos2x
er

£/(x) =

2sin2x +cos2x

X

e
At A and B, f'(x)=0
2sin2x+cos2x =0

2tan2x+1=0

tan 2x =—0.5

2x =2.678 or 5.820

x=1.339 or2.910

(in the interval 0 < x < 1)
x=1.339 = y=1(x)=-0.2344
x=2910 = y=1(x)=0.04874
Therefore, to 3 significant figures:
coordinates of 4 are (1.34, —0.234);
coordinates of B are (2.91, 0.0487).

The curve of y=2+4f(x—4) isa
transformation of f(x), obtained via a

translation of 4 units to the right, a stretch
by a factor of 4 in the y-direction, and then
a translation of 2 units upwards.

Turning points are:
minimum (1.34+4, -0.234x4+2) and

maximum (2.91+4, 0.0487 x4 +2),
i.e. minimum (5.34,1.06)

and maximum (6.91, 2.19).

fﬂ(x)

e (4cos2x—2sin2x)— €' (2sin 2x + cos 2x)

2x
(&

_4sin2x-3cos2x

X

e
f(x) is concave when f"(x) < 0
f"(x) =0 when

4sin2x—-3cos2x=0
tan2x:i
4

2x =0.644 or 3.785

x=0.322 or 1.893

The curve has a minimum point and hence
1s convex between these values, so it is
concave for

0<x<0.322and 1.892 < x < 7.

13







Challenge
a y=2sin2t, x= 500s(t+%j

d—y=40052t, E=—5sin t+l
dr dr 12

Cdy 4 cos 2t
55in(t+nj
12

b d—y:0 when 4cos2¢t =0
dx

n 3n Sm n
2t=—, —, — Or

22272 0 2
3 5w T

4
X

T
—, —, — or
4 4 4

(in the interval 0 < x < 2m)

yio i 5
t=—=x=5cos| — |=—
4 (3} 2

. T . . 5
and y =2sin—=2, i.e. point| —, 2
y=2sin2 =2, . point 3,2)

53

2

3n (57[}
t=—=x=5cos| — |=
4 6

53

. 3m . .
and y =2sin— =-2, i.e. point | ——, 2
r-2n 32 e poin 24, 2

St 47 5
t=—=x=5cos| — |=——
4 3 2

and y = ZSin%[ =2, i.e. point (—%, 2]

n (lln] 5\/§
t=—=x=5co0s ra =——

4 2

53

. In . .
and y=2sin—=-2, i.e. point | ——, -2
r-2sn - b g [ 32

¢ The curve cuts the x-axis when y =0,

i.e. when 2sin2t=0
2t=0,m,2n,3n, 4n
t:O,E,n,3—n,2n

2 2

t=0=x= 5COS% ~4.83, i.e. (4.83,0)

with gradient Y = 4 =-3.09
. W
Ssin—
12
T n .
t=—=>x=5cos—=-1.29, i.e. (-1.29,0)
2 12

with gradient Y = 4

t=n=x= 5cos113—2’t =483, i.e. (-4.83,0)

with gradient Y = i =3.09
dx

t=3—n:> x=500519—n=1.29, re. (1.29,0)
2 12

with gradient Y = 4 =-0.828
. 197
S5sin——
12

The curve cuts the y-axis when x = 0.

i.e. when 5 cos(t + 1) =0
12

T w 3w
t+—=—,—
12 2 2
127 12
5wt . 5w )
t=—=y=2sin—-=1, 1.e. (0,1
o= p 0,1)
d —4cos5—n
with gradient = =—— 0 -0.693
SSinE
17n . 17n )
t=—= y=2sin—=1, 1.e. (0,1
TR P 0,1
d —4cosl7—n
with gradient Y 6 0693
Ssin %
2

So the curve cuts the y-axis twice at (0, 1)
with gradients 0.693 and —0.693.
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d

5sin t+£
12

dy 4 cos 2t

%: 0 when sin(t+£j =0
dy 12

t+£:n, 2n
12

,lr 23z
12712
_lln 11w

f=—= y=2sin—=-1
12 7 6

and x = 5cos ﬁ+£ =-5
12 12

237 . 23m
t=——=y=2sin—=-1
12 6
and x = 5cos 23—n+1 =5
12 12

So points where curve is vertical are
(=5,—-1)and (5, -1).
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