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1. Cantilever with Uniformly Distributed Load: 

Determine the deflection curve equation and the maximum deflection for the cantilever carrying 

a UDL as shown in the following figure (a). 

The load w (kN/m) causes the cantilever to deflect such that its neutral axis takes up the curved 

shape shown in figure (b). 

The axis system is chosen so that the origin coincides with the free tip and where the deflection 

y is clearly maximum.  
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 The Bending Moment M at section XX is, 

 

𝑀𝑋𝑋 = −(𝑤𝑥)
𝑥

2
 

 

∴   𝑀𝑋𝑋 =
−𝑤

2
𝑥2 

 

 

Substituting for M in the differential equation for the deflection of beams we obtain, 

 

𝐸𝐼
𝑑2𝑦

𝑑𝑥2
=

−𝑤

2
𝑥2 

 

 

Integrating with respect to x gives, 

 

𝐸𝐼
𝑑𝑦

𝑑𝑥
=

−𝑤

2

𝑥3

3
+ 𝐴 

 

Where A is a constant of integration which is obtained from a known condition of slope at a 

particular value of x. 

At 𝑥 = 𝐿 we know that 𝑑𝑦 𝑑𝑥⁄ = 0, therefore, 

𝐸𝐼 × 0 =
−𝑤

2

𝐿3

3
+ 𝐴       ∴      𝐴 =

𝑤𝐿3

6
 

𝑥 w (kN/m) 
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Hence the differential equation for the deflection of beams after 1st integration can be written, 

 

𝐸𝐼
𝑑𝑦

𝑑𝑥
=

−𝑤

6
𝑥3 +

𝑤𝐿3

6
 

Integrating again gives, 

 

𝐸𝐼𝑦 =
−𝑤

6

𝑥4

4
+

𝑤𝐿3

6
𝑥 + 𝐵 

Where B is a constant of integration which is obtained from a known condition of deflection at a 

particular value of x. 

At 𝑥 = 𝐿 we know that 𝑦 = 0, therefore, 

𝐸𝐼 × 0 =
−𝑤

6

𝐿4

4
+

𝑤𝐿3

6
𝐿 + 𝐵       ∴      𝐵 =

𝑤𝐿4

24
−

𝑤𝐿4

6
=

−𝑤𝐿4

8
 

 

Hence the equation of the deflection curve of the cantilever is, 

 

𝐸𝐼𝑦 =
−𝑤

24
𝑥4 +

𝑤𝐿3

6
𝑥 −

𝑤𝐿4

8
 

That is, 

 

𝑦 =
1

𝐸𝐼
(

−𝑤

24
𝑥4 +

𝑤𝐿3

6
𝑥 −

𝑤𝐿4

8
) 

 
Equation of the deflection curve 

 

The maximum deflection 𝑦𝑚𝑎𝑥 at the free end is obtained by setting 𝑥 = 0 in the equation of the 

deflection curve. Thus, 

 

𝑦𝑚𝑎𝑥 =
−𝑤𝐿4

8𝐸𝐼
 

 

Which is clearly negative, i.e. downwards. 
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2. Simply supported beam with UDL: 

Determine the deflection curve equation and the maximum deflection at mid-span for the simply 

supported beam carrying a UDL as shown in the following figure (a). 

The load w (kN/m) causes the beam to deflect such that its neutral axis takes up the curved shape 

shown in figure (b). 

The axis system is chosen so that the origin coincides with the left tip and where the deflection y 

is zero.  
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 The Bending Moment M at section XX is, 

 

𝑀𝑋𝑋 =
𝑤𝐿

2
𝑥 − (𝑤𝑥)

𝑥

2
 

 

∴   𝑀𝑋𝑋 = −
𝑤

2
𝑥2 +

𝑤𝐿

2
𝑥 

 

 

Substituting for M in the differential equation for the deflection of beams we obtain, 

 

𝐸𝐼
𝑑2𝑦

𝑑𝑥2
= −

𝑤

2
𝑥2 +

𝑤𝐿

2
𝑥 

 

 

Integrating with respect to x gives, 

 

𝐸𝐼
𝑑𝑦

𝑑𝑥
=

−𝑤

2

𝑥3

3
+

𝑤𝐿

2

𝑥2

2
+ 𝐴 

Where A is a constant of integration which is obtained from a known condition of slope at a 

particular value of x. 

At 𝑥 = 𝐿 2⁄  we know that 𝑑𝑦 𝑑𝑥⁄ = 0, therefore, 

𝐸𝐼 × 0 =
−𝑤

2

(
𝐿
2)

3

3
+

𝑤𝐿

2

(
𝐿
2)

2

2
+ 𝐴       ∴      𝐴 =

𝑤𝐿3

48
−

𝑤𝐿3

16
      ∴      𝐴 =

−𝑤𝐿3

24
 

 

Hence the differential equation for the deflection of beams after 1st integration can be written, 

 

𝑥 w (kN/m) 

 

X 
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𝐸𝐼
𝑑𝑦

𝑑𝑥
=

−𝑤

6
𝑥3 +

𝑤𝐿

4
𝑥2 −

𝑤𝐿3

24
 

Integrating again gives, 

 

𝐸𝐼𝑦 =
−𝑤

6

𝑥4

4
+

𝑤𝐿

4

𝑥3

3
−

𝑤𝐿3

24
𝑥 + 𝐵 

Where B is a constant of integration which is obtained from a known condition of deflection at a 

particular value of x. 

At 𝑥 = 0 we know that 𝑦 = 0, therefore, 

𝐸𝐼 × 0 =
−𝑤

24
× 04 +

𝑤𝐿

12
× 03 −

𝑤𝐿3

24
× 0 + 𝐵       ∴      𝐵 = 0 

 

Hence the equation of the deflection curve is, 

 

𝐸𝐼𝑦 =
−𝑤

24
𝑥4 +

𝑤𝐿

12
𝑥3 −

𝑤𝐿3

24
𝑥 

That is, 

 

𝑦 =
1

𝐸𝐼
(

−𝑤

24
𝑥4 +

𝑤𝐿

12
𝑥3 −

𝑤𝐿3

24
𝑥) 

 
Equation of the deflection curve 

 

The maximum deflection 𝑦𝑚𝑎𝑥 at mid-span is obtained by setting 𝑥 = 𝐿 2⁄  in the equation of the 

deflection curve. Thus, 

 

𝑦𝑚𝑎𝑥 =
1

𝐸𝐼
(

−𝑤

24
(

𝐿

2
)

4

+
𝑤𝐿

12
(

𝐿

2
)

3

−
𝑤𝐿3

24
(

𝐿

2
)) 

 

∴       𝑦𝑚𝑎𝑥 =
1

𝐸𝐼
(

−𝑤𝐿4

384
+

𝑤𝐿4

96
−

𝑤𝐿4

48
) 

 

∴       𝑦𝑚𝑎𝑥 =
1

𝐸𝐼
(

−𝑤𝐿4

384
+

4𝑤𝐿4

384
−

8𝑤𝐿4

384
) 

 

𝑦𝑚𝑎𝑥 =
−5𝑤𝐿4

384𝐸𝐼
 

 

Which is clearly negative, i.e. downwards. 

 

 

 

 


