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[bookmark: _Toc30753666]Introduction
This paper will outline and evaluate an investigation into transient thermal diffusion through an aluminium plate, predicted through MATLAB, using the Finite Difference Model. The investigation will research into how changing several variables within the FDM effects the time taken for the plate to reach thermal equilibrium. From those results, the limitations of the model will be discussed, and  relevant improvements and conclusions will be drawn.
[bookmark: _Toc30753667]Aims
To develop a MATLAB script that allows the user to define variable inputs (plate dimensions, node spacings, and time steps) that will then use these inputs to calculate the time required to reach thermal equilibrium.
To Analyse the use of such a script, by providing evidence of how certain variables effect the time taken to reach equilibrium.
To provide reliable and relevant improvements to the model that could enhance the overall performance and accuracy.


[bookmark: _Toc30753668]Background Research
Mathematical Modelling of the Finite difference method can be found in a range of various applications from heat exchange, as demonstrated within this experiment, to oceanic, geological, seismic, physics and has various engineering applications.
The Explicit Finite difference method is an equation that allows the approximate simulation of 2D or 3D waves propagating through a grid system or ‘mesh’. The Mesh uses the Cartesian Coordinate systems to plot such propagation through a grid of equally spaced nodes. The node distance and time change measurements are calculated using a shortened Taylor series, which causes the approximations to the partial derivatives to develop a frequency‐dependent errors. (Igel, et al., 1995) This Method utilises the forward and central difference equations, by which, it relies on the values of past iterations, and calculates the values at the current iteration. The explicit method is considered stable if, as the solution continues forward in time, errors do not become amplified to a point of invalidity, as they are proportional to the time step and the square of the space step. (Wang & Anderson, 1995)
The Implicit Finite difference method is comparable to that of the Explicit method; however, it utilises the backwards difference equation in replacement for the forward difference used in the explicit model. This change allows the model to run without the use of a stability criterion, meaning there is no limit on grid spacing and time intervals; And whilst there are fewer overall errors present, the frequency-dependant errors are still present within the model. (Liu & Sen, 2009)
The Taylor-series gives an estimation to a least-sum-squared-error solution to a set of linear simultaneous equations, thus making it useful in solving multi-measurement, position-location problems. (Foy, 1976)

[bookmark: _Toc30753669]Methodology
[bookmark: _Toc30753670]Deriving the Explicit Finite Difference Method
The equation for Thermal Diffusion through a 2D conductive material is defined as:
        
[bookmark: _Toc30720528](4.1) 
Where α is the Thermal diffusivity of the material, and defined as:

[bookmark: _Toc30719471][bookmark: _Toc30719651][bookmark: _Toc30720312][bookmark: _Toc30720340][bookmark: _Toc30720529](4.2) 
The Taylor series is a polynomial equation, that is a series expansion of a function around a point x0:

[bookmark: _Toc30719472][bookmark: _Toc30719652][bookmark: _Toc30720313][bookmark: _Toc30720341][bookmark: _Toc30720530](4.3) 
Which, when expanded in the forward difference approximation, forms the equation:

[bookmark: _Toc30719473][bookmark: _Toc30719653][bookmark: _Toc30720314][bookmark: _Toc30720342][bookmark: _Toc30720531](4.4) 
This equation can then be rearranged to find the first derivative of the Forward Difference Approximation equation:

[bookmark: _Toc30720315][bookmark: _Toc30720343][bookmark: _Toc30720532](4.5) 
Using the backwards difference approximation, noticing the negative values, we gain the first derivative to be:

[bookmark: _Toc30720316][bookmark: _Toc30720344][bookmark: _Toc30720533](4.6) 
Combining equations (4.5) and (4.6) through addition allows the 2nd order central difference equation to be found:

[bookmark: _Toc30720317][bookmark: _Toc30720345][bookmark: _Toc30720534](4.7) 
Cancelling down the formula eliminates any odd polynomial expressions, whilst doubling the even terms:

[bookmark: _Toc30720318][bookmark: _Toc30720346][bookmark: _Toc30720535](4.8) 
Rearranging this formula for the second order derivative gives:

[bookmark: _Toc30720319][bookmark: _Toc30720347][bookmark: _Toc30720536](4.9) 

[bookmark: _Toc30720320][bookmark: _Toc30720348][bookmark: _Toc30720537](4.10)
Using equations (4.5) for temperature change and (4.10) for Node Coordinates around point p results in:

[bookmark: _Toc30720321][bookmark: _Toc30720349][bookmark: _Toc30720538](4.11)
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[bookmark: _Toc30720323][bookmark: _Toc30720351][bookmark: _Toc30720540](4.13) 

Substituting equations (4.11), (4.12) and (4.13) into equation (4.1) and rearranging:
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[bookmark: _Toc30753671]MATLAB Script
Using MATLAB, a code was generated that was able to effectively utilise the explicit finite difference method, and then return the results necessary for this investigation.  
Firstly, the material properties for aluminium are assigned to the values (K, P, C), and the value for alpha is obtained from equation (3-2).
[image: ]
[bookmark: _Toc30688252][bookmark: _Toc30718827][bookmark: _Toc30719674][bookmark: _Toc30753649]Figure 3‑1: MATLAB code lines 1-8
From Here, the code creates a dialogue box, which asks the user to input the Length (X) and Height (Y) of the plate that will be used. Once these values have been assigned, another dialogue box opens asking for the user to input the Node Spacing (H).
[image: ]
[bookmark: _Toc30688253][bookmark: _Toc30718828][bookmark: _Toc30719675][bookmark: _Toc30753650]Figure 3‑2: MATLAB code lines 9-22
Once the Node Spacing is assigned, the code will check if the spacing is acceptable, this is done using an ‘if’ statement that checks if the assigned value of H creates any remainder in either the X or Y direction. If a remainder is found in either direction, an error appears informing the user that the node spacing doesn’t fit the plate, and in which direction it is invalid.
[image: ]
[bookmark: _Toc30688254][bookmark: _Toc30718829][bookmark: _Toc30719676][bookmark: _Toc30753651]Figure 3‑3: MATLAB code lines 23-39

The code then calculates the maximum time step that can be used, without breaking the stability condition, by rearranging the Fourier equation for the time step (Δt), and using a Fourier number of 0 and 0.25, to find the mix/max respectively:

From here, another dialogue box will appear asking the user to input a time step value between the maximum and minimum. To ensure the user has inputted the correct values, the Fourier number is calculated, and an error displayed if the time step is outside of the stability condition.
[image: ]
[bookmark: _Toc30688255][bookmark: _Toc30718830][bookmark: _Toc30719677][bookmark: _Toc30753652]Figure 3‑4: MATLAB code lines 40-59
Next, a switch choice question box appears, and gives the user the choice to select the boundary condition they require. The two choices are either using the ‘static’ distribution with fixed boundaries or using the ‘gaussian distribution’ with fully insulated boundaries.
If static is chosen, the code will run through the static boundary conditions. The code starts by creating a matrix of the defined user size, which is determined by the length, width and node spacings, the addition of 1 in either direction is allow first node in the north and east direction, which would be defined as 0 distance from the edge. This matrix starts by being populated by entirely by zeros. Following that, the first column is then populated by the static temperature of T = 50, whilst the temperature along the north and south boundary are calculated to be of equal steps of ΔT from 50 down to 0. These values must be calculated to allow for plates of varying size and/or node spacing.
Following this, the Run Time is set to 0, and a second plate is created, labelled plate1, which is defined as the plate in the present time, whereas Plate is the plate in the last iteration (past).
[image: ]
[bookmark: _Toc30688256][bookmark: _Toc30718831][bookmark: _Toc30719678][bookmark: _Toc30753653]Figure 3‑5: MATLAB code lines 60-76
The code then calculates the time at this iteration, by adding the time step t, to the current time. Then, using the explicit finite difference method equation, the Temperatures are calculated across all the nodes in the second row, followed by reiterating this across all subsequent rows.
Once the first set is calculated, the code checks to see if the convergence criterion has been met. If it has not, then plate is saved as plate 1, and plate 1 is recalculated in the next run of ‘present time’. Whilst this is happening, a live contour map is plotted, showing visually how each value is changing, and how the plate is warming.
Once the convergence criterion has been met, the while loop is broken and the Run Time is displayed to the user in the form of ‘HH:MM:SS’, as well as in seconds.
[image: ]
[bookmark: _Toc30688257][bookmark: _Toc30718832][bookmark: _Toc30719679][bookmark: _Toc30753654]Figure 3‑6: MATLAB code lines 77-98
If the Gaussian distribution is selected, this code is skipped, and the following is run instead.
As before the code creates the matrix of zeros. However, this time the gaussian distribution equation is required to populate the north side of the plate with values alternating from 10 at the edges up to 100. In the case of an even distribution of nodes, the code will calculate and assign a value to each node either side of the distribution based on its distance from the centre. 
Firstly, the standard deviation ‘σ’ is found, which requires the central node to be found and the maximum temperature at the centre and minimum at the top corners. This value is then required in the gaussian equation in order to plot the distribution of temperature across the plate.
Once again, the run time is set to 0, and the addition of t to this is put within the while loop in order to show the total runtime.
[image: ]
[bookmark: _Toc30688258][bookmark: _Toc30718833][bookmark: _Toc30719680][bookmark: _Toc30753655]Figure 3‑7: MATLAB code lines 99-117
From here, an alteration to the explicit finite difference method equations used to calculate each node is required. As the plate is ‘perfectly insulated’, the code requires changes that effect which nodes are used to calculate each value in the FDM equation and calculates each node in the order below:
[bookmark: _Toc30688267][bookmark: _Toc30704344][bookmark: _Toc30718842][bookmark: _Toc30719689][bookmark: _Toc30753664]Table 3‑1: FDM variation for outer nodes
	Order
	Node position
	Required changes

	1
	Far South-West corner
	N+N+E+E

	2
	Far South-East Corner
	N+N+W+W

	3
	Far West Column
	N+S+E+E

	4
	Far East Column
	N+S+W+W

	5
	Far South Row
	N+N+E+W

	6
	Middle Nodes
	N+S+E+W


The order in which these are calculated, along with the use of ‘if’ and ‘else if’ statements allows the code to select each node individually and check how it is calculated. The order is important as to ensure the code does not calculate the node using the wrong equation.
[image: ]
[bookmark: _Toc30688259][bookmark: _Toc30718834][bookmark: _Toc30719681][bookmark: _Toc30753656]Figure 3‑8: MATLAB code lines 118-139
Once again, as before, the code calculates the values up until convergence is met, at which point the total time is displayed to the user. Alongside this a contour map is plotted, however this time it is flipped along the Y axis, to ensure the results are displayed the correct way up.
[image: ]
[bookmark: _Toc30688260][bookmark: _Toc30718835][bookmark: _Toc30719682][bookmark: _Toc30753657]Figure 3‑9: MATLAB code lines 140-159(end)














[bookmark: _Toc30753672]Results & Analysis
The MATLAB code specified above was run whilst altering three variables. Each variable was altered for 5 runs whilst keeping all other variables constant, with the plate size being kept constant throughout the experiment. The chosen plate size was 12m by 6m in the X and Y dimensions respectively. The variables altered are as follows:
[bookmark: _Toc30688268][bookmark: _Toc30704345][bookmark: _Toc30718843][bookmark: _Toc30719690][bookmark: _Toc30753665]Table 4‑1: Considered Variables
	
	Convergence Criterion/(oC)
	Node Spacing/(m)
	Time Step/(s)

	
	0.1
	0.1
	50

	
	0.001
	0.2
	100

	
	0.0001
	0.3
	200

	
	1e-4
	0.5
	400

	
	1e-5
	0.6
	600

	
	1e-6
	1
	800

	
	1e-7
	2
	900

	
	
	3
	

	Constant Node/(m)
	0.5
	N/A
	0.5

	Constant Time/(s)
	50
	38
	N/A

	Constant Convergence/(oC)
	N/A
	1e-3
	1e-3



[bookmark: _Toc30753673]Convergence Criterion
The first set of results obtained from the static boundary test, was that of the convergence Criterion. From the table above it can be seen that tests were run from a value of 0.1, up to 1e-7. 
[image: ]
[bookmark: _Toc30688261][bookmark: _Toc30718836][bookmark: _Toc30719683][bookmark: _Toc30753658]Figure 4‑1: equilibrium condition at 0.1
It can clearly be seen that operating with a Convergence Criterion of 0.1 would not be enough, as the plate is unable to reach a true equilibrium before the temperature changes become smaller than the criterion allows. Therefore, a more precise criterion is needed.
[image: ]
[bookmark: _Toc30688262][bookmark: _Toc30718837][bookmark: _Toc30719684][bookmark: _Toc30753659]Figure 4‑2: equilibrium condition at 0.01
Once again, the criterion at 0.01 does not allow enough temperature change to take place for equilibrium to occur. This again, being that the temperature changes within the plate become smaller than the criterion before equilibrium occurs.
[image: ]
[bookmark: _Toc30688263][bookmark: _Toc30718838][bookmark: _Toc30719685][bookmark: _Toc30753660]Figure 4‑3: equilibrium condition at 0.001
At 0.001, it can be said that equilibrium has occurred successfully, therefore it can be assumed that temperature changes past this point would be so small, that it would be inefficient to control the experiment to that level of accuracy, as this would also lead to massively increased run times, and thus potentially lowering the overall accuracy of the experiment as a result.

[bookmark: _Toc30688264][bookmark: _Toc30718839][bookmark: _Toc30719686][bookmark: _Toc30753661][bookmark: _Hlk30687834]Figure 4‑4: convergence criterion and its effect on time taken to reach equilibrium
The above graph clearly shows that past a value of 1e-3, the effect of a smaller criterion massively impacts the required runtime. By changing the criterion from 1e-3, to 1e-7, the time taken for the interaction to reach equilibrium increases by 419516 seconds, an increase in time of 260.7%. Therefore, the remaining experiments will be conducted with a convergence criterion of 1e-3 to ensure accurate results, without increasing the effective time considerably.
[bookmark: _Toc30753674]Node Spacing

[bookmark: _Toc30688265][bookmark: _Toc30718840][bookmark: _Toc30719687][bookmark: _Toc30753662]Figure 4‑5: Node Spacing and its effect on time taken to reach equilibrium
The effect that node spacing has on the run time until equilibrium shows small deviation at spacings below that of 0.5m, or 1/12th of the smallest length. After this point, the total time spikes in an exponential fashion, resulting in an increase of 9.57%. An outlier result can be observed at a grid spacing of 2m. This is potentially caused by the accuracy of the equation, that clearly relies on smaller grid spacings to ensure results are accurate. The increases in time taken is because the code is now looking at less interactions happening per time interval, therefor, less interactions mean each node will create a value that is less accurate.
[bookmark: _Toc30753675]Time Step

[bookmark: _Toc30688266][bookmark: _Toc30718841][bookmark: _Toc30719688][bookmark: _Toc30753663]Figure 4‑6: Time Step and its effect on time taken to reach equilibrium
The alteration of the time interval between calculation has a much smaller effect on the total run time than the other variables considered in this experiment. However, once again the graph shows that as time step is increased, and thus accuracy is lost, the total time taken to reach equilibrium increases. The time taken with a time step of 900 seconds, has an increase of 46.41% over that of the 50 second time step. Once again, as per the equation used, an increase in time step means that less interaction is occurring between each node within the same time frame, thus lowering the overall accuracy of the experiment.



[bookmark: _Toc30753676]Discussions
[bookmark: _Toc30753677]Limitations of the Model
From the results gained from the experiment, it can be said that the Explicit finite difference method has several major limitations, in the form of the variables discussed. The first being that the chosen convergence criterion has a big effect on the overall accuracy of the experiment, meaning that there is a trade-off between the accuracy of the equilibrium condition, and the overall accuracy of results obtained by the experiment. 
The other is the Fourier Number. As both the time step, and node spacing directly affect the outcome of the Fourier number, with the former providing a greater effect; Improving the overall accuracy of the experiment by decreasing the Time step, the Node Spacing must be considered also. By continuing this, the program will take significantly longer to generate a more precise value and would likely require more computing power. Therefore, providing two separate limitations, with both the upper and lower limits defined by the required accuracy of the experiments, and the amount of time and resources available to the user respectively.
One further limitation of the FDM model, is possibility of including natural boundaries (i.e. suspended in air). Without further calculations, anything other than a static or fully insulated boundary cannot be considered, as it requires further nodes outside of the plate domain that currently do not exist, as well as further interactions that differ from within the plate domain.
[bookmark: _Toc30753678]Potential Improvements
Due to the order of errors found in the explicit finite difference model, which are O(x0 , h2), it is clearly shown that the order of derivative used effects the overall accuracy of the model. Therefore, one improvement that could be made, is reducing the truncation error by increasing the polynomial order in the discretization of the plate, this error is also discussed by (Lantz, 1971) and (Alford, et al., 2012), who mentions how this error limits the use of the FDM in solving differential equations.
Alongside this, ensuring that the time steps and node spacing are kept within a smaller range; would allow for further control of the experiment; as it can be shown that node spacings kept below a threshold of 0.5m produced smaller errors than that of their larger counterparts. Therefore, by introducing an allowable range to within the code that limited user input to that of between 0.1 and 0.5m node spacing, would allow for a greater degree of accuracy.

[bookmark: _Toc30753679]Conclusions
In conclusion, the experiment was a success. The code created was able to successfully calculate and display the required outputs in an efficient way. The static boundary plots the data as expected, and returns the time taken as it should.
[bookmark: _Toc30753680]Aim 1 – The Code
The Code created successfully allows the user to alter the plate dimensions, as well as the variables considered. The program can be considered user friendly and can be run without any required prior knowledge. This is due to prompts for various inputs, as well as the code checking that these inputs are viable for the mathematics involved.
[bookmark: _Toc30753681]Aim 2 – The Results
The code successfully plotted the results necessary to conduct a full analysis. To conclude, the results all showed an obvious trend towards less accurate results being obtained from increasing the variable size. With Time Step providing the biggest user input alteration towards the run time, showing an increase in 46% between 50s and 900s, and Node spacing showing an increase of 9.57%. This highlights a problem within the Stability Criterion, that if the user wanted to increase the time step to allow the program to perform faster, the Node Spacing would potentially have to be increased, meaning that two degrees of inaccuracy are formulated instead of one.
[bookmark: _Toc30753682]Aim 3 – Model Enhancements
However, from the error present within the results, it is clear the model constructed and analysed is only an approximation towards the value, and not necessarily the true outcome. Due to truncation errors, obtained using first and second order derivatives only, a degree of error is introduced into the equations prior to any calculations. To further this, increasing time steps and node spacings to amount that are above a certain range introduce further error and provide more instability within the results obtained. Altering these outcomes should be the first step in improving the code towards a more reliably accurate outcome.
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