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1. Abstract
This paper starts with some background to sub-sections of investigated area. A quick description to traditional pianos and their digital variations give insight as to where the outcome of project proposal could be fitted. Later on, there is a short description to synthesizers and what makes them different and similar to pianos.
Interesting concept mentioned in this paper is the relationship between music and mathematics that appear to be investigated since ancient times.
In later section there is a description of terminology used in music to make clear what is the purpose of this research proposal. What is harmonic? What is sound? And so on.
Project Design section describes the fundamental requirements for the project proposal and limitations. In same section there is a description to expectations from this project and the possible benefits coming from a successful development.
Later section describes the main goal of this project and its relevant subtasks phrased using SMART guidelines.
Later Section lists the software and hardware requirements for this project and a description of research methodology intended to use.
2. Introduction
2.1. The Background
2.1.1. Piano
The piano (Figure 1) is an acoustic, stringed musical instrument which strings are being struck by a wooden hammer which in effect produces a sound. Those strings are strung on a heavy metal frame and surrounded by wooden case for protection. In front, there is a keyboard with 88 black and white keys each for different pitches (notes) that when pressed, will cause a hammer to strike the strings. After hammer bounces of the string, the string will continue to vibrate at its resonant frequency. The notes can be “sustained” with a pedal at the bottom of a piano which allows a musician to play musical passages from one note to another which would normally be impossible [1].
[image: ]
Figure 1. On the left, a grand piano and an upright piano on the right.
2.1.2. Digital Piano
The digital piano is an alternative to acoustic counterpart (Figure 1 – right hand side). Such instrument is fully digital and has no strings and it produces the sound from pre-recorded samples and often enough, it includes sound samples for more instruments including different types of guitars, violins, flutes, and so many more. The keyboard layout is the same as in acoustic piano but it can include more keys for more pitches. Additionally, it can have software embedded features such as metronome, songs, and styles which makes it great for complete amateurs to start their adventure in music [2].
2.1.3. Music Synthesizer
Music synthesizer (Figure 2) is a device made out of signal generation and modification circuits which together give artist an ability to create unique musical quality of sounds. Initially, just as in the field of electronics, they were primary composed out discrete components such as resistors, transistors, capacitors, inductors, etc. but because of that, they were also susceptible to temperature problems which reduced their reliability. These problems were solved with revolution of integrated circuits (IC) which increased reliability and reduced number of parts and shortly after, manufacturers and hobbyists began creating their own unique synthesizer systems and it became an important instrument in today’s music. The difference to regular piano is that a synthesizer provides almost absolute control over the parameters of the sound and is more suitable for artists who want to experiment with new sounds for their work [3]. [image: ]
Figure 2. Analog synthesizer manufactured by Moog Music showing the keyboard similarities to piano and parameters control board.
2.1.4. Relationship Between Music and Mathematics
The exploration of relationship between music and mathematics can be traced back all the way to ancient civilizations. Around 600 BC, in Ancient Greek, mathematics was studied for the sake of knowledge and enjoyment and so it became an art. Famous figures from these ancient times are Pythagoras, Plato and Aristotle who were clever academics and are known for their influence in detailing historic connection between music and mathematics. Pythagoreans (the followers of his religion), thought that mathematical structures were mystical and for them, numbers 1, 2, 3 and 4 were sacred. The reason to mention ancient figures is because they had believed music to be a part of mathematics.
At the time of the Renaissance (14th to 17th centuries), theoretical music was made into an independent field and no longer studied as a field of mathematics but the link between two persisted. For instance, the word ‘harmonics’ used in mathematics like ‘harmonic series’ or ‘harmonic analyses’ has its origin in music theory [5].
Most interesting concept in Music/Math relationship is the Pythagorean scale which is the oldest system of scale construction useful for this project. The idea is to take a single note and produce others related to it using whole-number ratios [4]. 
2.1.5. Terminology of Sound
2.1.5.1. Pitch
The pitch of a sound can be thought of as the same as frequency. The two are closely related but separate properties. Both frequency and pitch are the measurements for the rate of repetition of a waveform which is measured in hertz where 1Hz = 1 complete cycle per second.
The waveform of a sound is not a perfect sinewave and therefore it consists out of different frequencies at different amplitudes. When those frequencies have mathematical connection as integral multiples of a single base frequency, they are known as ‘fundamental’. The ‘harmonics’ is an integral to multiple frequencies of the fundamental frequency (Figure 3) and frequencies that are not integral multiples of the fundamental are called ‘partials’ [3].
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Figure 3. Shows pitch of a wave and its next harmonics. From the top, fundamental frequency of 1Hz, then second harmonics with frequency of 2Hz and at the bottom, fourth harmonic with frequency of 4Hz. 2 and 4 are integral multiples of fundamental frequency of 1Hz.
2.1.5.2. Dynamics
The amplitude (dynamic) characteristics are described using ‘sound envelope’ (Figure 4). This envelope is made out of three parts, the ‘attack’, a ‘sustain’ and ‘decay’. For example, the attack is the point when struck string starts to vibrate, creating sound, generally fast and high in amplitude. The sustain of a sound is when string vibrates at the average consistent level after which there is decay where string loses its energy and it is slowly dying out [3].
2.1.5.3. Timbre
Timbre, or ‘tonal characteristics’ is what makes one instrument sound different to another while playing the same pitch. It is what describes a sound variation in frequency with time. The time variance will play a vital role in duplicating instruments timbre. However, taking a ‘sound envelope’ from instrument and replicating it in synthesizer will not sound as good as original but it is still capable of achieving a very similar effect [3]. [image: ]
Figure 4. Shows an example of sound envelope for guitar string. 
3. Project Design
3.1. Title for Project Proposal: Developing Mathematical Formulas for Digital Keyboard to Synthesize Piano Sounds.

Implementing this project would first require to get familiar with musical notations at their fundamentals. More reading is possible to acquire better understand of relationship between music and mathematics to be able to produce a formula with only one variable: the fundamental frequency. The produced algorithm is meant to take into account harmonics and (possibly) partials to synthesize sound with quality of an acoustic instrument (section 2.1.5).

It is said that synthesized sound will never sound as good as an acoustic equivalent because of tonal characteristics (Section 2.1.5.3). Problem here could be analysing sound using sound envelope because it only describes amplitude over-time (time domain) and it doesn’t describe the various frequency components that define a waveform shape. In engineering, there is a method called Fourier Transform and its purpose is to move signal waveform from time domain to frequency domain which will display these missing frequencies and their amplitude on a graph. This transform can be used both ways to move back to time domain. Another problem is the sustain of a note, where frequency is at its steady state average, it will be complicated to calculate.

Another potential problem is that MATLAB, the software for engineers, requires a mid-range PC (section 4.1). The reason for that is because MATLAB will calculate things and thus it requires computational power. Having less resources than recommended for using MATLAB will certainly delay the whole project when each test will take more time to compute.

The innovation in this research project is use of mathematics to synthesize sounds where a generic digital keyboard uses pre-recorded samples (section 2.1.2). The main problem to solve here is that high number of recordings (samples) can occupy a lot of memory inside the device. The instrument of choice for tests is piano because its sound has very little variables, for example: a flute would also require to take into account air pressure coming from performers lungs.

The whole project is an attempt to combine 3 different topics: Music, Engineering, and Mathematics. The question first to answer here: is music and mathematics related? There are plenty of research paper stating that there is in fact a relationship between the two. Sub-benefit from this research would also add an engineer’s perspective for analysis of that relationship.

3.2. Objectives
The main goal of this research is to come out with new mathematical algorithms that would allow a digital keyboard to play synthesized sounds that would sound as good as acoustic piano.
Objective 1. To research and investigate fundamentals of musical symbols, notations, and their mathematical relationships.
Objective 2. To analyse series of samples of piano pitches using sound envelope (music theory) and Fourier frequency spectrum (engineering).
Objective 3. Develop mathematical algorithms from results of objective 2.
Objective 4. Integrate mathematical algorithms into MATLAB and compare resulting sound with original recordings.
3.3. Expectations
There are multiple expectations to this research proposal; the main expectation is to learn mathematics in an abstract way using music (hobby/passion). Another goal is to gain more experience using MATLAB which is a software designed specifically for engineers which will be very useful in the future. Both skills will be put to a test by analysing and developing mathematical formulas for digital pianos to synthesize sound of an acoustic piano.
4. Resources and Planning
4.1. Software
The only software that is being used in this research is MATLAB which is a desktop environment designed for iterative analysis and design processes with programming language. Creating scripts which will combine code, output and formatted text are included in Live Editor.
MATLAB is used by scientists and engineers to organize and analyse complex data from different fields. In this research project, it will focus on creating data visualizations from either of analyses (sound envelope, Fourier transform, etc.)
4.2. Hardware
MATLAB system requirements [6]:
Requirements for Windows Operating System
· Windows 10 (version 1803 or higher)
· Windows 7 Service Pack 1
· Windows Server 2019
· Windows Server 2016
Processors
Minimum: Intel or AMD x86-64 Processor
Recommended: Intel or AMD x86-64 Processor with four logical cores and AVX2 instructions set support
Disk
Minimum: 3.4GB of hard drive space and additional 5.8GB for installation
Recommended: SSD hard drive
RAM
Minimum: 4GB
Recommended: 8GB
Requirements for MAC system:
· macOS Big Sur (11)
· macOS Catalina (10.15)
· macOS Mojave (10.14)
Processors
Minimum: Intel x86-64 Processor
Recommended: Intel x86-64 Processor with four logical cores and AVX2 instruction set support
Disk
Minimum: Hard drive with 3GB of space for MATLAB and 5-8GB for typical installation
Recommended: SSD is recommended
RAM
Minimum: 4GB
Recommended: 8GB
Requirements for Linux system
· Ubuntu
· Ubuntu
· Ubuntu
· Debian 10
· Red Hat Enterprise Linux 8 (minimum 8.1)
· Red Hat Enterprise Linux 7 (minimum 7.6)
· SUSE Linux Enterprise Desktop 12 (minimum SP2)
· SUSE Linux Enterprise Desktop 15
· SUSE Linux Enterprise Server 12 (minimum SP2)
· SUSE Linux Enterprise Server 15
Processors
Minimum: Intel or AMD x86-64 Processor
Recommended: Intel or AMD x86-64 Processor with four logical cores and AVX2 instructions set support
Disk
Minimum: 3.3GB of HDD space for MATLAB and 5-8GB for a typical installation
Recommended: SSD is recommended
RAM
Minimum: 4GB
Recommended: 8GB
4.3. Testing
The results of developed algorithms will be tested in MATLAB. Testing can involve subtracting recorded waveform from synthesized one to visually display the difference between the two. Another form of validating the results is by listening to the two soundtracks and compare them.
4.4. Methodology
Objective 1 consists of a Case Study to gather data relevant to the project, including exploring historical figures and their methods of combining maths and music.
Unfortunately, those figures can’t be interviewed and therefore it would require project to gather data from existing books, journals, and research papers. 
Objectives 2 and 3 consists of experimental approach where data comes from results of different tests.
Objective 4 consists of observational trials which will be made out of a number of tests

The overall project proposal has no Ethical or Legal issues and the only risk is that the outcome result will not meet expectations.
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