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1. [bookmark: _Toc93252800][bookmark: _Toc93259637]Abstract

The aims of this experiment are to understand Macaulay’s method and how to apply it to find deflection in a uniformly distributed load. A simply supported beam experiment was setup in a laboratory and the deflection of the beam was measured using a dial indicator. Beams of different material were used to highlight the difference in material properties when a load is applied. The same data was then used with the theoretical formula to compare the difference. The theoretical formulas were inputted into excel to generate a set of data for each load point. The data from both the theory and practical experiment showed a uniform distribution of load with a few discrepancies along the trend line highlighted on the graphs. The experiment highlights that the higher a materials modulus of elasticity or young’s modulus, the less the structure designed with that material will deflect under an applied load. The experiment can be improved by mitigated human error that occurs with taking experimental measurements and incorporating more data sets to take a better average of the deflection at a certain point, this might align with the theoretical data more accurately.
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2. [bookmark: _Toc93252798][bookmark: _Toc93259638]Introduction

Buildings and certain structures have the requirement to be strong enough to withstand blast and ballistic damage. Pre-investigation tasks are implemented to understand the building structure before being built. Preliminary investigations into beam deflection can show the capacity of the load the beam can withstand and the deflection limit of the beam. This will show if the supporting structure is designed to the right specification. 
In this report, I will discuss how the Macaulay’s method is used to define the deflection in a simply supported beam. To understand how the method is used we must first look at the Euler-Bernoulli beam theory to see how the double differentiation method (Macaulay’s) is used to understand all moments of loading in a single equation.
An experiment into the deflection caused from an applied load will be setup in a laboratory and results will be produced. The chosen beams for the experiment will vary in material properties to see if there is a change in deflection with the same applied load.

3. [bookmark: _Toc93252799][bookmark: _Toc93259639]Aims and Objectives

· To demonstrate and describe Macaulay’s Method
· To conduct beam deflection tests on beams of different material
· Compare experimental results with the calculated results

4. [bookmark: _Toc93252801][bookmark: _Toc93259640]Background Theory

The Macaulay’s method is sometimes referred to as the ‘Double Integration Method’. In this method, a section of the beam is selected from the far-left hand side of the support. In this, a systematic calculation of bending moment is done at this section. Macaulay’s method uses the double integration concept to get slope and deflection respectively.
To fully understand Macaulay’s method, you must first incorporate the Euler-Bernoulli theory, which is the bending moment, at a single point given along a beam;

· R = radius of curvature of the point, and 1/R is the curvature;
· M = bending moment at the point;
· E = Elastic modulus;
· I = Second moment of area at the point.
We know that dx = Rdϴ and so 1/R = dϴ/dx, so;

So, where y is the deflection point along the beam and x is the distance of the point along the beam, the fundamental equation to find the deflection is;


From the equation we can see that both M and EI are functions of x so may change along the length of the beam. (Caprani, 2010)
[bookmark: _Toc93259985]Figure 1 - Simple beam diagram (Caprani, 2010)
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From figure 1, we can see a simply supported beam going from point A to point B. The 3 load points along the beam are represented as W1, W2 and W3. The distance from the left-hand side to the load point is marked as a1, a2 and a3. 
There are several steps to follow with Macaulay’s method in order to get the slope and deflection at any point along a beam;
· Firstly, the support reactions must be calculated. These are represented on figure 1 as RA and RB.
· A single point furthest from the left-hand side has been selected and the distance has been represented as ‘x’
· From the vertical line going through the beam at point ‘x’. The moments need to be calculated across the beam. The clockwise moments along the beam are treated as positive and the anti-clockwise moments are treated as negative.

Now that we have the bending moment equation, we can now replace  by  
This means we can now work out the bending moment across any section of the beam;
  - Equation 1
Now that we have the bending moment equation we need to integrate, EI is a constant so that doesn’t change;
 - Equation 2
Now we have integrated once, we need to integrate again to get the deflection. Currently  is the slope of the beam. After integrating equation 2, we will have the deflection across the beam.

Therefore;

In equation 2 and equation 3, we added constants C1 and C2. Now we need to find values for the constants. To do this, we apply boundary conditions. So, from figure 1, we can see the first boundary condition is;
When x=0, y=0 and the second to be, when x=L, y=0. L being the length of the beam. Apply the boundary conditions into deflection equation one at a time to get values for constants C1 and C2.
Once the values are known for C1 and C2, they can be inputted into equations 2 and 3 respectively. From this we can get the slope and deflection equation and from them we can calculate slope and deflection at any point along a given beam. (Shaikh, 2016)

5. [bookmark: _Toc93252802][bookmark: _Toc93259641]Experimental Procedure & Equipment

The experimental procedure was undertaken in a lab, using equipment to replicate a simply supported beam and a method of recording the deflection of the beam at certain loading points. 
The lab setup consisted of a metal stand on which you can apply some fixings to create the setup to hold the beam, below is the list of components required to perform the experiment;
· Specimen beams (1x Mild Steel, 1x Brass)
· Fixing block with knife edge and fixings
· Dial Calliper Gauge
· Dial Indicator
· 30cm Rule
· 5mm Hexagon Tool
· Weight Hanger with 50 x 10g weights
The beam is placed across the 2 fixing blocks as shown below in figure 2. The chosen load point is selected and measured using the calliper gauge for accuracy. The dial indicator is placed above the load point and reset using the dial, making sure it has contact with the beam and reading zero on the display. This is held on with a magnet so it can easily be removed and moved to the next location. The hanger can then be hung from the bottom of the dial indicator and the deflection will be shown on the display. The weights can be loaded onto the hanger in your chosen increment and the results can be recorded showing the deflection of the beam at that certain load point. This process can then be repeated for the selected distance along the chosen beam. The beam can be easily switched out for another material type and the same procedure can then be followed.
Figure 2 shows the experiment setup fully. The weight hanger just needs to be placed onto the bottom wire of the dial indicator and a deflection for that amount of weight at that chosen point will be given.[bookmark: _Toc93259986]Figure 2 - Images of Lab Equipment


6. [bookmark: _Toc93252803][bookmark: _Toc93259642]Results

For the laboratory experiment the chosen distances from the left-hand side of the beam were chosen as 75mm, 150mm and 225mm. The overall beam length was 320mm. 
The load selected for each point along the beam was recorded in increments of 100N. The hanger itself weighed 10N so the recorded loads were 110N, 210N, 310N, 410N and 510N. The deflection displayed on the dial indicator was recorded on a work sheet.
a. Experimental and Theoretical Results Brass beam

	Brass Load Position 1 - 75mm from LHS
	Brass Load Position 2 - 150mm from LHS

	Load (N)
	Deflection (mm)
	Load (N)
	Deflection (mm)

	
	Theory
	Experiment
	
	Theory
	Experiment

	110
	0.153
	0.16
	110
	0.295
	0.28

	210
	0.293
	0.311
	210
	0.563
	0.588

	310
	0.432
	0.456
	310
	0.832
	0.879

	410
	0.571
	0.619
	410
	1.1
	1.155

	510
	0.711
	0.751
	510
	1.37
	1.431



	Brass Load Position 3 - 225mm from LHS

	Load (N)
	Deflection (mm)

	
	Theory
	Experiment

	110
	0.207
	0.229

	210
	0.396
	0.422

	310
	0.584
	0.615

	410
	0.773
	0.821

	510
	0.962
	1.04



b. Experimental and Theoretical Results Mild Steel beam

	Steel Load Position 1 - 75mm from LHS
	Steel Load Position 2 - 150mm from LHS

	Load (N)
	Deflection (mm)
	Load (N)
	Deflection (mm)

	
	Theory
	Experiment
	
	Theory
	Experiment

	110
	0.08
	0.1
	110
	0.155
	0.141

	210
	0.154
	0.166
	210
	0.296
	0.263

	310
	0.227
	0.235
	310
	0.437
	0.42

	410
	0.3
	0.31
	410
	0.578
	0.531

	510
	0.337
	0.371
	510
	0.718
	0.649


	Steel Load Position 3 - 225mm from LHS

	Load (N)
	Deflection (mm)

	
	Theory
	Experiment

	110
	0.109
	0.09

	210
	0.208
	0.19

	310
	0.307
	0.272

	410
	0.406
	0.37

	510
	0.505
	0.455









To get the results for the theory, an excel spreadsheet was designed and the formulas inputted into the spreadsheet included young’s modulus for the density of the chosen beam, the dimensions of the beam itself and any acceleration due to gravity;
	Beam width
	B
	mm
	9.5

	Beam thickness
	D
	mm
	3.1

	Beam length
	l
	mm
	320

	Load point from LHS (75, 150, 225)
	x
	mm
	75

	Load 1 (plus 10g weight carrier)
	W1
	g
	110

	Load 2 (plus 10g weight carrier)
	W2
	g
	210

	Load 3 (plus 10g weight carrier)
	W3
	g
	310

	Load 4 (plus 10g weight carrier)
	W4
	g
	410

	Load 5 (plus 10g weight carrier)
	W4
	g
	510

	Acceleration due to gravity 
	g
	ms-2
	9.81

	Modulus of elasticity 
	E
	Nm-2
	2.00E+11


[bookmark: _Toc93229336]Table 1 - 75mm from LHS










[bookmark: _Toc93229337]Table 2 - 150mm from LHS










[bookmark: _Toc93229338]Table 3 - 225mm from LHS











[bookmark: _Toc93229339]Table 4 - 75mm from LHS










[bookmark: _Toc93229340]Table 5 - 150mm from LHS










[bookmark: _Toc93229341]Table 6 - 225mm from LHS











The theoretical results were calculated by inputting the formulas into excel from the data provided in the table above. To fully utilise the equation, you must first work out some other terms. From the data we can work out the second moment of area using the equation;
 =  =23.584
	Second moment of area
	I
	mm4

	Load point from RHS
	b
	mm





The first term for load;  
The second term for load;  
To find the deflection, you combine both the terms for load; 
To gather all the results from the excel spreadsheet, the load position from the left-hand side was changed to the selected points along the beam and the results were generated in the designed table.
The young’s modulus for each material were given;
Mild Steel – 200GPa and Brass – 105GPa (TecQuipment, n.d.)

7. [bookmark: _Toc93252804][bookmark: _Toc93259643]Discussion

· Experimental Results
We can see from the laboratory experiment that the results are very similar to that of the theoretical results. The brass beam had the largest deflection at the middle load point of 175mm, the peak of the deflection was recorded at 1.431mm when a 510N load if applied.  The steel beam recorded a much smaller deflection at the same load point as the brass beam. The graphs show that on all 3 load points along the brass beam the deflection is uniform as the weight is increased with a few discrepancies to the theory results.

· Theoretical Results
We can see from the theoretical data gathered, the deflection along both material types of beams to be close to the experimental results. The graphs show a more uniform rise in deflection as the load increases. The data shows the largest deflection recorded was the same as the experimental results being the brass beam at the second load point. At the Steel load position 1, we can see a deviation in the line trend when the weight is increased to 510N.


8. [bookmark: _Toc93252805][bookmark: _Toc93259644]Conclusion

From the discussion we can gather that the density of the material can impact on the deflection when a load is applied. The results show that the mild steel is much stronger and capable of withstanding the applied load than the brass beam due to the elastic modulus of the material.
The graphs do highlight some discrepancies with the experimental and theoretical data. The data should produce similar deflection values resulting in similar trend lines on the graphs. The trend lines on the graph do a uniform distribution of load along the beam mostly with a few deviations.
The experiment that was completed in the laboratory could have been more precise by taking repeat measurements at each load point and increase in load. Only one reading was taken for the results gathered. Human error could have caused inaccurate readings on the dial indicator when increasing the weight due to the needle not settling on an accurate figure.
The theoretical data doesn’t take into account everything that could potentially happen in the real scenario, friction is not taken into account when working out the deflection in the beam which could explain the discrepancies between the two sets of data. The results highlighted in the theoretical data, a change in the trend line for the steel at 510N, this could be due to a decimal place error or recording the wrong figure.
The use of Macaulay’s method is very convenient when dealing with discrete loading but the equation is only valid for beams that are not stressed beyond the elastic limit. Any deflection that has shear deformation or shear stresses, are negated, meaning it is limited. The curvature of the deflection will always be small so can only be applied in certain circumstances.
The theory proves that the higher a materials modulus of elasticity, the less the structure using that material will deflect under a given load.

9. [bookmark: _Toc93259645]Recommendations

To improve this experiment, I would capture more data from the laboratory setup, by taking repeat measurements at each load point and taking an average result. Taking more measurements along more load points along the beam could increase the accuracy of the data. 
Aligning the dial indicator more accurately with the beam to ensure correct contact when the hanger is applied might ensure the dial is reading correctly. The dial indicator is applied to the metal stand with a magnet, it tends to slide around and hard to align accurately with the chosen point along the beam, if this could be secured in such a way that is doesn’t move and have optimum contact with the beam, the readings produced should be more accurate.
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Brass Load Position 1 
Theory	110	210	310	410	510	0.153	0.29299999999999998	0.432	0.57099999999999995	0.71099999999999997	Experiment	0.16	0.311	0.45600000000000002	0.61899999999999999	0.751	Load (N)

Deflection (mm)



Brass Load Position 2 

Theory	110	210	310	410	510	0.29499999999999998	0.56299999999999994	0.83199999999999996	1.1000000000000001	1.37	Experiment	0.28000000000000003	0.58799999999999997	0.879	1.155	1.431	Load (N)


Deflection (mm)




Brass Load Position 3 

Theory	110	210	310	410	510	0.20699999999999999	0.39600000000000002	0.58399999999999996	0.77300000000000002	0.96199999999999997	Experiment	0.22900000000000001	0.42199999999999999	0.61499999999999999	0.82099999999999995	1.04	Load (N)


Deflection (mm)




Steel Load Position 1 

Theory	110	210	310	410	510	0.08	0.154	0.22700000000000001	0.3	0.33700000000000002	Experiment	0.1	0.16600000000000001	0.23499999999999999	0.31	0.371	Load (N)


Deflection (mm)




Steel Load Position 2 

Theory	110	210	310	410	510	0.155	0.29599999999999999	0.437	0.57799999999999996	0.71799999999999997	Experiment	0.14099999999999999	0.26300000000000001	0.42	0.53100000000000003	0.64900000000000002	Load (N)


Deflection (mm)




Steel Load Position 3 

Theory	110	210	310	410	510	0.109	0.20799999999999999	0.307	0.40600000000000003	0.505	Experiment	0.09	0.19	0.27200000000000002	0.37	0.45500000000000002	Load (N)


Deflection (mm)
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