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[bookmark: _Toc133879620]Introduction
“The effects of heat are subject to constant laws which cannot be discovered without the aid of mathematical analysis” (Baron Fourier, 2003).
This report aims to develop a model for calculating the temperature distribution over time within a 2-dimensional aluminium plate using the Explicit Finite Difference Method. Firstly, the constitutive equation will be explored to understand its relevance within heat conduction applications as well as incorporating the explicit finite difference form.
The code itself will be based off user inputted values and will provide the time taken to reach thermal equilibrium. This report will also explore into the changes of temperature distribution and time taken to reach thermal equilibrium on other temperature boundaries such as the Gaussian distribution equation with perfect insulation. 
A sensitivity study will be used to test the accuracy and the variation of results and discuss the limitations of the model. From this, suggested improvements will be used to correct mistakes made along the way and to improve future developments.
[bookmark: _Toc133879621]Aims
· To calculate the temperature distribution within an aluminium plate through time using the Explicit Finite Difference Method.
· To allow the user to define the domain size, grid spacing and time step to acquire the desired results.
· To guide the user into inputting correct values that will provide accurate results and not break stability criterion.
· Explore other models such as Gaussian distribution equation.
· To calculate and display the temperatures at every node of the plate at each time step.
· [bookmark: _Toc133879622]To stop and provide the time to reach thermal equilibrium.
Objectives
· Define the material properties conductivity, density, and specific heat.
· Calculation for thermal diffusivity.
· Ask the user to define the dimensions of the plate along the x-axis, the y-axis, the grid spacing and the time step.
· Calculate the domain size and number of nodes using the users provided values (x,y, and grid spacing).
· Validate the users’ inputs, checking that the grid spacing complies with the plate dimensions.
· Calculate the stability criterion.
· Validate the users’ input, checking that the time step does not break the stability criterion.
· Initialisation of the matrices of temperatures.
· Amend of the matrices of temperatures with the boundary conditions.
· Calculation of the temperature map and iterate through time steps using the Explicit Finite Difference Equation
· Repeat iterations through each time step until thermal equilibrium is met. 
· Create a second script, implementing the Gaussian Distribution of temperatures on the west boundary. Calculate the standard deviation and the mean.
· Implement perfect isolation along the north, west and south boundaries.







[bookmark: _Toc133879623]The Constitutive Equation of the Problem
[bookmark: _Ref133855752][bookmark: _Toc133879624]Heat Equation
The heat equation, also known as the diffusion equation, is a partial differential equation that describes the flow of heat in a medium over time to model conduction. 
The “Théorie analytique de la chaleur” (The Analytical Theory of Heat) was first theorised by Jean Baptiste Joseph Fourier in 1822 (Baron Fourier, 2003) (Robertson, 1997). Since then, the theory has been used to analyse and manage the heat generated by electronic components, to help prevent overheating and improve reliability and performance. It is important because it is a fundamental equation that helps to model and understand the behaviour of heat in materials.
For a 2D geometry with no heat source term, the heat equation (Equation 1) and the thermal diffusion equation (Equation 2) can be written as follows:
[bookmark: _Ref133829851]Equation 1 - Heat Equation

[bookmark: _Ref133829859]Equation 2 – Thermal Diffusion Equation

· T: Is temperature
· t: Is time.
· α: Is thermal diffusivity, a material property defined as the ratio of thermal conductivity (k) to product of density (ρ) and specific heat (c): 
· : Laplacian operator, which represents the sum of second partial derivatives of T with respect to position (x,y), which can be expressed as:  in 2 dimension.
· : Time derivative of temperature distribution T.
[bookmark: _Toc133879625]Explicit Finite Difference
“Explicit finite difference scheme evaluates the state of a system at later time by using the known values at current time” (Chakraverty, et al., 2019)
[bookmark: _Toc133879626]Taylor Series
Brook Taylor was an English mathematician who added a “new branch now called the calculus of finite differences” (Robertson, 2000). Which included the Taylor series expansion equation.
“Taylor series based finite difference approximations are efficient numerical procedures of approximating the derivatives of a function, at a reference mesh point, by using the values of the function at the neighboring mesh points” (Khan & Ohba, 2003)
The Taylor Series expansion equation can be written as an infinite sum of other functions about  as follows (Equation 3):
[bookmark: _Ref133829945]Equation 3 - Taylor Series Expansion

As this equation is infinite, it is generally written in a compact form using summary notations as follows (Equation 4):
[bookmark: _Ref133829954]Equation 4 - Maclaurin Series

This equation in Taylor series is known as the Maclaurin series and provides an approximation. The more terms used, the more accurate the approximation.
[bookmark: _Ref133855010][bookmark: _Toc133879627]Forward Difference Approximation
The Taylor series is used to generate difference approximations to the first and second derivatives. The forward, backward and central differences are derived from the Taylor series. 
To do this, the Taylor series needs to relate the value of a function at point  to the value of the function at a nearby point . In summary, h is the displacement point from  where h = . This can be written as follows (Equation 5):
[bookmark: _Ref133835650]Equation 5 - Taylor Series Expansion to Function at Nearby Point (h), Forward Difference

And further simplified as follows (Equation 6):
[bookmark: _Ref133835660]Equation 6 - Taylor Series Expansion to Function at Nearby Point (h) Simplified, Forward Difference

The equation (Equation 6) can be rearranged to isolate the first derivative f’( and then truncated to the first order term. This will provide an approximation.
Equation 7 - Forward Difference Approximation Before Division, Forward Difference

Dividing both sides by h will provide the forward difference approximation formula for the first derivative:
Equation 8 - Forward Difference Approximation for the First Derivative, Forward Difference

The lower the value of h, the more accurate the approximation. The limit of h is 0, as this will result in no displacement.
[bookmark: _Toc133879628]Backward Difference Approximation
Like the forward difference approximation, the backward difference approximation can be calculated by Taylor series expansion of the function f(x) around f, the series can be expanded backwards as follows:
[bookmark: _Ref133839002]Equation 9 - Taylor Series Expansion to Function at Nearby Point (h), Backward Difference

And further simplified as follows (Equation 6):
Equation 10 - Taylor Series Expansion to Function at Nearby Point (h) Simplified, Backward Difference

The equation (Equation 9) can be rearranged to isolate the first derivative f’( and then truncated to the first order term. This will provide an approximation.

Dividing both sides by h will provide the backward difference approximation formula for the first derivative: 

[bookmark: _Toc133879629]Central Difference Approximation
Using the forward and backward difference approximations (Equation 5, Equation 9), the central difference approximation can be calculated by adding the two expansion equations together and then subtracting f( from f as follows:

Therefore,

This can be solved for the central difference approximation.

[bookmark: _Toc133879630]Second Order Derivative
By taking the backward and forward difference approximation and adding them together, the central difference approximation to the 2nd derivative can be calculated as follows:

By simplifying and isolating the second derivative, an approximation for the second derivative is formulated, as follows:

Therefore, the central difference approximation to the 2nd derivative as follows:

[bookmark: _Toc133879631]Replacing Temporal First Derivative
By using Equation 1, 



The temporal first derivative in the Heat equation is replaced by forward difference approximations, and the spatial second derivative in the Heat equation is replaced by a central difference approximation. This leads to an explicit finite difference scheme for the Heat equation.
The spatial domain is divided into a grid of discrete points. A uniform grid spacing is typically used, and it is chosen such that it is small enough to accurately capture the behavior of the solution.
The time interval is divided into a sequence of discrete time steps. The time step size is chosen such that it is small enough to ensure the stability of the solution. Typically, a time step size that is proportional to the grid spacing is used.
The explicit finite difference form of the Heat equation is derived by introducing Fourier's number, which is a dimensionless parameter that characterizes the thermal diffusivity of the material.
The stability criterion is defined as the condition that the Fourier's number multiplied by the time step size squared must be less than or equal to a certain constant, which is dependent on the discretisation scheme used.


[bookmark: _Toc133879632]Initial and Boundary Conditions
[bookmark: _Toc133879633]Initial Boundary Conditions


[bookmark: _Toc133879634]Code Detail and Explanation
The following code calculates the time required to reach thermal equilibrium in a 2D aluminium plate using the explicit finite difference method.
[image: Text

Description automatically generated]
Figure 1 - Properties and Thermal Diffusivity Code
The first line of code ‘clc’, clears the command window. This is useful for getting rid of past iterations. The second line ‘clear all’, clears all variables in the workspace. This is useful in cases where assigned names have values attached to them.
Line 5-7, shows names assigned to property values of aluminium. These values will be used to calculate the thermal diffusivity shown on line 10. For example, taking the three properties of aluminium (Conductivity, Density, and Specific Heat). The thermal diffusivity ( can be calculated as follows (Equation 13):
[bookmark: _Ref133867155]Equation 13 - Thermal Diffusivity

[bookmark: _Toc133879635]Domain Parameters
[image: A screenshot of a computer

Description automatically generated with medium confidence]
[bookmark: _Ref133867682]Figure 2 - Initial Boundary Dimensions with Validation
Line 13-24 in Figure 2 takes the user input for X and Y dimensions, ensuring they are positive values. Figure 2 demonstrates the use of a while loop. This command will repeat the statement until the condition is true. In this case, the expression given is X<=0 and Y<=0. Therefore, the user will only be able to input a number that is great than zero, not equal or less. If the user inputs a value equal or less than 0, then the following statement will display (Figure 3)
[image: Graphical user interface, text

Description automatically generated]
[bookmark: _Ref133868655]Figure 3 - X and Y Rejected Display
If it is greater, the following message will display (Figure 4
[image: Text

Description automatically generated with low confidence]
[bookmark: _Ref133868806]Figure 4 - X and Y Accepted Display
[bookmark: _Toc133879636]Grid Spacing Parameters
[image: Graphical user interface, text

Description automatically generated]
[bookmark: _Ref133869924]Figure 5 - Grid Spacing Input and Validation
Line 27-32 in Figure 5 takes the user input for grid spacing (h), ensuring it divides into X and Y, and is a positive whole number. Figure 5 demonstrates the use of a while loop with several expressions shown below.
1. (mod(X,h) ~= 0) – Returns the remainder after division of X by h, where X is the dividend and h is the divisor. This function is often called the modulo operation. For example, X is equal to 27 and h is equal to 5. Then the remainder is equal to 2. If the user input isn’t divisible as a whole number, then the user will be prompted to redefine h. 
2. (mod(Y,h) ~= 0) – Returns the remainder after division of Y by h, where Y is the dividend and h is the divisor. For example, Y is equal to 18 and h is equal to 6. Then the remainder is equal to 0. If the user input isn’t divisible as a whole number, then the user will be prompted to redefine h however in this example it is, therefore the while loop will be satisfied.
[image: Text

Description automatically generated]
[bookmark: _Ref133873031]Figure 6 - Grid Spacing Rejected Display
3. (h == X) – Ensures that if h is equal to X, it will prompt the user (Figure 6) to redefine h. If h was equal to X, it would produce just the domain with no nodes.
4. (h == Y) – Ensures that if h is equal to Y, it will prompt the user (Figure 6) to redefine h. If h was equal to Y, it would produce just the domain with no nodes.
5. (X<=0) – Ensures that if X is not equal or less than 0, it will prompt the user to redefine.
6. (Y<=0) – Ensures that if Y is not equal or less than 0, it will prompt the user to redefine.
7. (h<=0) – Ensures that if h is not equal or less than 0, it will prompt the user to redefine.
Line 28 utilizes OR (||) operator to use multiple expressions. If all these expressions are satisfied.
[bookmark: _Toc133879637]Time Step Parameters
[image: Text

Description automatically generated]
[bookmark: _Ref133873810]Figure 7 - Time Step Input and Validation
Now the domain size is set up, the time step must be defined. Line 35-43 in Figure 7 goes through the implementation of the Fourier number, and the stability criterion. Firstly, line 35 asks the user to define the value of the time step in seconds. Then in line 36, the Fourier number equation is used to calculate whether the value is more than 0 and less than 0.25. 

Figure 8 - Fourier Number
This is demonstrated during line 38 as an expression for the while loop. If the value exceeds 0.25 or is less than 0, then the stability criterion will be broken, and the accuracy of the results will be reduced. This is one of the limitations with any numerical method even with computational assistance.

Figure 9 - Stability Criterion
If the time step is rejected, then the while loop will display the statement asking the user to redefine the value. The statement will also display the maximum value accepted which will be approximately equal to the maximum of 0.25. This is shown in Figure 10 below.
[image: ]
[bookmark: _Ref133875007]Figure 10 - Time Step Input Rejected
If the time step input is accepted, then the statement will display the following (Figure 11) and provide the Fourier number.
[image: Text

Description automatically generated]
[bookmark: _Ref133875178]Figure 11 - Time Step Input Accepted
[bookmark: _Toc133879638]Matrix Temperature Boundaries
[image: Text

Description automatically generated]
[bookmark: _Ref133875442]Figure 12 - Initialisation of Matrices of Temperatures
Figure 12 is the formation of domain in the form of a matrix. This can be displayed to the user to visually access the data at each node. Line 46-47 takes the domain length and width and divides it by the grid spacing to calculate the domain size. Then one extra row and column are added to account for the space the temperature boundary will take.
Line 48 creates the first initial matrix. The zero command turns all the nodes within the domain into zeros which is assigned to ‘Mx’ as shown below (Figure 13).
[image: A picture containing remote, black, surface, row

Description automatically generated]
[bookmark: _Ref133876549]Figure 13 - Zeros Command Assigned to Mx
Line 49 fixes the temperature boundary of 50°C along the first column on the west edge. This is assigned to ‘Mx’ which previously was assigned zeros. Now the matrix can be observed as follows (Figure 14):
[image: ]
[bookmark: _Ref133877124]Figure 14 - 50°C Assigned to Mx West Edge
Line 50 fixes the temperature boundary of 0°C along the last column on the east edge. This is assigned to ‘Mx’ which is combined with the previous zeros, and 50°C boundary. Now the matrix can be observed above (Figure 14):
Line 51 creates equally decreasing values from the first row and first column to the first row and the last column (50°C-0°C) and line 52 creates equally decreasing values from the last row and first column to the last row and the last column (50°C-0°C) as shown below ():
[image: Calendar

Description automatically generated]
Figure 15 - Decreasing Values from 50°C-0°C on North and South Boundaries
Mx is then assigned to a new name of Mx2 which will be used for time step intervals past 0.
[bookmark: _Toc133879639]Thermal Equilibrium Tolerance
[image: ]
[bookmark: _Ref133878486]Figure 16 - Thermal Equilibrium Tolerance
Figure 16 shows what the tolerance value is. The tolerance determines the accuracy of the entire matrix. The tolerance set here is to the 4th decimal place, which means that each node will be accurate to the 4th decimal. The longer the decimal, the more accurate the result.
[bookmark: _Toc133879640]Explicit Finite Difference Implementation
[image: Text

Description automatically generated]
[bookmark: _Ref133878983]Figure 17 - Explicit Finite Difference Implementation
Figure 17 shows how the explicit finite difference method is incorporated within a while loop. The while loop will run until each node satisfies the expression that is equal in decibel length to the tolerance (Figure 16). In line 67, the code will run the finite difference method equation which will calculate the nodes value, one at a time. This will be done other a number of iterations depending on the time step value. In lines 79-85, the code will calculate whether to express the result in seconds, minutes or hours depending on how big the number is.
[bookmark: _Toc133879641]Temperature Map
[image: Text
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[bookmark: _Ref133879379]Figure 18 - Temperature Map
Figure 18 demonstrates a visually appealing graph that help identify the numerical data in the format of colours from hot (red) to cold (blue) as shown below (Figure 19):
[image: Chart, bar chart
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[bookmark: _Ref133879531]Figure 19 - Colour Map











[bookmark: _Toc133879642]Results
[bookmark: _Toc133879643]Sensitivity
[bookmark: _Toc133879644]Grid Spacing Influence on 6x6 Domain
	Grid Spacing (h)
	Time Step (Fixed)
	Tolerance (Fixed)
	Thermal Equilibrium Time

	3
	150
	0.001
	45.4167 Hours

	2
	150
	0.001
	41.4583 Hours

	1.5
	150
	0.001
	43.2083 Hours

	1.2
	150
	0.001
	42.0833 Hours

	1
	150
	0.001
	42.7083 Hours

	0.75
	150
	0.001
	42.5 Hours

	0.5
	150
	0.001
	42.375 Hours

	0.25
	150
	0.001
	42.2917 Hours

	0.2
	150
	0.001
	42.2917 Hours



[bookmark: _Toc133879645]Time Step Influence on 6x6 Domain
	Grid Spacing (Fixed)
	Time Step (s)
	Tolerance (Fixed)
	Thermal Equilibrium Time

	0.75
	2000
	0.0001
	79.4444 Hours

	0.75
	1500
	0.0001
	77.9167 Hours

	0.75
	1000
	0.0001
	75.2778 Hours

	0.75
	800
	0.0001
	73.5556 Hours

	0.75
	600
	0.0001
	71.5 Hours

	0.75
	400
	0.0001
	68.4444 Hours

	0.75
	200
	0.0001
	63.1111 Hours

	0.75
	100
	0.0001
	57.6667 Hours

	0.75
	50
	0.0001
	52.1528 Hours



[bookmark: _Toc133879646]Tolerance Influence on 6x6 Domain
	Grid Spacing (Fixed)
	Time Step (s)
	Tolerance (Fixed)
	Thermal Equilibrium Time

	1
	500
	0.1
	15.2778 Hours

	1
	500
	0.01
	33.75 Hours

	1
	500
	0.001
	52.2222 Hours

	1
	500
	0.0001
	70.6944 Hours

	1
	500
	0.00001
	89.0278 Hours

	1
	500
	0.000001
	107.5 Hours
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clc
clear all

%Aluminium Properties
k=143;
p=2800;
€=795;

%Thermal Diffusivity
a=k/(p*c);
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%User Input Parameters and Validation for Boundary
X = input('Enter the value of X: ');
while X<=0
fprintf('X must be greater than ©.\n');
X = input('Enter the value of X: ');
end

Y = input('Enter the value of Y:
while Y<=0
fprintf('Y must be greater than ©.\n');
Y = input('Enter the value of Y: ');

)

end
fprintf('Boundary Dimensions Accepted.\n')

Dimensions
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%User Input Parameters and Validation for Grid Spacing

h = input('Enter the value of spacing: ');

while (mod(X,h) ~= @ || mod(Y,h) ~=© || h
fprintf('Spacing must divide into X and Y, must not
h = input('Enter the value of spacing: ');

end

fprintf('Spacing Accepted\n');

be equal to X and

X 1] h==Y || x<=0 [| Y<=0 ||| h<=0)

and must be a positive whole number.\n');
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%User Input Time Step

dt = input ('Enter the value of "Time Step":
FO = (a*dt)/h"2;

dtm=h~2%0.25/a;

while F@»>0.25 || Fo<=0

fprintf('Time Step Exceeds Stability Criterion, Decrease Time Step

dt = input ('Enter the value of Time Step: ');

Fe = (a*dt)/h~2;
end
fprintf('Time Step Accepted: Stability Criterion

%g\n', FO);

alue that needs to be less than %g: \n',dtm);
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%Initialisation of Matrices of
NR=Y/h+1;

NC=X/h+1;

Mx=zeros(NR,NC) ;

Mx(:,1)=50;

Mx(:,NC)=0;
Mx(1,:)=50:-58/(NC-1):0;

Mx(NR, : )=50:-58/ (NC-1):@;

Mx2=Mx;

Temperatures
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56 %Thermal Equalibrium Tolerance
57 Tol=0.0001;
58 MD=1;
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%ExplicitFiniteDifference
while MD>Tol

for r=2:1:NR-1

for c=2:1:NC-1
Mx2(r,c)=Fo* (Mx(r-1,c)+Mx(r+1,c)+Mx(r,c-1)+Mx(r,c+1)-(4-1/F8)*Mx(r,c));
end

end

MD=max (Mx2-Mx,[],'all');

Mx=Mx2;

Mx2;

Iterations = Iterations+1l;
end
disp(Mx2);
TRS=Iterations*dt; %Time Converted to Seconds
TRM=TRS/60; %Time Converted to Minutes
TRH=TRS/3600; % Time Converted to Hours
if TRS>=@ § TRS<=60

fprintf('Takes %g Seconds to Reach Thermal Equilibrium.\n',TRS);
elseif TRM>=1 & TRM<=120

fprintf('Takes %g Minutes to Reach Thermal Equilibrium.\n',TRM);
else

fprintf('Takes %g Hours to Reach Thermal Equilibrium.\n',TRH');

end
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%Temperature Map
colormap(jet)

contourf (Mx)

colorbar

CB = colorbar;

CLSri = 'Degrees Celsius';
pause(0.1)




image17.png
50




