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Let's move on and consider the cosine rule. This is usually written as:

We use this, rather than the sine rule, when we are given either:
1) Two sides and the angle between the two sides (the 'included angle')
2) All three sides

Example

	C

   b=12 cm
	a
                                                                                                      60˚
	B                c=10cm	A

Given  find the length of BC.
Remember that the side opposite angle A is 'a', the side opposite angle B is 'b' and the side opposite angle C is 'c'. Therefore a=BC, b=12, c=10. We now put these into the cosine rule:






Example

	A

   b
                                        c=20cm
                                                                     125˚                                 
	B                a=16cm	C
Find the length of AC.
Once again, we've been given 2 sides and the included angle, and so it has to be the cosine rule. We know it as this:

However we can't use this in exactly the way it is written, as this would give us 'a' knowing b, c, and angle A. This time we want b. We want the equivalent of the cosine rule formula, but with 'b2' equal to something which includes the angle B in the formula. We literally swap the symbols round so that it becomes:

If you find it difficult to understand switching the formula around, you could always re-label the triangle so that it is always like the first form. Back to the question:









Finally on triangles, you are frequently asked to find the area of a triangle. Most people remember it as . Although this formula is fine, it is best used when finding the area of right angled triangles only. If we were given any triangle, I would use the formula:

In words - "half times any two sides of the triangle multiplied together, times the sine of the angle between the two sides".
The only time when I wouldn't use this phrase is when you are given any old triangle, and only know the 3 sides of the triangle and you don't know an angle. In which case, use this:

Where

As usual, a, b and c are the sides of the triangle - it doesn't matter which is which. This is called Heron's formula by the way.
The last topic I'd like to consider is:

Solving Trigonometric Equations
A trigonometric equation is an equation which contains trigonometry (i.e. sin, cos and tan). We have seen already that the difference between these and algebraic equations is that they can have many answers, whereas algebraic equations have a finite amount of answers.
When faced with a trigonometric equation such as:

Because of the nature of the sine curve (and also the cosine and tangent curves) that they 'go on forever', there are loads and loads of values of  which satisfy the equation. These answers are 30, 150, 390, 510 etc degrees. Most people are interested in the solutions of such equations in the range  i.e. over one cycle of the curve, as after that the answers become duplicated.


Example
Solve 
Solving for :


The calculator has given you only one of the answers. To find of what the other answer is, you need to draw this:
                                                                        
	 90˚


                                     S                                    A
	    180˚						               0˚/360˚

                                       T                                     C

	   270˚

This is a way of remembering the following:
1) For angles between 0 and 90 degrees, All are positive. This means that sines, cosines and tangents are positive for any angle in this range.
2) For angles between 90 and 180 degrees, Sines are positive, tan and cos are negative.
3) For angles between 180 and 270 degrees, Tangent is positive.
4) For angles between 270 and 360 degrees, Cosine is positive.
Learn this diagram, it is essential for solving trigonometric equations. Back to our example:

We already know that one answer is 45 degrees, from the calculator. Now to get the other answer - draw the circle from which, ask yourself "where is tangent positive" because after all, we are trying to find  when .
 Tangents are positive between 0 and 90 degrees - that is the answer that the calculator has given us, i.e. 45 degrees. Tangents are also positive between 180 and 270 degrees, which means that the other answer lies in the 'T' quadrant. But where in the T quadrant? You always go from the horizontal. So we start at 180 degrees and go 45 degrees down into the T quadrant. This gives 225 degrees.
As ever, we can check our answer by putting it into the original equation.

Example
Solve   


That's one answer, now we look at the sin quadrant of our diagram to get the other. Going from the horizontal we have 180-19.9=160.1 degrees. Therefore our answers are 19.9 and 160.1 degrees.

Example
Solve 
Notice with this one we have minus 0.8660 on the RHS. So, we want to know where in our circle 'sine' is negative. This is in the T and C quadrants. Let's look at the best way of getting the answers.
Firstly, forget the minus for now.



With this 60 degrees, we now draw where sine is negative on the diagram, namely in the tangent and cosine quadrants. Drawing 60 degrees down from the horizontal into these quadrants gives us 240 and 300 degrees. These are our answers.

Example
Solve 
Forget the minus:



Remember this is not the answer, we need to draw where cos is negative i.e. in the sin and tan quadrants.
Therefore the answers are: 180-41.41=138.59˚
and 180+41.41=221.41˚
It is essential that you understand these examples, because, although generally trigonometric equations are harder than these, you always end up with something that looks like one of the examples that we have done.
Before we do one, lets remember how we solve a quadratic equation, if we are given:

There are a few ways of doing this, but let's try and factorise first:

It works! Now solve for x:



If it didn't factorise, we could have used the quadratic formula:




Let's do an example!
Solve the trigonometric equation:

It should look familiar, it is in the same form as the last quadratic equation we did, but it has  instead of . Firstly we must get it all equal to zero:

We solve this like an algebraic quadratic equation! Lets first try and factorise:

Now solving as we did before, it gives:

We could have used the formula, but be careful - instead of having  on the LHS we now have !

Going back to the answers we found, don't forget that we haven't finished yet! We want to find  and not . We consider the answers that we have so far separately.

This is exactly what we were doing earlier with the diagrams!


Now draw this into the sine quadrant to give 180-30=150˚
We now need to consider the other answer:


Notice that we have a minus number here, so we need to solve it as we solved the negative example earlier, by firstly ignoring the minus sign:


Now remember that this is not one of the answers, we need to draw this from the horizontal in the quadrants where sine is negative, namely the tangent and cosine quadrants.
This gives the answers as 180+41.81= 221.81˚ and 360-41.81= 318.19˚
Therefore our answers to this question are:


Example
Solve the trigonometric equation

Before you get ready to solve another quadratic equation again, look carefully at the equation we've been given. It's got the makings of a quadratic equation, however, notice that we have both  and  in the equation. We need to get the equation so that we only have 'sines' or 'cosines' there. So, how do we do this? Well, this is where the trigonometric identities come in handy. Remember the important one?

Rearranging this gives:

We now substitute this into our original equation for .

Now we have the equation with just cos in it!


Take it all to the other side, to make it look 'nicer' (although you don't have to).

Try and factorise it:

It worked. So, we have:

Let's consider the first one first.




Drawing this from the horizontal in the 'all' and 'cos' quadrants on our diagram, our other answer is 360-60=300˚.
Now we consider our other answer from our factorisation:





Where else is cosine positive? In the A and C quadrant. Therefore, our other answer is 360˚. Therefore, our answers are:

Don't forget, you can check any of these answers by substituting them for  in our original trigonometric equation. 
There are other types of trigonometric equations, however these examples provide a good basis in order to solve other types.
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