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Complex Numbers

Consider the quadratic equation

It looks harmless enough - if you try and solve it by factorising you'll find it doesn't factorise, and so we shall need to use the formula

In which case, we obtain



Looking up  on a calculator will produce 'error' on the screen. We normally evaluate the square root of a positive number, this is probably the first time you have tried to evaluate the square root of a negative number - and it can't be done.
To get around the -16 we write it as (16)(-1), and so we have

Remember now that  can be written as , therefore we can write this as:

We know that the square root of 16 is 4, but what about the square root of -1?
Well, we are stuck with it - and to solve writing down  every time, we let it be represented by   (some people use ).
Therefore we can write the above as


i.e. 
Therefore the two solutions of our initial quadratic equation are

These look odd, and definitely not what we were expecting when we began to solve the initial quadratic equation. This is because the solutions of our quadratic equation are not the usual numbers, which are called 'real' numbers, but instead the solutions of the quadratic equation belong to an important family of numbers called complex numbers, and as you can see they arise when we encounter the square root of a negative number. So remember: .
Another thing to remember is that obviously, if we square both sides we get  .
The solutions that we found above  etc, are said to be expressed in 'rectangular' or 'Cartesian' form. Such complex numbers are usually made up of two parts. If we look at , then  is called the 'real' part, and  is called the 'imaginary' part. There are other ways of writing complex numbers, apart from rectangular form, which we shall see later.

Manipulation of complex numbers expressed in rectangular form
All of the operations we do with real numbers, like adding, subtracting, multiplying and dividing can be done with complex numbers. For convenience, complex numbers are often denoted by .
So, for example:  and  .
Adding
I always think that you are less likely to make a mistake manipulating complex numbers in rectangular form if you enclose each within a bracket.
So  is:



Quite easy to do.

Subtraction
This is done the same way as addition only with a minus instead:
So  is:



Multiplication
 is simply multiplying both brackets together as normal:


Remember though that :




Division
Dividing complex numbers expressed in rectangular form is the hardest operation I suppose, because you have to remember something - before which you need to know something called 'the conjugate' of a complex number.
If I said , what is the conjugate? (usually denoted by  )
All you do is change the sign of the imaginary part of the number, therefore:

Lets get back to our division: 

This is what you need to remember when dividing complex numbers in rectangular form - multiply top and bottom of the division by the conjugate of the bottom.

We now have two multiplications to work out

Don't forget to change  to -1.



Which we can write as:


The reason why we multiplied the top and bottom by the conjugate is because it gets rid of all the  terms on the bottom, to leave just an ordinary real number. This should always happen.
Lets look at a few more examples.
If  find the following:
Example
Find 



Example
Find 


Now multiply the top and bottom by the conjugate of the bottom:






Before leaving rectangular form, one further example:
If   find .
So we want   i.e. .
Doing the first two brackets gives

Remember 

Obviously the last two brackets will give the same thing, so now we need to find





This was bad enough, but what if you wanted to find  ? There must be another way, as this would be very time consuming. We will work this out later on, once we've met another way of expressing a complex number called polar form.
Before we consider 'polar form', let us consider the Argand diagram. This is the diagrammatic way of representing a complex number in rectangular form. It is the same format as a normal graph, however the  axis is called the 'real axis' and the  axis is called the 'imaginary' or 'j' axis.
	      j axis




                                                                                                                                         real axis




Let's say I diagrammatically want to represent the complex number , this means that I have to go '5 across and 4 up'.

	      j axis

	     4	. P


                                                                                                                                         real axis
	5


The point P denotes the complex number .
Sometimes we join the point P to the origin O, and say that the line OP represents the complex number. 
We will be drawing more Argand diagrams later on, so lets move on to the other way of representing a complex number - 'polar form'. Instead of calling it polar form, some people call it 'modulus/argument form'.
Let me now define the meaning of the modulus and argument of a complex number. Lets start be writing  in rectangular form.
Consider  where  is the real part and  is the imaginary part of the complex number.

    	     j axis

		.P
	r	
 	          
                                                                                                                                         real axis
		



Where the angle at O is denoted by . The length of the line OP is called the 'modulus' of the complex number . This is normally denoted by 'r' (or ). It denotes the magnitude of , and is always positive.
We can see from our diagram that I have a right angled triangle, therefore by Pythagoras:


Again, referring to the triangle,  denotes the argument of , and is defined as being 'the angle turned through in an anticlockwise direction from the positive real axis around to the line joining the complex number to the origin'.
From the triangle we can use trigonometry to say:


So we now have formulae for the modulus and argument. However, I find it easier when trying to work out  to draw an Argand diagram.
Example
Find the modulus and argument of the complex number .
Always draw a small Argand diagram. So here we need to go  along the  axis and  along the  axis.
By Pythagoras:

 

So the modulus is 25.
From the triangle:










Example
Find the modulus and argument of the complex number .
So this time we need to draw our point 1 to the left on the  axis, and  down on the  axis.







	r
	P  .





Notice this time that  is quite a big angle - bigger than 180 degrees. The easiest way of finding this angle is to first find the smaller angle inside our triangle (label it with a dot) and then add this number to the 180 degrees.



Therefore:


Polar form
Using the graph third graph that we saw in this section, we can assume the following from the triangle that we had created:

Therefore:

and

Therefore:

Remember that  in rectangular form is , so we can substitute  and  with what we have derived above, giving us

Factorising this then gives

This is what is known as polar form of a complex number. It is a bit of a mouthful, so it is often abbreviated and written as:

You may be thinking "I'd rather rectangular form to polar form", but later on you will see a benefit of polar form over rectangular form.
Example
Express  in polar form.
Remember to draw this on an Argand diagram first!







Therefore in polar form:

Or if you prefer:

If we want to go back to regtangular form, we simply multiply the bracket out. This is useful as we can check if our answer is correct (we should get what we started with).
We have now seen both rectangular and polar form, so when is it preferable to use polar form? Well, the answer is when we are multiplying or dividing - it saves a great deal of time.
Multiplying and dividing complex numbers
If  is a complex number whose modulus is  and whose argument is  ,  and  is another complex number whose modulus is  and whose argument is  i.e.



Then it may be shown (by using trigonometry) that:

and

So basically, when multiplying complex numbers in polar form we multiply the moduli and add the arguments. When dividing, we divide the moduli and subtract the arguments.

Lets do an example.


Example
Given:

and

Find:
(i) 
(ii) 

(i)   is 


(ii)   is  


If you are wondering what an argument  means, it's just the same as , i.e. . This is because when we draw an Argand diagram, we always go from positive x axis direction in an anticlockwise direction. This minus 110 means that it we have gone clockwise, 110 degrees - so to get to this position we need to go 250 degrees in the anticlockwise direction.
Personally I prefer positive degrees, as negative degrees seem to confuse things. So, remember that given any negative angle, to change it to a positive one just subtract it from 360 degrees.
Finally on complex numbers, I'd like to introduce a very useful theorem called 'De Moivres theorem'. It can be derived, again, with the aid of trigonometry, but I shall just state it.
Mathematically it states, where  is any number;


One of the uses of this would arise if you were askied to find , as we mentioned earlier. There is no way we can expand the brackets 14 times, instead we apply De Moivre's theorem.
Before you can use it though, your complex number needs to be in polar form first. We have , so we must convert  into polar form - i.e. find its modulus and argument.
Remember to draw an Argand diagram first - we want to go 2 in the positive direction on the x axis, and 1 in the negative direction of the y axis.




	






Now we want to find the argument (the red angle above). To do this we will find the smaller excluded angle and then take it away from 360 degrees.





So  in polar form is  , but we want  remember!
Now we apply De Moivre's theorem.


Which is the answer, albeit in polar form. To return to rectangular form, we simply multiply out our bracket.


Big numbers in the answer, but don't forget that what we have worked out is .

Hopefully you are satisfied De Moivre's works. It has other uses like finding roots of complex numbers, like square roots for example. It can also be used to derive trigonometric identities, but we shall not consider these applications here.
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