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Constitutive Equation

The behavior of a material is governed by constitutive equations, which work alongside the
conservation laws of mass, linear momentum, angular momentum, and energy. Unlike these
conservation laws, constitutive equations vary between different materials, as they depend

on the specific physical properties of each material.

In this report, we utilize the heat equation. This equation is derived from the fundamental
principles of heat conduction by applying the law of conservation of energy to elements
within a material. It is relevant to various physical situations, such as the cooling of objects,

the thermal behavior of materials, and other heat transfer methods.

The 2D heat equation without a heat source term is mathematically defined as follows:

Ju B 0%y  0%u

ot g2t aye

Here, u (x, y, t ) represents the temperature distribution at position x,y and time t, and

a\alpha is the thermal diffusivity, a property of the material.

This equation includes two spatial derivatives—one with respect to x and another with
respect to yyy—which represent the diffusion of heat in two spatial dimensions. The
temporal derivative describes how the temperature changes over time. The absence of a
heat source term implies that heat conduction, along with the initial and boundary

conditions, are the only factors influencing the temperature distribution (Strauss, 2008).

This equation is applicable to problems involving the evolution of temperature in a two-
dimensional region where heat is conducted through the material, and there are no

additional internal heat sources. In this case, we are focusing on an aluminum plate.

The aim of this report is to determine the temperature distribution within the aluminum

plate over time, as illustrated in Figure 1
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T(x,6,t) = f(x)

T(0,y.t)=0

Aluminium Plate
T6,v,t)=0

Initial Domain Condition :
T=0°C

L.,

Figure 1 - Boundary Conditions
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Discretising The Constitutive Equation

To employ the constitutive equation effectively, it is necessary to discretise it using the Taylor
series, as outlined in Equation (0.1). This method helps improve the accuracy of results by

replacing differential quantities with suitably small differences.

Taylor series of function f(x) about point x = x is

@) = fo) + (o) X T2t (g x EEE 4 £ () x S () x EE g (0.1)

The Taylor series connecting the function's value at a point x, to its value at a point (xy + h) is

expressed as:

o +h) = f(o) + h.f'(xo) + 2 f" (o) + 2 P () + - (0.2)

This equation can then be rearranged to get:

(xo+h)—f (x0) / h cn h?
PRt 0 = 1) + 5 () + 5 D) + (03)

So, this can be used to make the Forward Difference Approximation of ' (x,) therefore:

(xo+h)—
f,(xo) ~ f(xo 3 f(x0) (1)

This is only an approximate, however the equation (1) gets more accurate as the value of h
gets smaller. How the accuracy depends on h can be found out by €, denoting the error, using

this forward difference approximation, so:

€ f,(xo) _ f(x0+hr)l_f(x0) (1_1)

= = 21G0) = SO (x) + (12)

This approximation is of the order 0(h). This means that as the value of h gets smaller the

error of the forward difference approximation also gets smaller, linearly.
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To give a more accurate approximate the function can be looked at to see how it changes as
we decrease the h value. This is creation of the backward difference approximation. Using

Taylor series, we can write (0.2) to make:

flto—h) = fre) = h-f'(x0) = = f"(og) = = f® (o) = =+ (1.3)

Rearranged:

(xo—h)—f (x0) / h cn h?
e AR TR CORE VA CORE (1.4)

Then it can construct the following backward difference approximation:

' (x0)— f(xo+h)
f(xg) ~ [0 L0t (2)

This is only an approximate that is more accurate as h get smaller; this can be given by the the

equation:
— £ (x0)=f(xo=h
€y = f'(xg) — L)zl i (Xo—h) (2.1)
h ., h?
= Sf (o)~ [P xo) + - (2.2)

The approximate is again of 0(h).

So, in both equations if h decreases the error also decreases, meaning there is no real

improvement or benefit from the forward difference approximation.

To enhance the precision of the approximation, we introduce a consistent estimation known
as the central difference approximation, which considers the points (x, — h) and (x, + h)

(Faires, 2015) If the function f is three times differential of x:

(xo+h)=f (x0) h h?
LOatT OO = fr(xg) + 2 7 (x0) + 5 f O ) + -+ (03)

flto—h) = f(xo) —h.f'(xo) = = f ") = = f P (o) =+ (L3)

Flro+h) = fl—h) =2.[h.f'() + 2 FO(xg) + - (23)

8
BEng Mech & Manu Eng Joshua Ashcroft




Structural & Fluid Analysis Designing a race car rear wing: Structural Design

So,

foth)=f(xo=h) _ . h?
= 1) + 5 fPxe) + (2.4)

From this the central difference approximation can be given as:

’ (xo+h)— —-h
f(xg) ~ LR (3)

The error of this approximate is given by:

€. = f,(xO) _ f(xo)_i(xo_h) (31)
S TACOREVAICORE 3.2

The central difference approximate is accurate to order 0(h?) and so, for small values of h

the central approximate will be better than both the forward and backward applications.

Second order derivatives

Similar steps are followed for higher order derivatives, if both approximates are added:

Flto+1) = [FGxo) + b f' (o) + 2 f7 (o) + 2 f P (o) + ] (3.3)
;
flto—h) = [FGxe) =hf' (o) + % (o) = = f P (o) + -] (3.4)
This gives:
Qo+ )+ fo = h) = 2.[f o) + = £ Gxo) + 5 F® o) + -] (3.5)
Therefore:
L2 L) — £ tg) + 5 £ (o) + - 36)
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The central difference approximation to the 2" derivative is:

fII (xO) ~ f(x0+h)_2-f’f:0)+f(x0_h) (4)

The error is of the order 0(h?) is given by:

— £ (xg+h)=2.f (xo)+ —h
EC :f (xo) _ fxO fhjo f(xo ) (41)

hZ

10
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Finite Difference Method

The Finite Difference Method (FDM) is a numerical technique used to approximate solutions
to differential equations by discretizing the domain into a grid of points, known as nodes.
Each node represents a discrete point on the material's surface where the temperature will
be calculated. These nodes are systematically arranged in rows and columns, creating a

mesh that spans the entire domain.

In FDM, the continuous partial differential equations governing heat conduction are replaced
with algebraic equations. These algebraic equations establish relationships between the
temperature values at adjacent nodes based on finite difference approximations of the
derivatives. The boundary conditions, as defined in the brief, play a crucial role in shaping
these relationships by providing necessary information about the temperature or heat flux

at the edges of the material.

To enhance the accuracy of the numerical solution, one can increase the number of nodes,
thus refining the spatial resolution. This refinement allows for a more detailed
representation of temperature variations across the material. However, increasing the node
density also escalates the computational workload, as more equations must be solved
simultaneously. This trade-off between accuracy and computational cost is a key

consideration in the application of FDM.

The FDM is one of several numerical methods used to solve partial differential equations,
with others including Finite Element Analysis (FEA) and Finite Volume Analysis (FVA). Each
method has its strengths and weaknesses. For instance, while FDM is relatively
straightforward and easy to implement, FEA offers greater flexibility in handling complex
geometries and boundary conditions. FVA, on the other hand, is particularly effective for

problems involving fluid flow and heat transfer.

11
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Time-Dependent Thermal Diffusion Using Finite Difference

To achieve the objectives outlined earlier, we will employ the heat conduction equation. In
this context, a\alphaa denotes a constant material property known as thermal diffusivity,
which measures the rate at which heat spreads through the material from the edge. We will
focus on the thermal diffusion equation in two dimensions, as the problem involves a 2D

plate and does not consider the Z direction. The relevant equations (4.3) and (4.4) will be

used to model this scenario.

ap = L OT

VT_a'at (4.3)
9%t = 9%t 1 0T

Ty " aa (4.4)

T = Temperature (°c) k = Thermal Conductivity (W.m1.K?) ¢ = Specific Heat (J.Kg.K!)
p = Density (Kg.m™3) a = k/(p.c) thermal diffusivity (m2.s) t = time (s)

N N
+

2_
v 0x? + dy?  0z2

12
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Explicit Method

The differential thermal diffusion equation is represented in finite-difference form by using

Central differences to discretise, e V2T, and Forward differences to discretise 9T /0t.

At the point P

dx h?

t t t
82T _ Tg—2.Tp+Ty,

t t t
82T _ TN—2.Ty+Ts

ay h2
And

T LTt
at k2

(4.5)

(4.6)

(4.7)

Substituting into the thermal diffusion equation gives us the Explicit Finite difference

Equation

1
T}f“:FO.(T53+TfW+T,§,+Tg—(4—F—0).T§,)

Where the Fourier Number

13
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Stability Criterion
In the explicit finite difference method, the Fourier number, Fy, is a dimensionless quantity

defined as:

Tt+At

This method is termed "explicit" because the temperature Tp"°* at the next time step can be

directly calculated from the temperatures at the current time step.

A significant drawback of the explicit method is the limitation on the time-step size At. Once
the thermal diffusivity alpha and the spatial step size h are set, Delta t must not exceed a
certain maximum value to maintain numerical stability. This constraint is given by the

stability criterion:

0<Fy< in2D

AN

Adhering to this criterion ensures that the numerical solution remains stable over time.

14
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Boundary Conditions

The boundary conditions are shown in figure 3.

Dirichlet Condition — Northern Boundary

For the Dirichlet condition: T( x,6,t) = f(x)
T( x,6,t): This shows the temperature (T) at the point ( x,6,t).

Here, (x) and (t) are spatial and temporal coordinates, respectively, and 6 refers to the y-

coordinate, indicating a point on the top boundary of the region under consideration.
f(x): This is a specified function of (x).

The Dirichlet condition is showing that the temperature at the top boundary (y = 6) at any
given time (t) is equal to the value of the function f(x) evaluated at the corresponding x -

coordinate. (Farlow, 1993)

2
12.5% ifo<x< (Exﬁ)
fx) = ,

—25x + 150 if(§x6)<x£6

Eastern and Western Boundaries
Similarly to the Northern boundary, the Eastern and Western boundary conditions are
defined in the brief as T(0, y,t) =0 & T(6, y,t) = 0. The six in this being the furthest right

edge of the system (x = 6).

Southern Boundary
As is with the Eastern and Western boundaries, at the Southern boundary the temperature
is also maintained at zero, and this condition remains consistent throughout the simulation

time (t).

Code Details and Explanation
The MATLAB code is designed to simulate 2D heat transfer in an aluminium plate using the

Explicit Finite Difference Method.

15
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Section 1

The user is prompted to input the grid spacing (h) for discretizing the plate. A validation
message (msg) is prepared to handle invalid inputs. A while loop is used to check the user
input against the required criteria. If the input does not meet these criteria, the validation

message is displayed, and the prompt is repeated until a valid input is provided.

This section initializes the variables that define the thermal properties of aluminium. The
dimensions of the plate are set according to the specifications, which in this case are 6m x

em.

cle
clear
close all

Define material ¢

k = 143;

rho = 2800;

cp = 795;

alpha = k / (rho * cp);

while (h>=L||h>=W| |rem(L,h)~=0]||rem(W,h)~=0)
h = input (msg);
end

NC =1L/ h + 1;
NE =W/ h + 1;

dt = input("Input time step (seconds): "); Input time step
while dt>=h"2/(4*alpha)
fprintf ('Sclution is unstable. Enter a smaller wvalue than: %g\n' ,h"2/({4*alpha))

Figure 2 - Section 1 Code

In this section of code, the time step criteria are also input into the code, ensuring the user

enters a value that is stable for the time step.

16
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Section 2
T = zeros (HR, HNC);
for ¢ = 1:NC
x = (o — 1) * h; x-C
if 0 <= x && x <= (2 f 3) * L
T{l, c) = 12.5 * x;
elseif (2 / 3) * L < = && x <= L
T{l, c) = -25 = = + 150;
end
T( 1y = O
T(:, end) = 0;
Tlend, :) = 0;
T old = T;
for i = 2:HNR - 1
for 7 = 2:NC - 1
T{i, j) = T ald{i, J) + alpha * dt / h * 2 * (T aold{i1 + 1, j) + T old{i - &
1, j) + T oldf{i, 3 + 1) + T oldi{z1, 3 - 1) - 4 = T old(i, J));:

Figure 3 - Section 2 Code

This section of code sets the initial temperature distribution using specific conditions; it

initiates a time loop for numerical simulation using the explicit finite difference method.

T old = T stores the current temperature T as the old temperature matrix for comparison
later when the check for thermal equilibrium is carried out. The loop will repeat until the

two temperatures are close enough together using a defined tolerance.

17
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Section 3

if t<B0
fprintf ('Tim

else if t>=60 && t<&0"2
fprintf ('Tim n I
if t>=80"2 && t<24*g0~2

fprintf (' Tim

fprintf ('Tim

figure (1)
contourf (£lipud(T)}

Figure 4 - Section 3 Code

', numZstrit),

n',t)

n',t/60)

't/ B0N2)

n' S {24*60"2))

Designing a race car rear wing: Structural Design

This next section displays the results of the time taken to reach thermal equilibrium

conducted in the code in graphical form. It also generates the time that it took in numerical

form, taking into consideration the best way to display the data based on the time taken,

seconds, minutes etc.

18
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Section 4

num_terms = 100;

T analytic = zeros(NR, HNC);
for i = 1:NR

= 1:NC

= {1 - 1}y * h;

= (3 - 1) * h;

analytic(i, j) = calculate analytical temperature(x, ¥y, num terms);

far J

x
v
T

T analytic = rot30(T _analytic); Rotate matrix legrees counterclockwise fore

difference = T -

disp('Difference
dispidifference);

1 T analytical = calculate analytical temperature(x, ¥y, num terms)

analytical = 07

r 1 = l:num terms

1{2*n*pif3) J/ (n"2 * sinhin*pi))) * sin(n*pi*x/B6) * sinh(n*pi*y/B);

T analytical = T analytical + term;

T analytical = (450/pi*2) * T analytical;

Figure 5 - Section 4 Code

This section calculates and displays the analytical temperature distribution at thermal
equilibrium. It then displays the difference between numerical and analytical solutions. The
visualisation includes contour plots and colour bars for better interpretation. The analytical
solution is obtained by evaluating a series at each grid point using the

‘calculate_analytical _temperature’ function; this function calculates the analytical
temperature distribution at a given point based off the analytical equation for ‘T’ seen

below.

450 Si”(m.:q) CoMmrmrxy MWty
T(I,P)Z?'Z nz-sinh(n-}r)‘sm(n = )-smh(T)

n=1

Figure 6 - Analytical Solution

19
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Validation of the Code

The MATLAB-based numerical simulation approximates the heat distribution within the
aluminum plate by solving complex mathematical equations that would be challenging to
handle manually. This simulation incorporates various input parameters, including material
properties, boundary conditions, and initial conditions, to model the heat transfer

accurately.

To ensure the reliability of the numerical simulation, its results are often compared with
analytical solutions derived from theoretical mathematical models. Analytical methods
provide exact solutions by simplifying certain assumptions, as discussed in "The Application

of Numerical Methods in Heat Transfer Problems" (n.d.).

fumerical Temperature Distribution at t = 106000 seconds

: : ,v 50
45
4

135

35

w

130

125

120

Y Coordinate (m)
[y
()]

o

1
1 1.5 2 2.5 3 35 4

X Coordinate (m)
Figure 7 - Numerical Heat Map
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Analytical Temperature Distribution

. Y

135

130

25 125

Y Coordinate

120

1 1.5 2 2.5 3 3.5 4
X Coordinate

Figure 8 - Analytical Heat Map

In this particular case, a close match between the numerical and analytical heat distribution
graphs serves as a strong indicator of the numerical simulation's accuracy. The precision of
the numerical method is influenced by factors such as appropriate grid spacing and time

step selection, as previously mentioned.

As well as the similarity in the visualisation of the graphical data, the difference can be seen

in the matrix below (Figure 9), with a maximum deviation of 1.87°c.

Difference Between Numerical and ARnalytical solutions:
0 -0.0019 0.0034 -0.0040 0.2268 -0.0021 -0.0000
-0.0570 -0.0460 0.2818 1.8734 .3388 -0.0000
-0.0600 -0.0091 0.301%9 0.8272 .3619 -0.0000
-0.0527 -0.0185 0.14%97 0.3343 .2024 -0.0000
-0.0443 -0.036%9 0.0356 0.1080 .078% -0.0000
-0.0267 -0.0300 -0.0053 0.0226 .0214 -0.0000
0 0 0 0 0 0

[ T s Y s T s N s T s
[ T s Y s T s T v

Figure 9 - Difference Between Numerical and Analytical Data Table

21
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Sensitivity Analysis Of Code

In order the analyse the code it was possible to change certain parameters to see how the
time taken to reach thermal equilibrium would be influenced. In all variations of the analysis

the dimensions of the plate were kept the same.

Table 1 - Grid Spacing Variation

h — Grid Spacing Tol — Minimum difference between dt — Time Time Result
two matrixes Step
2 0.01 1000 1.22685 days
1.2 0.01 1000 1.21528 days
1 0.01 1000 1.25 days
0.75 0.01 1000 1.23843 days
0.6 0.01 1000 1.23843 days

Table 1 examines the adjustment of the grid spacing, subject to two validation conditions.
The initial condition requires that 'h' must be less than both 'L' and 'W.' The second

condition requires that the grid spacing evenly divides both 'L' and 'W.'

Table 2 - Tolerance Variation

h — Grid Spacing Tol — Minimum Tolerance of dt — Time Time Result
Convergence Step

2 0.8 1000 16.6667 mins
2 0.65 1000 1.11111 hours
2 0.5 1000 2.5 hours

2 0.2 1000 7.5 hours

2 0.01 1000 1.22685 days
2 0.001 1000 2.02546 days

Table 2 looks at the adjustment of the tolerancing allowed in the code between the first

temperature and the next temperature in the sequence; many numerical methods for

22
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solving differential equations use a convergence criteria or tolerance to determine when the
solution has reached a sufficiently stable state (equilibrium).

The tolerance represents an acceptable level of change or error in the solution between

successive iterations or time steps. (Morton, 2005)

Table 3 - Time Step Variation

h — Grid Spacing Tol — Minimum difference between dt—Time Step  Time Result

two matrixes

2 0.01 3600 1.625 days

2 0.01 2500 1.50463 days
2 0.01 1500 1.35417 days
2 0.01 600 1.0625 days
2 0.01 200 17 hours

2 0.01 100 12.111 hours

Table 3 shows the results from a variation in the time step (A t). Smaller time steps generally
lead to more accurate results, but they may require more computational resources.

Conversely, larger time steps can reduce computational costs but may compromise accuracy.

Influence of Grid Spacing Variation

A step size must then be chosen which is as large as possible to minimise the required
number of steps, while remaining small enough to maintain the truncation error less than
some tolerance. (Lowery, 1977) The round off error that occurs during the changes in step
sizing are due to loses of significant figures when calculating. In Figure 8 it is shown that
when the jump became larger the time taken to reach equilibrium was a lot longer as there

is more error

23
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Time Taken to Reach Thermal Equilibrium - Grid Space
1.34 Variation 1.31944

1.32

=
w

1
1.26 1.23843
1.23843

1.25

1.22685

Time Taken - Days

1.2 1.21528

0.6 0.75 1 1.2 2 3
Figure 10 - Grid Spacing Graph

Influence of Tolerance Variation

The influence of tolerance in terms of finite difference refers to a convergence criterion that
the code must meet before producing a result. The convergence is checked by comparing
the difference between the change in the solution with a tolerance predefined within the
code. A higher tolerance allows more deviation between the two comparatives, typically
yielding a much faster but less accurate result. (LeVeque, 2007) Figure 9 shows that as the

tolerance increases, the time taken to reach thermal equilibrium is a lot faster as expected.

Time Taken To Reach Thermal Equilibrium -
Tolerance Variation

60
50
40
30
20

10 . 2.5 1.11111
0.27777833

—C———0

0.001 0.01 0.2 0.5 0.65 0.8

48.61104

29.4444

Time Taken - Hours

Tolerance

Figure 11 - Tolerance Variation Graph

Influence of Time Step Variation
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Key Model Limitations

Coding Limitations

MATLAB's limitations become apparent when it can only produce a figure for thermal
equilibrium by comparing two successive temperature matrices. This approach does not
capture the true thermal equilibrium state and introduces cumulative errors. Methods that
are more physics-dependent could potentially yield more accurate results, as discussed by

Anderson (1995).

Truncation Error

Truncation errors occur when infinite processes are approximated using a finite number of
terms or grid points. In finite difference methods, these errors arise from discretizing
continuous derivatives. By substituting derivatives with finite difference approximations,

truncation errors are introduced, as highlighted by LeVeque (2007).

Round-Off Error

Due to the limited capacity of computers to store numbers, round-off errors are inevitable.
For example, while mt\pim has an infinite number of digits, MATLAB can only store up to 16
digits. Although these errors may seem insignificant, they can accumulate over many

calculations, resulting in significant deviations from expected values.

Complex Geometry

Modeling complex geometries with finite difference methods is challenging due to the need
for generating an appropriate grid structure. This can become highly intricate and difficult
for computational software to manage, often necessitating advanced techniques.
Additionally, achieving suitable accuracy levels may be hindered by computational
limitations, as a finer mesh might be required. Finite difference methods also face stability
constraints when dealing with irregular geometries, as noted by Ferziger (2002). These

methods may lack the adaptability needed to accurately measure complex geometries.
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Suggested Improvements and Future Developments

Ongoing collaboration between researchers in numerical methods, computational physics,
and software engineering is essential to advance simulation capabilities and overcome the
challenges associated with 2D thermal equilibrium modeling. Additionally, advancements in
hardware technology and computational resources, such as the utilization of
supercomputers, will play a crucial role in improving the accuracy of predictions and

achieving the hypothesized outcomes
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Conclusion

In conclusion, this report has explored the application of the finite difference method (FDM)
for simulating 2D thermal distribution across an aluminium plate, highlighting both its
strengths and weaknesses. Despite its limitations compared to other numerical methods,
FDM has demonstrated its effectiveness in modelling the dissipation of temperature across a

two-dimensional domain.

The accuracy of the simulation heavily relies on the selection of appropriate grid spacing and
time step. These parameters are crucial for maintaining the stability and accuracy of the
numerical solution. Through careful selection and validation, the FDM was able to produce
results that closely matched the analytical solution. This close agreement between
numerical and analytical results underscores the reliability of FDM in capturing the

temperature distribution given initial conditions and boundary constraints.

One of the significant strengths of FDM is its simplicity and ease of implementation. The
method provides a straightforward approach to discretizing and solving the heat equation,
making it accessible for various applications. However, this simplicity comes with some
drawbacks, particularly concerning the handling of complex geometries and the potential for

accumulating numerical errors, such as round-off and truncation errors.

Round-off errors, due to the finite precision of computer arithmetic, and truncation errors,
arising from the approximation of continuous derivatives by discrete differences, can
accumulate over many iterations, potentially leading to deviations from the true solution.
Despite these challenges, the method has shown that, with careful management of these

errors, it can produce highly accurate results.

The study also highlighted the limitations of FDM in handling complex geometries and the
necessity for advanced techniques to generate appropriate grid structures for such
scenarios. These limitations suggest that while FDM is effective for simple, regular
geometries, alternative methods like Finite Element Analysis (FEA) might be more suitable

for more intricate domains.
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Additionally, the report emphasizes the importance of continued research and development
in this field. Future advancements in numerical methods, combined with improvements in
computational power, will further enhance the accuracy and efficiency of thermal
simulations. Collaborative efforts among researchers in numerical methods, computational
physics, and software engineering will be vital in overcoming current challenges and pushing

the boundaries of what can be achieved with numerical simulations.

Summary

In summary, the finite difference method provides a robust foundation for modelling 2D
thermal distribution in materials like aluminium. While it is not without its limitations, its
strengths in simplicity and reliability make it a valuable tool. Continued research and
technological advancements will undoubtedly enhance its capabilities, paving the way for

more accurate and efficient thermal simulations in the future.
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Appendix

cle
clear
close all

Define m:

k= 1435; 1/ (m*C)
rheo = 2B00O;
cp = 795;

alpha = k / (rho * cp):

msg = divides into 6: ™)

Grid spacing
while (h>=L||h>=W||rem(L,h)~=0||xrem(W,h)~=0)
h = input (m=sg);

end
HC i
NE ! 1;

dt = input({"Input time
while dt>=h"2/(4*alpha)
fprintf ('S i

lution 1s

smaller value than: %gin' ,h*2/(4*alpha))
tep: "):

dr = input ('Enter a

Initialise temperature grid

=
Il
2]
m
H
o
m
=
sl
<
o
]

= 1:NC

for c

Using the function
if 0 <= % && x <= (2
T(l, c) = 12.5 * x;
elseif (2 / 3) * L < x && % <=L
T(l, ) = =25 * = + 150;
end
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T({:, 1) = 0;
T(:, end) =
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T{end, :) = 0; the top
Time locp for numerical simulatic

t = 0;
while true

T old = T;

for 1 = 2:NR - 1

for j = 2:NC - 1
Finite difference equation for heat conduction

T(i, j) = T _old(i, j) + alpha * dt / h ~ 2 * (T old(i + 1,

1, ) + T old(i, j + 1) + T old(i, j - 1) - 4 = T old(i, J)):
end
end
Check for Thermal Equilibrium
if max (max({abs(T - T old)}) < 0.01 Tolerance
break;
end

t =t + dt; Update time

m
5
o

if t<60
fprintf{'Time taken to reach Thermal Equilibrium is: %g se

else 1f t>=60 && t<60"Z2
fprintf{'Time taken to reach Th

else 1f t>=60"2 && t<24*60"2

fprintf('Time taken to reach Thermal Equilibrium is: %g hours

o
wm

e
fprintf{'T

o)

m

o

en

end

disp('Numerical Temperature Distribution at Thermal Equilibrium:

disp(T),

figure (1)
contourf (£lipud(T))
direction for correct c
colormap (jet)
colorbar

clim ([0 5071):

Visualisation of the temperature distribution (Figure 1)

i) + T_old(i - ¥

dshn' . t)

rium is: g minutes\n" ,t/60)

\n',£/60%2)

\n',t/ (24%6072))
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'max value' with your desired range)
xlabel ("X

Coordinate (m)'):
ylabel ('Y Coordinate (m)'};

title(["Humerical Temperature Distribution at t = ', numZ2str(t), ' seconds']);
% Analytical Sclution Calculation

% Calculate the analytical solution
nom_terms = 100; % Humber of terms in the series to include
T analytic = zeros(NR, NC);
for 1 = 1:HNE
for j = 1:HC
®x = (1 - 1) * h;

y=(J-1) * h;
T analytic(i, j) = calculate analytical temperature(x, ¥, num terms);
end
end
T analytic = rotB30(T_analytic); % Rotate matrix 90 degrees counterclockwise for &

proper orientation

t Display the analytical solution in the command window
disp('Analytical Temperature Distributicon at Thermal Equilibrium:"});
disp(T_analytic):

% Calculate the difference between analytical and numerical solutions
difference = T - T analytic; % Compute the difference between scolutions
disp('Difference Between Numerical and Analytical solutions:');
disp(difference);

% Visualisation of the analytical sclution (E
figure (2)
contourf (Flip(T analytic)) ¥ Rotate by 90 degrees (clockwise) and then flip¥

vertically
colormap (jet)
colorbar % Keep the colorbar on the right side

clim ([0 50]): % Set colorbar limits (Replace "min
'max_value' with your desired range)

xlabel ("X Coordinate’}; % Adjust the label accordingly
ylabel ('Y Co

title("Analytical Temperature Distribution®};

cordinate’) ; % Adjust the label according

¥ Visualisation of the d
figure (3)
contourf (flip(difference)) % Flip matrix vertically for correct ¥

ference (Figure 3)

orientation

colormap (Jjet) % Usze "jet' colormap for clarity
colorbar % Add colorbar to denote value ranges
clim([-0.005 2]): % Set colorbar limits (Replace 'min value' &

and "max value' with your desired range)

ylabel ('Y Coordinate Length®);
title('Difference Between Numerical and Analytical Solutions');

¥ Function to calculate the analytical temperature distribution
functicon T _analytical = calculate_analytical temperature(x, ¥, num_terms)
T analytical = 0;
for n = l:inum_terms
term = (sin(2*n*pi/3) / (n*2 * =inh(n*pi))) * sin(n*pi*x/6) * sinh(n*pi*y/6):
T analytical = T analytical + term;
end
T analytical = (450/pi*2}) * T analytical;
end
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