Contact Stresses
Introduction
When a load is applied over a small area of contact this will result in unusually high values of stress.  These situations arise on a microscopic scale whenever force is transmitted through bodies in contact.  Hence, the study of contact mechanics concerns the deformation of solids that touch one another at one or more points.  This subject is formulated from mechanics of materials and continuum mechanics, and focuses on mathematical derivations involving elastic, viscoelastic, and plastic bodies in static or dynamic contact.
The founding analysis of elastic contact stresses, by Heinrich Hertz, was published in 1881, and the stresses experienced at the mating surfaces of curved bodies in compression are called Hertz contact stresses.  Contact mechanics provides necessary information for the safe and energy efficient design of devices in contact, and for the study of tribology and indentation hardness assessment of materials.
Hertzian contact stress refers to the localised stresses that develop as one or more curved surfaces come into contact with one another, and deform slightly under the applied loads.  The magnitude of the deformation is dependent on the modulus of elasticity of the material in contact.  The Hertz problem therefore, relates to the stresses on the contact surfaces of a sphere on a plane, a sphere on a sphere, a cylinder on a cylinder, and the like.  In addition to roller bearings, this problem is of significance to cams, push rod mechanisms, locomotive wheels, valve tappets, gear teeth, pin joints in linkages, etc.  The following diagrams show that when a sphere is pressed against an elastic material, then the contact area increases.






Consider the contact of two bodies having curved surfaces of different radii (r1 and r2), whereby there is no deflection of either body, i.e. no applied force.  If a pair of collinear forces (F) presses the bodies together, deflection will occur and the point of contact is replaced by a small area of contact (see diagrams above).  In order to solve this problem, the first stage is determination of the size and shape of the contact area, as well as the distribution of normal (perpendicular) pressure acting on the area.  The deflections and near-surface stresses resulting from the contact pressure can then be evaluated.  In the solution of a Hertz problem, the following three basic assumptions as generally made:
1. The contacting bodies are isotropic, homogenous, and elastic.
2. The contact areas are essentially flat and small relative to the radii of curvature of the undeflected bodies in the immediate area of the contacting interface.
3. The contacting bodies are perfectly smooth, therefore friction forces, which act tangentially between the surfaces, can be neglected.

Spherical and Cylindrical Surfaces in Contact

Figure A below illustrates the contact area and corresponding stress distribution between two spheres, loaded collinearly with force F.  Similarly, Figure B shows two parallel cylindrical rollers which are compressed by forces F.  It can be seen that in both cases, the maximum contact pressure is found to occur on the load axis.  

















In the case of the two spheres in contact, the area of contact is defined by dimension a, and for the case of the cylinders, defined by a and L.  The relationships for the contact force F, maximum pressure po, and the deflection δ in the point of contact are given below.

Maximum pressure p0 and deflection δ of two bodies in point of contact.
	Spheres:			Cylinders:	

(A)  Sphere on a flat surface:			 Cylinder on a flat surface:

				

							For E1 = E2 = E
					

(B)  Two spherical balls:				Two cylindrical rollers:

					




Where:			and,	


Examples:

1. A concentrated load F at the centre of a narrow deep beam, is applied through a rod of diameter d laid across the beam of width b.  It can be assumed that rod and beam are both made of steel having E = 200 GPa.  If the applied load through the rod is 4 kN, d = 12 mm and b = 125 mm, determine:

(i) The contact area between rod and beam surface
(ii) The maximum contact stress
(iii) The deflection at the contact surface
(iv) If the rod was replaced by one made from bronze with E = 105 GPa, find the new values of contact area and maximum stress.

2. Two aluminium spherical bodies are in contact with one another under the action of a force measuring 0.75 kN.  The radii of the spheres are 12.5 mm and 25.0 mm, and both have an elastic modulus of 72 GPa.  Find the maximum contact pressure between the spheres, as well as the deflection experienced.

3. If the smaller sphere in Question 2 above was replaced by (i) a steel sphere, and (ii) a bronze sphere, of the same dimensions, calculate the maximum contact pressure between the two spheres in contact and the deflection experienced.  All other conditions remain the same as given in Question 2 above.

4. [bookmark: _GoBack]If the deflection between two aluminium spheres of diameters 20 mm and 30 mm was measured as being 0.075 mm, what was the applied load to cause the deflection?
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