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Integration

Integration (also known as the 'anti-derivative', gives us the exact area under a curve. This is because when we integrate, we split the area under the curve into an infinite amount of strips, and then add these strips together.
The integral sign is (this is the old 'summation' sign, hence the 's' shape) and a typical integral would look like this:

      'with respect to x' 
	         limits            what we are integrating
When we say 'with respect to x', it means that the variable that we are integrating is x. This is needed especially when we are integrating constants, as we will see later.
Integration is also seen as the 'opposite' to differentiation (hence the 'anti-derivative' name), as when we differentiate, we can then integrate our answer and we should end up with what we started with:

	    Integrate	Differentiate

This is especially useful when we want to check if our answers are correct (for both integration and differentiation).
There are two types of integrals, 'definite' and 'indefinite':
Definite - When we are integrating between limits.
Indefinite - When we are not integrating between limits.
The method for both is the same, however, definite integrals give us back a number (i.e. the area under the curve), and indefinite integrals can give back algebra (a general formula for the area under the curve).


Indefinite Integrals
Here is the formula for integrating an indefinite integral:

Where 'C' is the constant of integration. Only indefinite integrals have these, and we will see why we have them soon. In this formula, 'a' is just a constant infront of the variable that we are integrating (which can be largely ignored when you are integrating).
When we integrate a constant, it becomes multiplied by the variable that we are integrating with respect to:

Let's have a look at a few examples:
1) 
So as the formula states, we increase the power by 1, and then divide through by that new power:


2) 
When we have more than one term, we simply integrate these separately:


3) 
Firstly we need to write this as , and then integrate that:



4) 
An important point that you need to remember is that we must have separate terms before we integrate, i.e. we don't want terms multiplied or divided together as we have above. We want all of our terms to be separated by pluses and minuses. In this example we simply multiply the bracket out before we integrate:

Now integrate:


Note that this does not work for , as we end up dividing by 0 (which we cannot do). An important property to remember is this:


Integrating trig functions and other special cases:



(We don't integrate tan(x) at this level as it is a bit more complicated).


Before we move on to definite integrals, let's see why we have to put a '+C' on the end of every indefinite integral. As we saw earlier, when we differentiate something, we should be able to integrate our answer and get back to what we started with.
If we differentiate , we end up with , and the constant '2' disappears. Now we should be able to integrate this and end up with what we started with, however:

Which is not what we started with (the '2' is missing from  the end). As we cannot just 'guess' a number to add onto the end, we need to add on the constant of integration (C) instead. These are not needed in definite integrals, and we will see why when we will look at them next.

Definite Integrals
When we calculate 'definite' integrals, we are finding an actual area under a curve, i.e. we should have a number as our answer. Let's have a look at an example.
1) 
Firstly, we integrate as normal, and put our result in a squared bracket with our limits to one side:

We now separate this bracket into two, firstly substituting our upper limit in, then subtracting the same bracket with the lower limit substituted in.


 (
Gives the area between 0 and 1
) (
Gives the area between 0 and 4
)


Subtracting the area between x=0 and 1 from the area between x=0 and 4 will therefore give us the area between x=1 and 4, which is what we want.



Now the C's will cancel out, therefore when we do definite integral examples from now on, we won't need to add the 'plus C' part at the end of it.


As this is an area, the units are 'units squared', however we don't tend to put this in our answer.
Let's try another example:
2)  
Firstly integrate (remember we don't need to have 'plus C' on the end!):






3)  
This time we have  in one of our limits - remember when you see , you should put your calculator into Radians mode!






4)  
Remember that firstly we need to have separate terms before we can integrate, so we need to multiply this bracket out.
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