Overview of a Physics Game Engine.
If we want realistic animation of moving objects in a game then we can use rigid body dynamics. In physics, rigid body dynamics is the study of the motion of rigid bodies. Here we assume an object can move in 3 dimensions and can also rotate. For the time being we will focus on linear movement in three dimensions and we’ll consider rotations later on.  The motion we will model is not only constant velocity (change of position with respect to time) but also changes in velocity over time, i.e. acceleration.
Also, when objects collide they change their velocity and we will need to consider this too.  We will look at one approach to dealing with this problem later on when we discuss collision detection and collision response. 
Basic Newtonian Physics
All objects are affected by forces, for example gravity; the ground (pushing up) ; a rocket engine pushing a projectile; one object pushing another; etc. 
· Forces come in pairs (recall action and reaction)
· Force determines acceleration.  That is:-
 			F = ma 		eqn. 1
where m is the mass of an object, a is acceleration and F is the sum of all forces acting on an object.    
· Acceleration changes velocity (acceleration,  )
· Velocity changes position ( velocity, )
If we assume acceleration is constant, that is acceleration is independent of time, then we can solve the differential equation,  by integrating both sides,    giving

where c is the constant of integration.  If we know the velocity is v0 at time t=0 then we can substitute into the equation above to get:
					eqn. 2
Similarly for the differential equation   we first substitute for equation 2 to get 

and integrating we get
			eqn. 3
Key Equations are:-
1. F=ma
2. 
3. 
This gives us an approach to modelling systems where the acceleration is constant, that is at each time step we:-

1. Compute all forces on an object by adding them up.  Forces are vectors since they have a magnitude and direction so make sure you use vector maths.

2. Compute acceleration by dividing the total forces on an object by the mass of the object, a=F/m – see equation 1.

3. Compute new position based on old position, velocity, acceleration using equation 3.


4. Compute new velocity based on old velocity and acceleration using equation 2.
These equations work only if acceleration is constant over the simulation period and they will produce errors if acceleration changes. In the real world acceleration can change continuously for example  the spring force:  Fspring = –kX; and  drag force:   Fdrag = –av-bv2 equations both cause acceleration to change as position or velocity change.
In order to cope with such problems we adopt an iterative method that allows us to solve the differential equations      and     in a numerical way that does not assume that acceleration, a  is constant.  It deals well with any integration and copes with discontinuities.  
There are several numerical integration methods used to solve differential equations, the simplest is called Euler’s Method after the 18th century mathematician. 
Euler’s Method
First we start with an initial value and follow a step-by-step (stepwise) approximation of the function we want to integrate (in our case the functions are the relationship between acceleration and velocity, and velocity and position) – see the diagram below.



The idea is, we have the slope  = v  or    = x 
· We follow the slope to find next values of x or v 
· We start with x0, v0  and assume a time step of h seconds (typically 30ms or 60ms).


Here F(xi,vi) is the applied force, F which may be proportional to either current position, xi or current velocity, vi or neither.
We repeat this forever. 
It has problems.
· It expects the slope at the current point is a good estimate of the slope on the interval (see previous diagram).
· The approximation can drift off the actual function (see diagram below for extreme example as well as the previous diagram) – it actually adds energy to system!
· [bookmark: _GoBack]It gets worse the farther we get from known initial value.
· And it’s especially bad when time step gets larger.

Example of drift.









The following example demonstrates Euler’s method.
Consider a system where the velocity is changing with time and follows the relationship a=2t where a is the acceleration and t is the time. If we integrate acceleration, a analytically we see that the true  velocity, v is given by the equation v=t2+c.  Using Euler’s numerical method we first identify the initial conditions. Initially the velocity, V0   is 0m/s when time, t is 0s (assume also our step counter, n is initially 0).  The next value of velocity, vn+1 is calculated by measuring the gradient at time t and assumes it remains constant over the period t. The gradient is given by the acceleration,    and is 0.0m/s2  initially.  The value of  Vn+1   is then given by the taking Vn and adding a.t to it. i.e.  Vn+1   = Vn + at.  The following table shows the first four calculations:-
	Step
	Time (s)
Here t=0.1s
	Numerically solved Velocity, (m/s): 
Vn  = Vn-1 + at
	True Velocity (m/s)
	Acceleration, a (m/s2) (a=2*t)

	n
	0 *
	0 *
	0
	0

	n+1
	0.1
	0.02
	0.01
	0.2

	n+2
	0.2
	0.06
	0.04
	0.4

	n+3
	0.3
	0.12
	0.09
	0.6

	n+4
	0.4
	0.2
	0.16
	0.8


*from initial conditions
The graph of the first four points are plotted below.

Figure 1: Comparison of numerical solution for  and its analytical solution v=t2 + c

Example 2
For the drag force equation mentioned above, Fdrag = -(bv + cv2) calculate the velocity of an object of mass, m= 1kg over four time steps where t = 0.05s; initial x velocity = 30m/s at time t=0s; the coefficient of linear drag (and hence b) is negligible and the coefficient, c =𝛾D2 = 0.3 Ns2/m2. Where 𝛾 is the coefficient of quadratic drag and D is the diameter of the object (which is assumed to be a sphere – this is physics after all ;-) )
As a sanity check, we can solve this analytically first then compare the results with the numerically calculated results.  Let’s find the analytical solution first.
Acceleration, a= Fdrag/m.  Therefore a= -cv2/m.  Notice the minus sign as the force acts against the direction of motion.  As a=   then we form the differential equation
= -cv2/m.  This becomes, and we integrate both sides, i.e to get:-

Let the initial velocity at t=0s be represented by v0.  Therefore k =-m/v0 .
Re-arranging we get,   and re-arranging for v we get  or more commonly we see the same thing written as  
We know from the initial conditions at t=0, v=30m/s.  The mass, m is 1kg and c=0.3 so
k=-1/30 s/m.   We can directly find the velocity, for example after 0.4s by substituting for t,m,c and k in the equation above so the velocity of the object after 0.4 seconds is  :.  

Now let’s solve numerically using Euler’s method as before:-
	Step
	Time (s)
Here t=0.05s
	Numerically solved Velocity, (m/s): 
Vn  = Vn-1 + at
	True Velocity (m/s)
	Acceleration, a (m/s2) 
(a=-cv2/m)

	n
	0 *
	30 *
	30
	-270

	n+1
	0.05
	16.5
	20.68966
	-81.675

	n+2
	0.1
	12.41625
	15.78947
	-46.249

	n+3
	0.15
	10.1038
	12.76596
	-30.626

	n+4
	0.2
	8.572499
	10.71429
	-22.0463

	n+5
	0.25
	7.470183
	9.230769
	-16.7411

	n+6
	0.3
	6.633128
	8.108108
	-13.1995

	n+7
	0.35
	5.973153
	7.228916
	-10.7036

	n+8
	0.4
	5.437974
	6.521739
	-8.87147


*from initial conditions
The first nine points are plotted on the following graph.


Figure 2: Comparison of the numerical solution for  and its
  analytical   solution 

Points to note here:
 Notice as before the numerical solution is adding energy to the system- notice how the drag force is not reducing the velocity quite as much as it should.   
Also consider what would happen if the time step was increased to 0.2s.  The first calculation of acceleration would be -270*0.2=-54m/s2 and hence the new velocity will be 30-54 = -24m/s which is clearly ludicrous!  The subsequent results become more negative with each step and soon the simulation explodes. This is a common problem with physics engine numerical integrators.  It is possible to solve by decreasing the time step, but this loads the processor.  Alternatively we can use a slightly more sophisticated method that doesn’t give such large errors per time step.  The method we’ve been using so far is called Euler’s forward method. We can get better results using Euler’s backward method.

Please see the power point presentations for details of other integrators and their characteristics.
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