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Abstract. The purpose of this paper is to discuss from a historical point
of view the classical Rankine-Hugoniot (RH) relations in more detail
than usually done in standard textbooks. Particularly focusing on the
last seventy years, this paper (i) reviews their validity and limitations
as interpreted by numerous users; (ii) summarizes their enormous ex-
tension also to other branches of science and engineering; and (iii) dis-
cusses the nontrivial problem of error estimation. Originally, the RH
relations were derived for a plane-parallel steadily propagating aerial
shock with a step wave profile; i.e., a wave with zero rise-time and con-
stant thermodynamic as well as kinematic parameter values behind the
shock front. But real shock waves are in most cases three-dimensional,
have finite rise-times, and in almost all cases are unsteady waves. These
real properties must produce a systematic error when applying the RH
relations and the cardinal question arises how large this error will be
in comparison with a random error caused by the applied high-speed
diagnostics. However, numerical procedures of studying systematic er-
rors of unsteady wave propagation are difficult to carry out because of
various reasons and still pending.

1 Introduction

The famous Rankine-Hugoniot (RH) relations [1,2], an ingenious and simple concept
based upon the conservation laws of mass, momentum and energy!, are widely used in
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1 The conservation laws were first recognized in the early stages of development of classical
mechanics. Their generality and simplicity lie in the fact that they apply and may be ex-
ploited even in situations for which one is ignorant of the details of internal mechanisms — in
the example of the RH relations the inner structure of the shock transition. The conservation
laws, an important class of partial differential equations, are now believed to be universally
valid also for some other physical quantities. For example, for collisionless hydrodynamic
shocks additional jump conditions for electromagnetic fields, electrons, ions and the bulk
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shock physics, because they quickly provide data of shock parameter values for many
practical applications rather than obtaining more precise data by elaborately solving
hyperbolic differential equations. The RH relations are one of the cornerstones of
modern shock physics and certainly also contributed considerably to the application
and analysis of shock waves in other branches of science and engineering (S&E) —
meanwhile ranging from microscopic to cosmic dimensions, thus turning shock wave
physics into an interdisciplinary field in its own right [3]. The RH relations are widely
applied in scientific research such as in fluid and gas dynamics, materials science,
relativity theory, quantum mechanics, aerodynamics, ocean dynamics, meteorology,
and astrophysics. In computational fluid dynamics, the third RH relation, known
as the RH condition, is used in the discretization process for numerically solving
hyperbolic systems of conservation laws [4].

The classical RH relations — in a way the “Holy Grail” of shock physics — are a set
of three equations relating the state variables of the shocked medium to the ones of the
undisturbed medium. Originally, they were derived for a plane-parallel steady shock?,
thereby neglecting any viscosity and heat conduction effects within and behind the
shock front. Such a wave has a step profile; i.e., is a wave with zero rise-time and
constant thermodynamic and kinematic variables behind the shock front. However,
real shock waves, whether man-made or naturally occurring on Earth or in space, are
generally three-dimensional, have finite rise-times, are subjected to energy dissipation
(usually caused by viscosity), and in almost all cases are unsteady waves. Typically,
they change their pressure-time profile during propagation and in most cases are far
from being step functions in time. Nevertheless, in spite of these discrepancies with the
RH concept, some shock researchers, encouraged by their observed good agreement
between calculated and measured shock parameters, considered the RH relations im-
plicitly as “exact” and didn’t question their general validity also to shock waves with
finite rise-times and unsteady propagation. This (incorrect) view, particularly spread
among gas dynamicists, might have arisen from early shock tube measurements at
Princeton University [5] which showed a total error below 1% between measured data
and calculated data using the RH relations — an exception to most practical examples
because the shock-time profile of a shock wave propagating in a shock tube closely
matches a step function.

The RH relations have several unique features:

(i) All three equations do not require information on the equation of state (EOS);
therefore, they are applicable to any state of aggregation, even to multiphase
media and media undergoing phase transitions.

(ii) They relate kinematic parameters (ug, u1, Us) to thermodynamic parameters
(po, p1, Po, Pi1, eg, €1) across the shock transition®. In most cases the parame-
ter values for the initial state are well-known so that only five unknown shock
variables remain, independently of the chosen coordinates.

(iii) By experimentally determining two variables of the shocked state, the other
three variables can be calculated using the three RH equations. Since kinematic
properties can be measured with a higher precision than thermodynamic ones,
the RH relations are favorably used to determine EOS in shock-compressed ma-
terials, known as Hugoniots. In the special case of an ideal gas, only a single
parameter value, the shock front velocity or Mach number, is necessary to de-
termine all the other shock parameter values.

plasma have been derived. Early studies of the Euler equations in gas dynamics initiated the
Theory of Hyperbolic Conservation Laws.

2 See also Section 5.1, #12.

3 For symbols and subscripts see Section 2.2.1.
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(iv) The first two RH equations require no assumptions about the dynamic equilib-
rium and apply throughout the shock transition layer; i.e., a shock jump can
be treated without knowing any details of the shock structure — a supposition
useful for most practical applications, but only an approximation.

(v) The third RH equation — a thermodynamic condition among fluid dynamicists
and mathematicians known as the Rankine-Hugoniot condition — considers con-
servation of energy which allows one to also make some estimations on temper-
ature and entropy jumps across the shock front. Since the third equation which
is independent of the chosen coordinate system contains no velocity terms, only
thermodynamic quantities, it is widely used in S&E.

(vi) The RH relations hold not only across shock waves but also across contact dis-
continuities* such as during particular cases of obliquely interacting shock wave
known as Mach reflection [6], in traffic flow modeling [7] and even in supernova
remnants separating the ejecta from the interstellar gas [8]. Furthermore, they
also hold between any two points of a smooth waveform that is propagating
steadily [9,10].

The applicability of the RH relations and the resulting error depends on the degree
of unsteadiness® of real shock waves. Generally, cylindrical and spherical shocks have
a faster decay than plane shocks because of their geometric spreading. Furthermore,
the unsteadiness of the P(t)-profile of air blast waves and underwater shock wave in-
creases with decreasing distance from the explosive source and with increasing yield.
Thus, micro shock waves (such as generated by powerful electric discharges, small
chemical explosives or focused high-intensity laser radiation) have a higher degree
of unsteadiness than astrophysical shock waves and terrestrial blast waves at large
distances. Obviously, in reality there are always several deviations from ideal con-
ditions made in the classic RH concept. Thus, the cardinal question arises how big
this overall systematic error, caused by the application of non-ideal wave profiles, will
be in comparison with an overall measurement error, caused by random errors and
inaccurate calibration in the applied high-speed diagnostics.

It is a difficult task to question the general validity of the RH relations, particu-
larly in view of their good agreement with experimental results in gas dynamics. It
seems that this nontrivial problem of error estimation has not yet been investigated
in more detail. Up to this day, there exist no analytical proofs or numerical paramet-
ric studies, neither for justifying the numerous simplifications hitherto made in the
original RH concept by a number of researchers nor for objecting to their use. It is
very striking that, compared to the large number of publications on the application of
the RH relations, the number of studies attempting to estimate the involved errors is
extremely small — a surprising result also in regard to their wide applications beyond
the shock physics community in the last seventy years.

Section 2 summarizes the RH relations in various coordinate systems, discusses
their individual advantages for practical use and provides an RH terminology. Sec-
tion 3 reviews and discusses published comments in the open literature on the ad-
missibility of the RH relations. Section 4 provides a summary of modifications of the
RH relations worked out since the early 1900s in S&E and illustrates the enormous
spectrum on hand of practical examples covering shock propagation in all dimensions,
both steady and unsteady. Section 5 compares ideal conditions made in the classical

4 For a contact discontinuity across the surface P is continuous but p, e, T and s may be
discontinuous, while for a shock P, p, e, T' and s are always discontinuous.

5 There exists no definition of this term for a shock wave. Any unsteadiness will produce
inconstancies of the fluxes of mass momentum and energy, thus violating the RH concept.
Rise and decay times of the shock pressure pulse are certainly important parameters which
influence the overall systematic error.



162 The European Physical Journal H

Fig. 1. Early contributors to the Theory of Conservation Laws in fluid dynamics: (a) Leonard
Euler (1707-1783) [Dibner Library of the History of Science & Technology, Smithsonian In-
stitution Libraries. National Museum of American History, Washington, DC]; (b) George
G. Stokes (1819-1903) [The Royal Society of London]; (¢) Bernhard Riemann (1826—
1866) [R. Narasimhan (ed.): Bernhard Riemann’s gesammelte mathematische Werke, wis-
senschaftlicher Nachlass und Nachtrdge. Springer-Verlag, Berlin (1990)]; (d) William J.M.
Rankine (1820-1872) [Deutsches Museum, Munich]; and (e) Pierre-Henri Hugoniot (1851—
1887) [Ecole Polytechnique, Paris].

RH relations with features existing in real shock waves, sample materials and some
experimental techniques. Section 6 discusses the two most common cases of applying
the RH relations to unsteady waves. Section 7 reviews published error estimations,
discusses the nontrivial problem of error estimation in more detail and proposes a
parametric study which might be adopted for quantitatively estimating systematic
errors caused by a ramp-like rise and a linear or exponential decay of shock pressure.
Section 8 is a summary of conclusions on the proper use of the RH relations and on
problems arising in error data estimations.

For convenience to the reader, relevant citations from the RH literature are given
below in full length. Supplementations in curved parentheses {...} are annotations
made by the author.

2 Classical Rankine-Hugoniot relations

2.1 Brief early history

In 1757, Leonard Euler (Fig. 1la), a Swiss mathematician and then director of the
mathematical class of the Berlin Academy in Prussia, published his famous paper on
the motion of an inviscid liquid, gas etc. which can be applied to an incompressible as
well as to a compressible flow [11]. In his analytical theory which is built upon the
conservation of mass and momentum, he first applied partial differential equations to
the problem — so-called general Fuler equations. Introductorily he wrote: “However,
sublime are the researches on fluids which we owe the Messr. Bernoulli, Clairaut and
d’Alembert, they flow so naturally from my two general formulae that one cannot
sufficiently admire this accord of their profound meditations with the simplicity of
the principles from which I have drawn my two equations, and to which I was led
immediately by the first axioms of mechanics”.

In 1848, Sir George G. Stokes (Fig. 1b), an Irish mathematical physicist, first
considered discontinuous wave motion; i.e., the propagation of a shock wave [12]. He
first correctly derived the jump conditions for conservation of mass and momentum,
and concluded “equations (2) and (3) {later termed the first two RH equations} being
satisfied, it appears that the discontinuous motion is dynamically possible”. However,
he did not use the equation of conservation of energy. Stokes also first showed that the
propagation of discontinuous pressure waves may occur with supersonic velocities.

In 1859, G.F. Bernhard Riemann (Fig. 1¢), a famous German mathematician, pre-
sented his Theory of Waves of Finite Amplitude [13]. He applied the Euler equations
on a one-dimensional (1D) shock wave propagating in an ideal gas, thereby assuming
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an adiabatic reversible transition across the shock wave. Thus, he incorrectly assumed
that the entropy remains unchanged through the shock transition — i.e., he conserved
entropy rather than energy. His shock problem, defined as an initial value problem for
a system based upon the laws of conservation, is known as the Riemann problem. It
describes the time evolution of two constant states of an arbitrary shock parameter
value, wr, and wg, that are on the left and right of an initial discontinuity, respectively.
He first recognized that the intersection of characteristic lines leads to a discontinuity
(shock wave).

In 1869, William J.M. Rankine (Fig. 1d), a Scottish engineer, interested in the ther-
modynamics of wave propagation, presented a paper at the Royal Society of London
“on adiabatic waves, that is waves of longitudinal disturbance in which there is no
transfer of heat” and on the problem of “how to determine the relations that must
exist between the laws of the elasticity and heat of any substance, gaseous, liquid or
solid, and those of the wawve-like propagation of a finite longitudinal disturbance in
that substance” [14] — in modern terms, he treated the propagation of a shock wave
in any medium. He concluded that the conservation laws of mass and momentum
“hold for any type of disturbance, continuous or discontinuous, gradual or abrupt”
and developed a condition for conservation of energy across a discontinuity in a fluid,
assuming that across such a discontinuity a non-adiabatic process must occur rather
than an adiabatic one. Rankine didn’t discuss the condition of reaching thermody-
namic equilibrium. His third condition for conservation of energy is only equivalent
to Hugoniot’s third equation for an ideal gas. Rankine also gave an explicit solution
for the case of heat conduction and introduced the Greek letter v to denote the ratio
of specific heats which is still in current use.

In the mid-1880s, Pierre-Henri Hugoniot (Fig. le), a French military engineer and
previous student of the famous Ecole Polytechnique at Paris, resumed the subject but
obviously not knowing Rankine’s paper [15]%. Similarly to him, Hugoniot used in his
theory the concept of conservation of mass, momentum and energy”. However, he first
introduced the additional kinetic energy per unit mass of the fluid particles (=1/2u?)
in the energy balance. Using Lagrangian coordinates and neglecting viscosity and heat
conduction®, he showed that the passage of a shock through an ideal gas is not an
isentropic process, but rather adiabatic and accompanied by an irreversible change
of mechanical energy into thermal energy, thereby implying an increase of entropy
across the shock. The concept of entropy was already introduced in 1865 by Rudolf
J.E. Clausius (1822-1888), a German mathematical physicist [16]. However, the term
was not used by Hugoniot in his 1889 paper.

5 The manuscript of his epochal study on shock waves was entirely ready for print
before his premature death during a business trip to the Compagnie des Tramways de
Nantes. His manuscript was edited in 1887 by Roger Liouville (1856-1930), a young French
mathematician.

7 Rankine [14] called the internal energy the “work done in altering bulkiness” and the
kinetic energy the “actual energy of the disturbance”, the latter was called by Hugoniot
“la force vive correspondant au mouvement sensible”, a quantity for a gas given by him by
P/[p(y—1)]. Concerning the internal energy, Hugoniot [15] wrote: “La quantité sera désignée
simplement sous le nom d’énergie interne, faisant ainsi abstraction de la portion de cette
énergie qui ne pourrait étre utilisée sans modification dans la constitution du gaz. .. On sait
que, dans toute transformation subie par un élément de masse d'un gaz sans gain ni perte
de chaleur, le travail des forces extérieures est égal a Iaugmentation de 1’énergie totale,
c’est-a-dire de la somme de I’énergie interne et de la force vive”.

8 In 1910, Sir Geoffrey I. Taylor [83], a British physicist and applied mathematician, had
first worked out an explicit formula for weak shocks which considered both viscosity and
heat conduction.
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Fig. 2. Comparison between the “static adiabatic” (or “Poisson adiabatic”) and the “shock
adiabatic” (or “Hugoniot”) which in the mid-1880s Pierre-Henri Hugoniot derived for an
ideal gas with v = 1.4 (air), thereby assuming a step function in time for all shock parameter
values. Note that it requires a higher pressure to compress a gas to a given density ratio p/po
using a single shock wave than by static compression [17], p. 150.

Hugoniot had derived the dynamic adiabatic for an ideal shock-compressed gas
which, in modern notation, is given in terms of the pressure by

Py = PolCpu/po — 1]/1C — pr/pol (1a)
or in terms of the density by
pr = poll + (Pu/Pol/[¢ + Pua/Fol, (1b)

where ¢ = (y+1)/(y — 1) and P, and py are the atmospheric pressure and density,
respectively. Equation (1a), today bearing his name, is steeper in the pressure-density
plane than the “Poisson adiabatic” or “static adiabatic” (Fig. 2). He also found that
for a perfect gas the maximum compression is given by

(P/P0)max = (Y +1)/(v = 1), (2)

where v is the ratio of specific heats. For air (y = 1.4) this results in a maximum
compression of (only) six.

Biographical and bibliographical data on Euler, Hugoniot, Rankine, Riemann, and
Stokes, also including relevant secondary literature, have been given elsewhere [17].
The early history of the RH relations was also discussed in the international journal
Shock Waves [18-20].

It is interesting here to note that at the time when Stokes studied the properties
of shock waves from the mathematical point of view, their existence was not yet
demonstrated experimentally. When Rankine published his paper in 1869, the German
physicist August Toepler had already five years before first visualized subjectively
the discontinuous nature of an aerial shock wave using a stroboscopic arrangement.
However, it is rather unlikely that this pioneering achievement, first published in
Toepler’s Ph.D. thesis in 1864, was known to Rankine and Hugoniot. The famous
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first photograph of a shock wave, the bow shock surrounding a supersonic projectile,
was first published by the Austrian physicists Ernst Mach and Peter Salcher in 1887,
Hugoniot’s year of death [17].

2.2 RH Relations in different coordinate systems

The classical 1D RH relations provide information on the important shock parameter
values and are widely used in nonlinear acoustics, gas dynamics, supersonic aerody-
namics, and condensed-matter shock physics. These equations can be derived

(i) by considering that mass, momentum and energy are conserved across the shock,
a straightforward manner which can be found in many textbooks [21,22];

(ii) from the Euler conservation equations [1,23-26]. In the frame of a steady plane
shock, both upstream and downstream states of the medium are assumed to
satisfy the Euler equations in differential form. Ideally, they should be integrated
from negative infinity to the shock for the upstream and from the shock to
positive infinity for the downstream. Often, for a wide enough upstream and
downstream region, the reasonable steady state approximations are then the
RH relations given below; and

(iii) from the theory of hyperbolic conservation laws [27]°.

9 For a 1D inviscid hyperbolic system in the conservation form
dw/dt + df(w)/dz = 0, (14)

it can be shown that the solution is allowed to be discontinuous and that a simple relation,
termed RH condition, exists between a scalar conserved quantity or state variable w(z, t), a
flux function f(w) and a scalar quantity A = dx/d¢. The speed of the discontinuity or shock
along a trajectory z(¢) is given by

A = [f(w)]/w], (15)
where [] indicates a jump in some quantity across the discontinuity; i.e., [speed of disconti-
nuity] = [jump in the flux]/[jump in the state]. In the example of a shock wave propagating

in the Eulerian frame with speed A = Us, the jump in the state from “0” at x < At to “1”
at z > At is given by

[w] = w(z()1,t) — w(z(t)o,t), (16)
and the corresponding jump in the flux by
[f(w)] = fHw(z(t)1,1)} = f{w(z(t)o, 1)} (17)

The first two RH relations are then given by

Alp] = [pw]; = A(p1 — po) = pru1r — pouo;
Apw] = [pw? + P] ;= X(prur — pouo) = (prui + Pr) — (poug + Po) -

In order to put the energy equation into conservation form, it is necessary to use the energy
equation in terms of the total specific enthalpy given by H = 1/2u2 + e+ P/p, where e is
the specific internal energy, hence

AlpH] = [puH]; = MprH1 — poHo) = Hiprur — Hopouo.

In a Lagrangian frame the shock is stationary (A = 0), while in an Eulerian frame the shock
propagates with the shock front velocity (A = Us). Note that, under the usual assumption
of a constant shock velocity A (hence d\/dt = 0), equation (14) is only valid for a constant
flux function, hence df(w)/dz = 0.
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Fig. 3. Parameter values at both sides of a shock front, illustrated at the examples of
(a) Lagrangian coordinates, an observer riding on the shock and (b) Eulerian coordinates,
an observer seeing the shock from a fixed position. The RH concept implies that the flow is
supersonic ahead of the shock wave and subsonic behind; the reverse possibility is ruled out
by the requirements of non-decreasing entropy. The width of a control volume enclosing the
discontinuity is very small (in the nm-range) compared to the characteristic length of the
system (in the cm- to m-range). Usually, after passing the shock front all shock parameter
values jump up, but in the Lagrangian frame two shock parameter values jump down (u1 < ug
and M; < Mo).

The three conservation equations which require continuity of the fluxes of mass, mo-
mentum and energy are given here for both coordinates in modern notation.

2.2.1 Symbols

Throughout this paper, the flow variables denote pressure P, density p, specific volume
v = 1/p, particle velocity u, internal energy e per unit mass (both thermal and elastic),
temperature T, entropy s, and Mach number M of a steady planar shock. Referring to
subscripts “0” (upstream) and “1” (downstream), they correspond to “pre-shock” and
“post-shock” conditions, respectively. Uy is the shock front velocity in the Eulerian
frame, - is the ratio of specific heats. 7 and © denote the rise-time and time constant
of initial decay, respectively, of an unsteady wave with pressure profile P(t). The
individual relative errors 71, 72,...720 ... are due to violations of the RH concept
(see Sects. #1-#20). ¢, n and A are measurement, systematic, and total errors,
respectively which are based upon the RMS (Root Mean Square) measure.

2.2.2 Lagrangian or material coordinates

These particle-tracking coordinates (Fig. 3a) apply a reference frame which, moving
with the shock wave velocity, is given by ug = —Us. A Lagrangian system considers
temporal positions of each flow particle, thus providing information on their history.
The flow on one side of the shock is specified by the velocity ug, the density pg,
the pressure Py, and the specific internal energy eq [erg/g] with corresponding values
of uy, p1, P1, and ey on the other side:
conservation of mass:
polo = prul; (3a)

conservation of linear momentum:
2 2,
Py + poug = P1 + p1ug; (4a)
conservation of energy:

eo+1/2uf + Po/po = €1 + 1/2uf + Py /p;.
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Eliminating the two velocities, one arrives at the Hugoniot equation
er—eyg=(Po+P1)(1/po—1/p1). (5a)
From equations (3a) and (4a) the following relation can be worked out:
Py — Py = (—uo/v0)*(vo — v1) = (Us/v0)*(vo — v1) = UZp3(1/po —1/p1).  (6a)

Historically, Lagrangian coordinates were used in gas dynamics in numerous pio-
neering papers on shock waves. Famous examples include the classical solution of a
high-intense point explosion into a uniform medium, carried out in connection with
the first atomic explosion at Trinity Site, NM on June 16, 1945 [28], and pioneer-
ing studies in condensed-matter shock wave physics for the measurement of dynamic
EOS data using various experimental techniques which applied planar shock waves of
controllable amplitude.

Lagrangian coordinates may also simplify the analysis of unsteady shock phenom-
ena such as observed in wind tunnels and in the interior of laboratory and astrophys-
ical supersonic jets. Important diagnostic techniques of recording particle velocities
in the Lagrangian frame include optical interferometer techniques [29], Doppler shift
measurement of resonances resulting from moderate neutrons passing through the
sample [30], “in-material” gauges [31], and electrical contact pins [32].

2.2.3 Eulerian or laboratory coordinates

They are fixed in space (“laboratory frame” ), therefore are coordinates describing the
instantaneous position of an element of fluid (Fig. 3b). In modern notation they are
for conservation of mass:

(Us = u1)p1 = (Us — uo)po; (3b)
conservation of linear momentum:
Py — Py = po(Us — uo)(u1 — uo); (4b)

conservation of energy:
The net work done by P; and Py is given by [21]

Pruy — Pyug = po(Us — uo)[er — eo + 1/2(uf — u)].

In the case of an undisturbed fluid (uo = 0) and with equations (3b) and (4b) the
following relations can be worked out:

er—eo = (FPo+ P1)(1/po —1/p1). (5b)
Py — Py = (Us/v0)*(vo — v1) = (Uspo)*(1/po — 1/p1). (6b)

In a (P, v)-diagram equation (6b) represents a straight line of negative slope joining
the initial and final states which is proportional to U2, usually designated as R(p, v)
and called Rayleigh line in the western world and Mikhel’son line in Russia'®.

10 For a true step wave, characterized by a step rise and steady propagation, pressure
loading from Py to P occurs as a jump in zero time. In real shock waves with a finite rise
time, P is presumably reached along a slightly curved rather than a straight line, because
the classical RH relations are no longer valid.
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Eulerian coordinates are useful in the analysis of shock tube operation param-
eter values; blast parameter values resulting from chemical and nuclear explosions
in the atmosphere or underwater; sonic booms driven by supersonic projectiles and
aircraft in the atmosphere (Mach bow shock); shock waves coupled into a solid by
an adjacent detonation wave (von Schmidt head wave); and stellar bow shocks re-
sulting from the interaction of a stellar wind with a planet’s magnetopause (Earth’s
bow shock). Eulerian-frame shock parameter values can be measured using optical
high-speed photography (e.g. reflected-light photography, schlieren, shadowgraphy,
optical interferometry), flash radiography, particle trajectory techniques, and other
high-speed diagnostic methods such as pressure and strain gauges.

2.2.4 Hybrid or mixed coordinates

An Eulerian-Lagrangian coordinate system utilizes the Euler form of the RH equa-
tions, but introduces Lagrangian coordinates. It has been proved useful, apparently
for the first time, for calculating the pressure wave originating from a spherical charge
underwater [33]. This Brinkley- Kirkwood theory uses the equations of motion and con-
tinuity in mixed coordinates specialized at the shock and the momentum equation of
the RH relations in a differentiated form such that the shock front is steady. This
theory has also been used and extended by astrophysicists to study shock locus and
shock decay of stellar explosions.

Arbitrary Lagrangian-Eulerian (ALE) numerical codes allow material to flow
through the mesh; they apply a distorted Lagrangian mesh and a spatially fixed
Eulerian mesh [34]. For general hydrodynamic problems involving large deformations
or moving structures, the full Navier-Stokes equations need to be solved in a moving
mesh, since the fluid is described in a moving domain because of the structure mo-
tion. In a more recently published book weak and strong coupling problems and their
solutions using ALE methods are discussed [35].

2.2.5 Annotations

(i) In the derivation of the RH relations a mathematical trick is applied [1,2]: the
shock of instantaneous position sw(t) is considered as an “internal boundary”
and the shock parameter values are distinguished on both sides of the shock by
sw(t)—¢& and sw(t)+¢, where £ > 0 is a small quantity and independent of time.
The shock width sw(t) is supposed to be contained in an interval (a, b) ranging
from a — sw(t) — & to b — sw(t) + &, where a and b are arbitrary coordinates
independent of time. Under consideration that a approaches the upstream side
and b the downstream side of the shock, sw(t)™ and sw(t)", respectively; i.e.,
taking the limit a — sw(t)™ and b — sw(¢)™, it is possible to differentiate under
the integrals of the conservation law using the Leibniz rule. Thus, the resulting
RH relations hold for an infinitesimal shock rise-time. A finite shock rise-time
would provoke that the material is compressed along a dynamic adiabatic off
the Hugoniot (see Sect. 7.4).

(ii) Note that in the Lagrangian frame ug > u1, Mo = up/co > 1, and M7 = uy/co <
1, while in the Eulerian frame ug < u1, My = ug/co < 1, and My = Ug/co > 1.
Here My is the upstream Mach number, M; is the downstream Mach number,
and c¢q is the sound speed in a gaseous or liquid material or the bulk sound speed
in a solid material.

(iii) In most cases the shock propagates into a medium at rest (in the Eulerian frame:
up = 0) and of known initial density po. Note that in condensed-matter shock
physics P; > F.



(iv)

(vii)

(viii)
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The increase of the specific entropy [J/kg K] of the gas across the shock is
given by
As =s1—s0=R/(y—=1) xIn[P1/Py x (p1/po)"], (7)

where R is the gas constant per unit mass. The temperature jump at the shock
front is given by

AT =Ty — Ty = To[(P1/Fo)(po/p1) — 1], (8)

where Ty and sy are the temperature and entropy of the quiescent gas, re-
spectively. Note that equations (5a) and (5b) are independent of the chosen
coordinate system.

In the shock compression of solids, pressures Py and P; must be replaced by
stresses o¢ and o1, respectively, which denote the total stresses in the direction
of shock compression.

To precisely determine Hugoniot curves of homogeneous materials, different ex-
perimental techniques have been developed which approach step functions with
low rise-time of two shock parameter values. These values are then measured a
certain time behind the shock front to allow for reaching thermodynamic equi-
librium in the shock-compressed sample material, for example in gas dynamics
by measurement of P(t) and Uy in a shock tube [36] (Fig. 4a) and calculating
p1(t) and wuq(t) using equations (3b), and (4b); and in condensed-matter shock
physics by measurement of up and u; using a plate-impact experiment (Fig. 4b)
and calculating P;(p1) using equations (3a) and (4a). Note that this procedure
provides only a single point on the Hugoniot curve. In order to get a complete
Hugoniot curve, a considerable number of such experiments are required using
step-like shock parameter values of different amplitudes.

For special applications it might be helpful to use either the integral form or
the differential form of the conservation laws [37]. The former implies that the
conservation laws are satisfied for a control volume while the latter means that
the laws are satisfied everywhere in the flow field [38,39]. The integral form
has been considered as being more fundamental than the differential equation
providing the basis for the mathematical theory of weak solutions and including
the derivation of the RH relations that govern the shape and speed of shock
waves.

From the RH relations many useful relations for normal shock waves can be
derived in terms of either the upstream Mach number or the shock strength
(Py/Py > 1) across the shock [40]. In Canada, RH Spreadsheets have also been
worked out relating 28 different physical properties behind a shock moving into
an almost ideal gas such as air (with v = 1.4) at normal temperature (15 °C)
and normal pressure (101325 Pa) [41].

A number of comprehensive Shock Hugoniot Data Banks have been established
over the last decades, covering gases, gaseous mixtures, liquefied gases, rarefied
gases, organic and inorganic liquids, most solid elements, porous solids, chem-
ical compounds, minerals, rocks and mixtures of minerals, polymers, different
kinds of wood, ice and snow of different compaction, and even explosive gaseous
mixtures, liquid and solid explosives [42-49]. Hugoniots (or shock adiabatics),
usually given for real gases as Py (pu, Th), and for liquids and solids! as Py
(pu, en) data, are very useful for materials researchers and military engineers,
geologists, geophysicists, planetary scientists and astrophysicists in data analysis
and numerical simulations of shock-loaded materials. They also helped theoreti-
cians to better understand the compression of matter on the molecular level and

1 Strictly seen, at high stresses om normal to the wave front rather than at high pres-
sures Pp.



170 The European Physical Journal H

- (@
P =19 bar
T = 0.35psec
i | | |
P
- o =
w‘/f
e =
__Jﬁ’
7 s c 4,
ia
" j B
j l T s
= jA . =y
| | | | | | | | |

Fig. 4. Examples of a quasi-steady approach for applying the RH relations to unsteady
waves with a finite rise-time and temporarily limited constant fluxes: (a) P(t) profile of an
aerial shock wave with a rise-time of ~350 ns measured with a piezoresistive carbon gauge
which, compared to piezoelectric pressure gauges, has a very short rise of only some 10 ns
(after [204]); (b) continuous oscilloscope monitoring of “in-material” particle velocity during
compression and subsequent release in a geologic solid geologic material (Solnhofen lime-
stone) produced by plane impact from a light gas gun. An embedded electromagnetic gauge
was used as a “Lagrangian” probe. The particle velocity w1 (t) was converted by the gauge
into a voltage signal V' (¢) which shows the shock rise-time, the almost constant particle ve-
locity of amplitude Vi and the rarefaction wave of amplitude V2. Note that the rise-time
of ~500 ns is followed by an almost horizontal plateau with duration of ~3100 ns (after
Ref. [82]).

to formulate dynamic equations of state. The establishments of Hugoniot data
banks, mostly initiated by governmentally supported projects which provided re-
search institutes with enormous financial support over decades, stimulated the
development of new dynamic compression methods, ranging from the early use
of high explosives in direct contact with the sample up to more sophisticated
devices such as gun-driven impactors, explosively-driven flying plate methods up
to high-intensity pulsed laser beams in modern times. Furthermore, they pro-
moted the invention of numerous new instrumental and diagnostic techniques
with the benefits to better solving problems also in other disciplines of S&E.

2.3 RH Terminology

In the western literature different terms are used for equations (3)—(5): classical (or
standard) RH relations, RH jump conditions for shocks, RH discontinuity conditions,
RH shock relations, RH conservation relations, RH equations, or shock relations. The
inverse RH relations are used in gas dynamics, particularly for characterizing blast
waves, and provide the shock Mach number as functions of the physical properties
across a shock [50].
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Equations (3) and (4) were initially named the Riemann equations [51]. But they
were first given by Stokes [12]. In the former Soviet Union, the term RH relations
for the first two conservation equations was not adopted by leading Soviet shock
physicists, some rather (correctly) referred to Stokes. But they adopted the term
Hugoniot for the Hugoniot curve.

Equation (5a or 5b) is the Hugoniot equation (“Hugoniot-Gleichung”), originally
termed by the German theoretical physicist Richard Becker [52]. But also the terms
Hugoniot law and shock adiabatic are used. Note that the term Hugoniot law also has
another meaning in fluid dynamics [53]'2.

In a compressible flow, plots of Py(pn) and Pu(va = 1/pn), “centered” at (Pp,
po) and (Py, vg), respectively, are known as Rankine-Hugoniot (RH) curves, Hugoniot
curves or briefly as Hugoniots. For all normal fluids, the Hugoniot Py (pu) is a concave
curve upward. Thus, the slope dpu/dpn — and therefore, the sound velocity ¢ =
(dpu /dpr)/? — increases with increasing density pp.

The term RH function relates to Py = f (v, €). In the literature the term Hugoniot
adiabatic is also used for the shock adiabatic, Pi/Py = f(pu/po), to distinguish from
the Poisson adiabatic, Py/Py = (p1/po)” [54].

The RH condition, equation (15)°, is a criterion which a shock z(t) must satisfy.
It expresses conservation of a shock parameter value w across jump discontinuities.

The RH problem is related to planetary bow shocks and interplanetary shocks. It
consists of taking the spacecraft observations (or time series) of density, velocity and
magnetic field across the Earth’s bow shock in order to determine if the discontinuity is
indeed a shock and of what class — a nontrivial problem which involves the specification
of ten variables [55].

RH shocks are classical shock waves for which the shock wave parameter values are
related to each other by the RH relations. In RH shocks no energy is radiated away
through the surface of the flow; i.e., the radiative cooling mechanism is extremely
inefficient and energy is conserved [56]. The term has been used by astrophysicists in
connection with studies on standing shocks in viscous disc-like accretion flows around
black holes.

Non-RH shock waves don’t satisfy the RH jump conditions such as discontinuity
phenomena observed in reflected or branched shocks (Mach effect) [57].

3 Comments in the literature on the applicability of the RH
conditions

In the literature, the spectrum of opinions on the admissibility of the RH relations to
real shock waves is complex and somewhat contradictorily, ranging from unrestricted
approval to critical reservation. Hence, there is a need for a review and a more detailed
discussion.

12 There it denotes a relation in a tube of a 1D flow between cross-section F, velocity C' of
a compressible fluid, sound velocity a, and Mach number M given by

dF/F =dC/C x (C?/a® —1) =dC/C x (M? —1).
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3.1 Comments on unrestricted applicability

In 1948, Robert H. Cole, a US physical chemist at Brown University (Providence, RI),
calculated shock parameters of underwater shock waves'3 using the RH relations [21].
He took the view that “these relations, being obtained for the limit of negligible
thickness of the shock front, should be equally valid for plane or spherical waves” [58].

In 1955, John W. Walsh and Russell H. Christian, two eminent pioneers of
condensed-matter shock physics at Los Alamos (NM), considered the experimental
difficulties to obtain reliable Hugoniot data as more severe than problems with using
the RH relations in their analysis of experimental data [59]. They concluded that “the
application of the RH equations is exact, of course, regardless of the thickness of the
shock front. The limitation is imposed because of the finite scale of experimentation”.

In 1958, Melvin H. Rice and collaborators at Los Alamos reviewed current
shock production methods and measurement techniques for determining pressure-
compression states behind shock waves [60]. They annotated that the RH relations
“are independent of the thickness of the shock front, provided only that the shock
front pressure profile is independent of time {i.e., assuming a steady wave}”.

In 1962, Newby Curle, a British fluid dynamicist at the University of Southampton,
using Lagrangian coordinates and developing the RH relations in the usual way, stated
that “when the shock is not stationary, all these {RH} equations are still true provided
that the flow velocities w1, ug {here ug, u1} are measured relative to the shock” [61].

In 1964, Samuel Glasstone, a British-born US scientist who together with Philip J.
Dolan compiled and edited the famous book “The Effect of Nuclear Weapons”, wrote:
“The foregoing results {on the properties of blast waves} have referred to blast wave
conditions which are ideal or nearly ideal, so the RH equations are applicable” [62].
An ideal blast, originated from an explosion in air, is characterized by an almost
instantaneous increase of the ambient pressure followed by a prompt decay. Mathe-
matically, the blast wave profile P(t) can be described by a Friedlander function, see
equation (9) and Figure 5.

In 1971, John W. Dewey, a physics professor at the University of Victoria (BC,
Canada), studied the propagation of blast waves originated from large hemispherical
TNT surface explosions [63]. In 2006, Dewey transformed the RH equations in or-
der to describe the physical properties of the gas behind a blast wave, moving into
a stationary ambient atmosphere, in terms of the Mach number of the shock and
concluded: “Assuming the ratio of specific heats of air to be 1.4, the RH equations
provide exact values of the physical properties behind the primary shock of a blast
wave, with accuracy such that this is the preferred method to calibrate electronic
transducers” [50]. In a more recent private communication, Dewey wrote that he had
tested the validity of the RH equations many times and had never found to be at
fault [64].

In 1983, Indian shock physicists at the Bhabha Atomic Research Centre (Bombay,
India), discussed equation-of-state theories of condensed matter up to ultra-high pres-
sures, thereby also addressing the applicability of the RH relations [65]. They wrote
“These relations are valid at the shock front even for the unsteady shock wave (where
the stress behind the shock front is not uniform) and are independent of the curvature
of the shock front”.

In 1988, Lawrence E. Murr, an engineering professor at the Oregon Graduate
Center (Portland, OR), and his collaborator argued that the familiar RH relations
“are equally valid for plane and spherical shock waves, {however, they} do not include

13 Underwater shock waves resulting from an underwater explosion of a TNT charge are
unsteady waves, because the pressure roughly decreases with time proportional to about
e /T where T is the time constant of decay.
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Fig. 5. Example of a pseudo-steady approach for applying the RH relations to an unsteady
wave with a shock rise-time 7 and decaying fluxes: the pressure-time profile of an air blast
wave can be described by a modified Friedlander function, equation (9). Here P is the ambi-
ent pressure, Pmnax the maximum overpressure in the positive phase T, Pnin the minimum
pressure in the negative phase T—, 7 the blast rise-time (usually 7 < T%), and 6 the time
constant of initial decay (6 = 0.57%). Note that at time 6 = 0.017%, a time period which
is very large compared to 7 and after which thermodynamic equilibrium has been reached,
the pressure has decayed to only 98.01% of Pmax. Thus, the assumption of a constant flux
behind the shock front is a good approximation and the application of the RH relations
seems to be justified. Note that for a proper recording of blast waves pressure gauges with
short rise-times are indispensable for measuring the true peak pressure Pupax.

heat conduction or similar considerations” [66]. Concerning the applicability of the
RH relations they also annotated that “instabilities in crystalline materials will create
dislocations and other crystal defects within the shock front as it propagates”.

In 2009, researchers at the Laboratory for Laser Energetics of the University of
Rochester (Rochester, NY) carried out precise measurements of the equations of state
of polystyrene and polypropylene using laser-driven shock waves with pressures rang-
ing from 1 to 10 Mbar [67]. In their analysis of the impedance matching technique —
a method which is used to infer the particle velocity by referencing the sample under
study to a standard material whose EOS is known [59,68] — they also used the first
two RH relations and annotated: “The shock jump conditions are a consequence of
conservation of mass and momentum, which are always satisfied regardless of shock
stability. Therefore, shock steadiness is not a requirement for the impedance match-
ing technique with transparent standards, since jump conditions for a shock hold for
decaying (and increasing) shock waves. If the measurement has sufficient time resolu-
tion, the requirement for shock steadiness can be relaxed as long as the variation in
velocity can be measured”.

In 2013, Charles E. Needham, a US physicist at Applied Research Associates
(Albuquerque, NM) and author of the book “Blast Waves”, annotated to the author:
“The RH relations can be derived directly from the Euler conservation equations.
Because the Euler equations are differential equations, and the shock is assumed to
be discontinuous, the conditions for the RH relations hold at infinitesimal distances
and times on either side of the shock. RH relation derivation does not require a square
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wave, but it is easier to demonstrate to students than to derive from partial differential
equations” [69].

3.2 Comments on restricted applicability

In 1950, John von Neumann, a renowned mathematician at Institute for Advanced
Study (Princeton, NJ), and Robert D. Richtmyer, a Los Alamos physicist, annotated
that in order to numerically calculate hydrodynamic shocks it requires that “the RH
equations are satisfied, provided the thickness of the shock layers is small in com-
parison with other physically relevant dimensions of the system” [70]. Using their
famous concept of an artificial nonlinear shock viscosity they showed that, applied
on an ideal gas with viscosity, the RH relations were satisfied provided in the up-
stream/downstream flow an equivalent “viscous pressure” is small or zero far away
from the shock. Their shock profile was sinusoidal and approximately six elements
wide.

In 1959, Harold L. Brode, a US nuclear weapons effects physicist at The RAND
Corporation (Santa Monica, CA), found that the blast in real air differs from that in
an ideal gas (as assumed in the relations worked out by Rankine and Hugoniot with
~v = 1.4) in a number of important ways [71]. His numerical studies had shown that
the air blast is only 60% as efficient as the ideal gas blast insofar as peak overpressures
are concerned, since the various dissociations and ionizations of molecules and atoms
in high-temperature air near the source tend to reduce the blast efficiency in real air.

In 1961, William Band at Washington State University (WSU, Pullman, WA) and
George E. Duvall at SRI’s Poulter Laboratory (Menlo Park, CA), two US condensed-
matter shock physicists, presented simple derivations of the RH relations [72]. It is
well-known that the profile of any large disturbance will change during propaga-
tion, eventually developing the front of a propagating wave into a discontinuity. A
steady propagation of an unchanging profile — already studied by Lord Rayleigh [73]
and named by him the “permanent regime profile” — is possible in a viscous, heat-
conducting fluid which has to be chosen precisely to fit the equations of motion [74].
Band and Duvall discussed the (practically important) case that the shock is not a
discontinuity but rather characterized by a rapid increase from an initial undisturbed
value at the foot of the shock up to a peak value at the crest, followed by a rarefac-
tion. They stated that “if this profile is maintained with time, we can choose a new
reference system in which the shock remains permanently at rest, and it is possible
to apply the three conservation theorems”. They derived the three RH relations in an
Eulerian frame in the usual way, but considered the particular case where the point
of interest is at the crest of the shock, so that uy, e1, P;, and p; refer to peak values.
They wrote, “The relation between peak stress and peak compression so obtained for
shocks of various amplitudes is called the Hugoniot equation of state of the material.
It represents the locus of all points which can be reached by shock compression from
the initial state Py, po”.

In 1969, George E. Duvall, an applied physics professor at WSU and dean of US
shock physics, presented in Italy at the International School of Physics Enrico Fermi
a paper on shock waves in condensed media. He annotated that “experimentally
produced shock waves seldom exactly satisfy the requirements of steady flow assumed
in deriving the jump conditions. The states connected by the shock transition may
not be precisely uniform or the shock wave has not propagated far enough to become
steady. However, the experimental conditions may be very close to the theoretical
assumptions, and it is quite likely that errors involved in applying the jump conditions
to experiments are less than those originating from other sources. Such errors may be
significant if gradients in adjacent regions are comparable to those in the shock or if
time has not been sufficient for the flow to become steady and the curvature of the
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Hugoniot is large. The resolution of this question is a constant source of concern to
experimentalists and no satisfactory resolution has been made...” [75].

In 1970, G. Richard Fowles at WSU and Roger F. Williams at SRI’s Poulter Lab-
oratory, two US condensed-matter shock physicists, published an analytical extension
of the RH relations for arbitrary unsteady plane shock waves in which equilibrium or
steady state may not yet be obtained [76,77]. Their unusual analysis is based on the
measurement of wave profiles at several positions in a shock-compressed sample. They
wrote: “Some experimenters have applied the RH jump conditions incrementally to
each part of an observed, unsteady wave; this treatment is only partially correct, as
we show in Section 2 {where they showed what measurements are necessary and how
they should be interpreted in order to deduce directly the associated values of stress,
density, and internal energy for each portion of an observed shock}... We now ask
what measurements of wave properties (that are experimentally feasible) are required
in order to be able to deduce the corresponding values of pressure, specific volume
and energy associated with each part of an observed wave”. They also discussed
how dynamical histories might be deduced from measured histories, independent of
assumptions concerning material constitutive relations'*. In the same year, Fowles
also extended the conservation relations to unsteady cylindrical and spherical shock
waves [78].

In 1971, shock physicists at SRI’s Poulter Laboratory using the Fowles-Williams
method [76] first calculated the constitutive relationships from multiple Lagrangian
gauge'® records obtained in unsteady 1D shock wave experiments by integrating the
flow equations which express conservation of mass and momentum along a particle
path [79]. However, their method of combined measurements of stress and particle
velocity — in the following years modified by SRI physicist Lynn Seaman [80] who
analyzed either longitudinal stress or longitudinal particle velocity alone — is diffi-
cult to implement experimentally. Later, physicists at WSU, primarily considering
the analysis of particle velocity histories, extended these investigations by using sur-
faces explicitly fit to measured histories and directly integrating the conservation
equations [81].

In 1971, shock physicist William Murri and some of his colleagues at SRI’s Poulter
Laboratory, while reviewing recent advances in condensed-matter shock wave physics,
emphasized the change in viewpoint that has been brought about by the appearance
of in-material gauges of high temporal resolution [82]. Concerning the applicability of
the RH relations, they made the following interesting comment: “The RH conditions
hold only for steady waves or for truly discontinuous jumps in stress, density and
particle velocity. Intuitively one might expect that truly steady shock waves rarely
occur, and this is in fact the case. The conditions under which steady shock waves
may occur were originally discussed by Lord Rayleigh [73] and G.I. Taylor [83], and
a recent review of subsequent work has been given by Kelly and Gillis [84]. Thus, the
RH jump conditions only rarely rigorously apply”.

In 1972, R.T. Walsh, a materials scientist at Sandia Laboratories (Albuquerque,
NM), wrote: “As a result of the varying shock width, the RH conditions are not exactly
satisfied in the case of a decaying shock. .. Aside from uncertainties in the material
properties, this is probably the largest single source of error in one-dimensional solid

' Duvall and Graham gave the following definition of this term: “The material description
is stated as a set of constitutive relations. In the simplest case this set is the equation of
state alone...More generally, it includes equations describing various irreversible and rate-
dependent processes important to the problem at hand...” [86].

15 A Lagrangian gauge, an electromagnetic gauge based on the principle of a moving con-
ductor in a magnetic field and embedded in the sample material, moves with the material
during compression. Thus, it provides profiles of particle velocity vs. time.
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mechanics calculations. Users of this method learn to be alert for such errors and to
estimate their effect” [85].

In 1977, George E. Duvall at WSU and Robert A. Graham at Sandia Laboratories,
studied shock-induced phase transitions [86]. They annotated: “The RH equations ap-
ply even if connected states are not uniform, provided the shock front is a discontinuity
in P,V, Uy, and E (Courant & Friedrichs [23] 1948). As a practical matter, the jump
conditions are assumed to apply if field variables are changing much more rapidly in
the shock front than before or behind it. Some caution must be exercised in defining
shock propagation velocity if the shock front is not steady (Barker [87] 1975)”.

In 1979, Robert A. Graham critically looked at the characteristics of detectors suit-
able for measurements of wave profiles in shock-loaded solids [88]. In order to specify
material response, he annotated: “The analysis of wave profiles requires higher-order
information than the analysis of shock waves... The conservation relations for shock
waves {see Egs. (1) to (3) above} require information on particle velocity and the mea-
sured displacement-time data must be differentiated before the data specify material
response. Likewise, the conservation relations for continuous wave profiles require
information on acceleration, velocity gradient, or stress gradient, and time-resolved
displacement or velocity data must be doubly or singly differentiated, respectively, to
obtain data to specify material response”. It is a difficult task for the experimenter
to provide such data without disturbing the propagation of the shock wave in the
sample by the presence of several embedded detectors.

In 1980, Duane C. Wallace, a Los Alamos shock physicist, studied the compression
of solids by weak shock waves [89]. He concluded that “the RH jump conditions for the
increases across a shock of the normal stress, normal strain, and internal energy are
not valid for weak shocks in solids. Correct jump equations for a solid can be obtained
by integrating the equations for conservation of mass, momentum, and energy along
the Rayleigh line through the shock process; these jump equations then depend on
the details of the shock profile”. He computed a “weak-shock equation of state” and
found that the pressure on the principal adiabat differs from the results of the RH
theory by several percent in the range 0-100 kbar.

In 1987, Roger Blandford at Caltec (Pasadena, CA) and David Eichler at the
University of Maryland (College Park, MD), two US astrophysicists, discussed the
origin of cosmic rays by astrophysical shocks [90]. They annotated: “A shock front
is a surface of discontinuity across which there is a steady flow of mass, momentum
and energy. Of course, no shock wave is truly steady or discontinuous and all that we
require is that the distance over which the flow variables vary, the shock thickness,
be much smaller than the corresponding scales ahead of and behind the shock and
that the overall flow pattern does not change substantially in the time it takes a fluid
element to cross the shock...”

In 1993, Thomas J. Ahrens, a geophysics professor and shock physicist at Caltec,
commented on the generation of shock wave data obtained for minerals [91]. He wrote:
“The key assumption underpinning the validity of equations (1) to (3) {the three RH
relations} is that the shock wave is steady, so that the rise-time 75 is short compared
to the characteristic time'® for which the high pressure, density, etc. are constant. . .”

16 Tn compressible gas dynamics, three important characteristic lengths exist: (i) the mean
free path (the average distance that a particle moves, owing to thermal agitation, between
collisions) which specifies the transport properties of the gas and, compared to the size of
the object or container, the flow regime; (ii) the shock thickness which can be very small
approaching at best only a few mean free paths; and (iii) the system length of a shock
generator which depends on its physical dimensions. An appropriate application of the RH
relations requires that the system length is very large compared to the shock thickness and
that quasi-steady shock parameter values exist before and after the shock discontinuity. Long
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In 1997, Japanese fluid dynamicists at Kobe University and Osaka University
published an extension of the RH equations for unsteady wave fronts of infinitesimal
rise-times for use in condensed-matter shock physics [92]. In the following year, they
also published generalized RH equations for unsteady wave fronts of finite rise-times
which involve the combined effect of the strain waveform, its change with time, and
the path in time [93]. Their analysis based on experimental data showed that the
influence of the rise-time at the impacted surface depends on the texture of the studied
material. In the case of a lithium fluoride (LiF) crystal this influence is negligibly
small, but large for sandstone (a sedimentary rock consisting primarily of grains of
quartz and feldspar, held together by a cementing matrix). Later, they also developed
a theory of unsteady-state RH jump conditions using an undetermined system of
partial differential equations [94,95]; derived equations of the RH type for considering
geometrical effects on jumps in radial particle velocity and radial stress across outgoing
spherical shock fronts; and developed a method to judge the applicability of the RH
relations [96].

In 2005, William W. Anderson, a LANL shock physicist, examined the forms of
the conservation relations for unsteady wave profiles; i.e., waves with evolving profiles.
He considered situations in which, with certain assumptions, the analysis of unsteady
waves in typical shock compression experiments can be taken beyond the use of the
RH equations [97]. His analytical approach requires the knowledge of the wave profiles
at two Lagrangian positions. He wrote: “The RH equations as commonly expressed
are valid only for steady waves and their use introduces errors into the analysis of
nonsteady waves...I examine the forms of the conservation relations for nonsteady
wave profiles and consider situations in which, with certain assumptions, the analysis
of nonsteady waves in typical shock compression experiments can be taken beyond
the use of the RH equations”. He also presented a simple formula to estimate the
fractional errors caused by density, stress and energy jumps due to an unsteady wave.

In 2013, André Balogh at Imperial College, (London, UK) and Rudolf A.
Treumann at Ludwig-Maximilians-Universitdt (Munich, Germany), two space physics
professors, discussed the applicability of the magnetohydrodynamic (MDH) RH rela-
tions, but some of their general comments also apply to the classical RH relations [98].
They wrote: “The RH relations give a first idea of the conditions at the shock transi-
tion. They result from the conservative character of the MHD equations which, in fact,
are conservation laws for the mass flow, momentum flow and energy density. .. The
restriction on them is that the processes which determine the generation of entropy
and causing the irreversibility of the shock must all be strictly confined solely to the
shock transition region. This is not so easy to achieve as it might seem at first glance.
The shock transition might be much broader and more expanded than the proper
shock ramp suggests. Hence the parameter values that enter the RH relations are
taken correctly only sufficiently far away to both sides of the shock ramp in order to
assure of not mixing-in processes that are dissipative and thus are not contained in the
MHD RH conservation laws. The problem is then that the shock surface itself must
be extended enough, compared with the distance from the shock where the parameter
values are taken. In addition, its curvature should still be negligible in order to not
destroy the assumption of shock planarity that is involved into the RH relations”.

characteristic times (such as pressure pulses above ambient) go in hand with long system
lengths. For example, they can be generated in long shock tubes and blast waves produced
by large explosive charges. In plane-plate impact experiments, large impactors produce long
contact times between sample and impactor, hence long shock pulses in the sample.
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4 Modifications of the classical RH relations
in science and engineering

4.1 RH jump conditions for 1D steady shocks

The classical one-dimensional RH relations, originally developed for use in gas dynam-
ics and supersonic aerodynamics, were extended also to other branches of physics, for
example

(i) variations of gamma () of a real gas with increasing energy (temperature),
so-called variable gamma RH relations [22];

(ii) treatment of a shock propagating into a medium with a variable local density
po = po(z) but with constant pressure Py and particle velocity wug [99];

(iii) description of the downstream state of a plasma in terms of the upstream pa-
rameters; so-called MHD RH jump conditions, a magnetohydrodynamic analog
of the classical RH relations. They obey not only the conservation equations
of mass, momentum and energy, but also Maxwell’s equations [100] and distin-
guishes between a contact discontinuity, a tangential discontinuity and a rota-
tional discontinuity [101];

(iv) consideration of relativistic velocities, known as the relativistic RH rela-
tions [102,103];

(v) shock solutions for non-conservation quasi-linear hyperbolic systems [104];

(vi) derivation of the RH relations for §-shocks!'” [105,106];

(vii) derivation of mean RH relations for the change of turbulent fluxes across a
shock [107];

(viii) modeling of the detonation wave, a reactive shock wave. The Chapman-Jouguet
(CJ) theory, a 2-zone discontinuity hydrodynamic-chemical theory, was later im-
proved into a 3-zone theory, based upon the Zel’dovich-von Neumann-Doring
(ZND) theory which became one of the cornerstones of modern detonation
physics [108]'8. Furthermore, even a 4-zone non-equilibrium ZND theory was
developed in order to explain the various non-equilibrium processes that precede
and follow chemical energy release in self-sustaining detonation waves [109]; and

(ix) development of a generalized version of the RH relations for computing shocks in
stellar atmospheres and winds, thereby also considering ionization, dissociation,
radiation and related phenomena which are important features of very strong
shocks [110].

4.2 RH jump conditions for 2D steady shocks

The RH relations can also be applied on 2D steady shock phenomena such as curved
and reflected plane shocks. A fluid dynamical analysis, carried out by Hilary Ockendon

7 Delta (8)-shocks which can be considered as a limit of shock waves carrying mass, momen-
tum and energy are related not only with transport but also with concentration processes.
The state variables of d-shocks contain Dirac delta functions which are useful for modeling
shock phenomena in granular hydrodynamics such as shock propagation in dusty gases.

8 Tn the case of a chemical detonation, the law of conservation of energy requires that
contribution of heat by chemical reaction, AQ, must be considered. An extension of the
third RH equation, cf. equations (3a) and (3b), gives

Ae=¢e; —eyg = AQ + 1/2(P0 + Pl) (1/p0 — 1/p1).

However, the first two RH relations, cf. equations (la, b) and (2a, b), are not modified.
Note that the entropy exhibits a sharp increase at the front of the detonation wave and an
additional increase throughout the reaction zone.
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and John R. Ockendon, two British fluid dynamicists and applied mathematicians at
the Oxford Centre for Industrial and Applied Mathematics (OCIAM), revealed that
the tangential velocity is conserved across a shock, while p, P and the normal velocity
u satisfy the RH relations which are identical for a steady 1D shock. For example,
the 2D flow through a shock can be viewed as equivalent to a 1D shock with a
superimposed tangential velocity [111]. Chinese researchers studied shock propagation
in a current-carrying cylindrical non-neutral plasma under the influence of electric and
magnetic fields and developed 2D RH relations which revealed new insight into shock
upstream and downstream profiles [112].

For a system of equations in multi-dimensions, the RH relation is simply the
collection of the RH relation obtained from each individual equation [113].

4.3 RH jump conditions for unsteady shocks

The RH relations, originally developed for a shock with a single steady wave front
with an infinitesimal thickness, have also been further developed in the late 1960s by
US researchers for unsteady shock waves in order to better adapt their data analysis
to measured shock compression in solid targets [76-82]. In 1987, Kenneth C. Hall,
an aeronautical engineer at MIT (Cambridge, MA), published unsteady RH relations
for use in turbomachinery which give the nonlinear relationship on either side of the
shock [114]. He derived the shock jump conditions by using Lagrangian coordinates
and integrating the Euler equations from just upstream to just downstream of the
shock. Because the time derivative is bounded in the shock frame of reference and
the interval of the integration goes to zero, the time derivative does not appear in the
shock-jump conditions. From 1997, Japanese researchers also generalized the RH rela-
tions for unsteady plane shock wave fronts of infinitesimal and finite rise-times [92-96].

4.4 Some examples of applications

The RH relations are widely used in S&E, for example in condensed-matter shock
physics, collisionless shock wave physics, detonation physics, high-speed combustion,
geophysics, sonic booms, supersonic aerodynamics, hydrodynamics, materials dynam-
ics, traffic flow analysis, magnetohydrodynamics, rarefied gas dynamics and cosmical
gas dynamics. They have been applied by experimenters to determine shock param-
eters of all states of aggregation and dimensions, ranging from laboratory to cosmic
dimensions. Examples of studies encompass in

(i) gas dynamics: motion of a shock wave through a small area change in a channel
using the Chisnell-Whitham rule [115-117]; interaction of a shock wave with
an upstream turbulence [118]; breakdown phenomena in gases occurring un-
der the action of focused high-energy laser pulses [119]; condensed multi-phase
flows [120] and reactive flows [121]; shocks propagating in a heterogeneous mix-
tures of compressible fluids [122];

(ii) hydrodynamics: hydrodynamic jumps in shallow water [123]; high-speed water-
solid impact [124]; derivation of the conservation equations for an incident and
reflected underwater shock wave in order to determine shock-loading of sub-
merged rigid structures [125];

(iii) condensed matter shock physics: shock-compression of liquids (including sim-
ple molecular fluids obeying the Lennard-Jones-Devonshire (LJD) equation of
state [126,127] and waterlike substances® [128]), polycrystalline solids and single

19 A waterlike substance is defined as one for which the internal energy e can be separated
into one depending only on the density and a second part depending only on the entropy
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crystals (including shock-induced phase transitions [86,129]); behavior of porous
solids [130,131]; elastic precursor decay in shock-impacted metal specimens [132];
preshock and plastic shock phenomena of shock-compressed solids [133];

(iv) magnetohydrodynamic: shocks in space [134]; calculation of collisionless shocks,
thereby considering ion and electron temperatures separately [135];

(v) astrophysics: studies under what solar wind conditions the RH solutions agree

with observations of terrestrial bow shocks [136]; plasma shocks, particularly the
RH jump conditions at the heliospheric termination shock [137]; accelerations
of cosmic rays in supernova remnants using the RH relations to estimate shock
speeds [138]; cosmic shock interaction phenomena, such as an interplanetary
shock wave with the Earth’s bow shock, a highly nonlinear process which requires
to satisfy a number of MHD RH jump conditions [139]; radial outflows from
astrophysical explosions [140];

(vi) detonation physics: classification of various propagation modes of detonation
and deflagration in the relativistic regime [141]; and

(vii) computational fluid dynamics: The RH relations are discontinuous solutions of
the hyperbolic conservation laws. A new numerical approach for a flux solver
was introduced in 1998, known as RH Riemann solver, which takes into account
source terms, viscous terms, and multidimensional effects [142]?°. For example, a
simple and accurate numerical solver for hyperbolic partial differential equations,
based on the discretization of the RH jump condition, has been proposed and
used to solve various bench-mark test cases of gas dynamics, shallow water flows,
and ideal MHD [143].

5 RH relations vs. reality

Almost any textbook on shock waves treats introductorily the RH relations, but their
numerous limitations are rarely discussed, thus the novice entering shock physics gets
an incomplete picture of the applicability of these relations. Besides the general condi-
tions made in the standard RH concept (such as conservation of mass, momentum and
energy across a steadily propagating plane-parallel shock discontinuity), there exist
further specific conditions which are important for the experimentalist, in the follow-
ing discussed in topics #1 to #20. They depend not only on the state of aggregation
and material property of the test sample, but also on the applied shock compression
technique and the high-speed diagnostics. Deviations from the RH concept which can
produce systematic errors 7y, 72 . . . 129 are obviously more severe for condensed mat-
ter than for gases. In particular, the knowledge of such individual errors and their
contributions to the total error is important (i) in the planning of accurate experi-
mental techniques for providing reproducible EOS data, (ii) in a more detailed data
analysis of shock-compressed materials [144]?!, and (iii) in theoretical EOS modeling
using experimental data.

s, hence e(p, s) = ei(p) + en(s). Many substances, including water, behave in this fashion
within a large range of pressures.

20 The basic idea is to distribute the source terms, which also contain the viscous terms and
multidimensional effects, from the cells to the cell interfaces. Then the fluxes on both sides
of a cell interface are determined by the RH condition and a linearized Riemann solver.

21 Precise Hugoniot data of real materials are essential for comparison purposes with other
materials and for detecting the presence of a bend (in the limiting case, a kink) on the
Hugoniot curve such as near a first-order phase transition or at the transition from an elastic
state to a plastic state.
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Properties of the sample material

The medium is homogeneous and isotropic. It is generally assumed that the
shock propagates into a quiescent medium of known thermodynamic state. Ac-
cording to Roy F. Chisnell, a British mathematician and theoretical fluid dynam-
icist at the University of Manchester, a non-uniform medium can be regarded as
a succession of small-density discontinuities separated by uniform regions [145].
Assuming an ideal gas, he used the RH relations to calculate reflected shocks due
to the passage of shocks through a non-uniform medium. Many materials such
as multi-grain metals are assumed to be homogeneous if the grains are small
compared to the measuring instruments active area.

The medium is chemically nonreactive. Extension of the conservation equations
of energy to a reactive medium (such as a high explosive) was apparently first
considered in 1907 by the French physicist Louis Crussard [146].

In the medium there occur no irreversible changes during shock compression.
Thermodynamic responses of compressed solids are complicated by irreversible
processes like plastic flow and fracture [147]. Shock-induced physical changes
may occur at the shock front because of the large rise of temperature which not
only speeds up reactions but tends to melt solids and keep liquids in the fluid
state at pressures where they would normally freeze [148]. In a shock-compressed
porous metal, irreversible deformations have been observed leading to a complete
extinct of voids and steepening of the Hugoniot curve [149]. In various geologic
materials, shock-induced irreversible changes (known as permanent compaction)
were observed, causing steep release adiabatic curves in the stress-volume plane
and high rarefaction velocities [150]22.

Viscosity and thermal conductivity in the medium are neglected. (i) To a first
approximation the temperature rise in a shock wave will run in advance of the
pressure rise but only a distance to a few interatomic distances. Shock zones
have molecular dimensions, thus the neglect of viscosity and heat conduction is
justified [51,151]. However, the coefficients of thermal conductivity and viscosity
will increase with pressure and temperature, thus leading to an increase of the
shock thickness for strong shocks. (ii) For condensed matter shocked material,
the thermal conduction is an order of magnitude slower than a pressure wave
and simulations suggest that the thermal equilibrium takes a longer distance
than a few interatomic distances [152]. (iii) Energy dissipation effects in shock-
compressed liquids (water) were discussed under consideration that the ratio of
specific heats is a function of shock temperature. Such effects (usually due to
viscosity) become important at shock pressures >10 kbar [153].

The ratio of specific heats, given by v = ¢,/cy, is constant for a perfect fluid
(polytropic gas), thus independent of temperature. In 1948, a NACA theoretical
study of the behavior of a diatomic gas was compared with an imperfect one in
terms of the Mach number. Diagrams showed that practically no differences exist
in terms of pressure and temperatures ratios up to Mach 3.5. Deviations in terms
of relative errors were not published [154]. In the 1970s, NASA scientists devel-
oped a numerical code to calculate the inviscid flow around real configurations of
a hypersonic research aircraft [155]. These results show that, beginning at about
Mach 3 the assumption of air being a perfect gas is no longer acceptable, and
real gas effects must be taken into account.

22 Beginning in the early 1960, an understanding of geologic materials to shock response was

crucial to the technological development of peaceful engineering uses for nuclear explosives,
such as rapid excavation, gas stimulation, and retorting of oil shales. However, the so-called
“US Plowshare Program” was eventually dropped in 1975 due to political and environment
problems.



182

#6:

#T:

#8:

#9:

5.2

The European Physical Journal H

There is no attenuation in the medium during shock propagation. Shocks in gases
are dissipated by collisions between neutral molecules or atoms. Spherical shock
waves in air and under water propagate outward from the explosive source and
become attenuated by both dissipation and geometrical spreading; i.e., show-
ing an unsteady propagation behavior. In order to minimize the influence of
attenuation, precise measurements of the shock front velocity are also crucial for
obtaining precise shock parameter values when using the RH relations, particu-
larly in the harsh environment of a nuclear explosion [30].

The rigidity in a solid medium is neglected. The classical RH relations describe
shocks in fluids (gases and liquids); i.e., they neglect differences in liquid and
solid behavior (liguid Hugoniot theory) [89]. In the shock compression of solids
it is assumed that the stress is sufficiently isotropic so that an ordinary fluid-
type EOS is valid. Most materials are capable of withstanding stress differences
of only a few kilobars. Hence, where the stress normal to the front is 100 kbar
or more, this stress can be taken equal to the mean stress, or pressures, to an
approximation within experimental error [156].

Dissociation and ionization processes are not considered. They can remove en-
ergy from the dynamic degrees of freedom and increase e; by a large amount
relative to the increase in P;/p;. Consequently, the resulting density increases
are considerably greater than would be predicted by the classical theory. Ioniza-
tion effects at higher temperature produce thermal radiation across the shock
front, leading to heating of the gas ahead [157].

The pressure-volume relation of the sample material is time-independent. This
assumption is not true for real materials; however, they might be small in the case
of shock waves, because the transition zone is very small. Two relatively simple
time-dependent mechanisms are a viscosity in a fluid exhibiting a direct propor-
tionality between the shear stress and shear rate (“Newtonian viscosity”) and
stress relaxation [158]. Relaxation effects are present in gas flows with thermo-
nonequilibrium which can occur at different time scales and with different modes
of internal energy [159]. Calculated relaxation times during shock compression
in liquids are extremely short and of the order of 10713 to 1074 s [10]. In some
solid materials the Hugoniot elastic limit (HEL) is a function of the wave propa-
gation distance and apparently caused by stress relaxation behind the precursor
front [160].

Properties of the shock wave

#10: The standard RH concept is based upon a single shock wave propagating in the

#11:

medium. In the case of a 1D weak shock wave?® propagating in a solid, the
entire shock front is not a single steady wave but rather consists of the steady
elastic precursor which travels faster than the steady plastic wave [152].

The shock wave is strictly one-dimensional and plane-parallel. (i) Forbes anno-
tated that “most of all the stress gauges are only calibrated for 1D compression
and they have extra modes of response for 2D flow. This would be crystal
gauges and metal foil gauges like manganin. The crystal gauges will give out
voltage pulses that likely will look fine, but if some 2D flow exists additional
voltage will be generated in these gauges. The resistance pressure gauges like
manganin will be stretched in the 1D plane slightly adding to the calibrated
resistance change that occurs for the 1D compression direction. Evaluation of

2 In condensed-matter shock physics, dynamic pressures of weak shock waves range from
about 10 to 100 kbar, depending on the Hugoniot curve of the selected material.
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these errors is difficult, requiring additional experiments and multiple addi-
tional gauges to measure the strain occurring in a plane perpendicular to the
intended 1D compression direction” [152]. (ii) 2D and 3D waves may approach
an idealized 1D wave when the width of the wave front, Wy, is much less than
the radius of the curvature of the front, Rs. This condition is important in the
proper measurement of shock pressures in micro shock waves, but would not
directly affect application of the RH relations, because they would hold for any
width, even for W, < Rs. However, due to geometrical spreading, shock wave
parameter values of 2D and 3D waves resulting from point-like sources decay
stronger with time than plane waves, thus increasingly deviate from the ideal
step function as assumed in the standard 1D RH relations. Furthermore, curved
shock fronts increase the entropy at the shock transition?*. Martin Sichel, a pro-
fessor of aerospace engineering at the University of Michigan, annotated that
“as the curvature of shock wave increases, the shock structure becomes two-
dimensional, and the RH jump conditions no longer hold” [161]. Dewey took
the view that “the RH relations across a curved shock are the same as those
for a plane shock, even for a very small radius of curvature” [162].

#12: The shock propagates as a steady plane wave. This condition, certainly one of the
most severe but often ignored, is difficult to verify experimentally. A steady wave
propagates at constant velocity and unchanged in shape for all times. Thus,
all shock parameter values behind the shock front are constant; i.e., all their
gradients and rates are zero (d/dz = d/d¢ = 0). This type of shock wave has
no dispersive tendency, so perfect balance is achieved in any part of the wave.
(i) Forbes annotated that “errors in the Hugoniot for well behaved materials
like metals will a few per cent or less depending on the instrumentation used
to measure at least two of the five shock parameter values (Us, u, P, v, e).
The most common measurements are Ug, v or P. In many experiments these
parameters are only measured at one plane a finite distance from the impact
surface. The shock wave takes time to become steady after a 1D shock entered
the initial impact surface, which will increase the errors of RH parameters
determined by measurements that do not prove the wave is steady. A more
ideal experiment would be to have gauges at three Lagrangian planes (i.e.,
mass points) to measure how steady the 1D shock actually is. There are few
such experiments due to the difficulty and cost of such experiments. Therefore
it is impossible to put a numerical value on these errors with gauges only at
one Lagrangian plane” [152]. (ii) In 3D shock waves — such as blast waves in
air and shock waves produced by underwater explosions — the pressure sharply
decreases immediately behind the shock front (dp/dt < 0, dp/da <0) which
contradicts the RH concept of constant fluxes of mass, momentum and energy.

#13: The shock is a wave of finite amplitude without dissipation. Dissipative effects
prevent infinitesimal rise-times (see #17). In 1952, Harold Grad, a US applied
mathematician at the Courant Institute of Mathematical Sciences of New York
University studied the properties of plane steady shock waves from a mathemat-
ical point of view [163]. He wrote: “It is a classical result that the propagation
of non-dissipative waves of finite amplitude is no longer symmetric, compres-
sive fronts tending to steepen and rarefaction ones to broaden. In particular,
a compressive front will steepen until it attains a vertical slope, after which
it becomes multiple-valued and can no longer represent a physical quantity. If
dissipation is introduced into the mathematical formulation, it is observed that

24 One of the main properties of a curved shock (such as a bow shock) is that each streamline
passing through the shock faces differential entropy rise, where a stronger portion of the shock
leads to higher entropy rise than the weaker portion.
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initial discontinuities are wiped out, and all disturbances tend to broaden with
time”.

The discontinuity must be a wave of compression (P; > 0). Rarefaction shock
waves (P, < 0), for a long time considered by thermo-dynamicists as forbidden
but first predicted by the Soviet shock physicist Yakov B. Zel’dovich [164] in
1946, have been observed later such as in iron undergoing a shock-induced phase
transition [165] and in the gas Freon-13 [CCIF3] which has a large specific heat
near the critical point [166].

The shock-compressed sample material should not be disturbed by any release
waves (“Taylor waves”) or reflected shocks [167]. This condition is very impor-
tant in the shock loading of liquid and solid targets. Yogendra M. Gupta, a
physics professor at WSU, pointed out that “the experimental measurements
are typically made in the central region of the sample before the arrival of the
edge rarefaction. Hence, the macroscopic condition of uniaxial strain is satisfied
exactly during this time, and the shock wave appears to be extended infinitely
in the lateral direction for times of interest” [168].

The RH relations must hold between the states immediately before and behind
the shock front. The initial state in the upstream region (“0”) is normally well-
known. Unsteady relaxation phenomena which occur during passage into the
downstream region (“1”) should have died out until quasi-steady conditions are
eventually reached.

5.3 Properties of the shock front

#17: The shock represents a mathematical discontinuity (step wave), therefore it has

#18:

a zero rise-time2®. An exact Hugoniot loading is only possible with a step wave.
Therefore, a very short rise-time is decisive for loading the material up to a point
as closely as possible to the “true” Hugoniot curve. This important condition
is often overlooked by users of the RH relations. (i) In gas dynamics, already
Rankine [14] and later Lord Rayleigh [73] and Sir Geoffrey I. Taylor [83] con-
cluded that if viscosity and heat conduction are taken into account, the shock
wave would never become an infinitely sharp discontinuity, but would have
a finite thickness. For air at standard pressure and temperature, calculations
carried out incorporating heat conduction showed that the shock structure is
several mean free paths (which is about 70 nm). Thus, the application of the
RH relations is justified. (ii) Some condensed-matter shock physicists have as-
sumed mechanical material models to explain measured rise-times. Assuming a
viscous material model one can derive a shock profile with finite rise time [169]
or determine the time for significant amounts of material to undergo phase
transition such as that in Armco iron to take place [170].

Dimensions characterizing the flow should be large compared to the shock thick-
ness. This condition, considered by numerous researchers as the key assump-
tion, was apparently first formulated by John von Neumann and Robert D.
Richtmyer in their famous paper on the inclusion of a purely mathematical fic-
titious viscosity in order to calculate shocks numerically [70]. Within the shock
front — actually a very thin transition layer — viscous effects are important,

25 Various definitions of the term rise- time are possible. According to the standard defini-
tion of a pulse waveform, the rise-time of a shock pressure pulse could be approximated by
the time it takes for the pulse to linearly rise from 10% to 90% of its final value. H. Grad also
considered other useful definitions of rise-times for characterizing shock transitions, such as
by linear and non-monotonic profiles. He annotated that each physical variable will have its
own profile, therefore also its own thickness [163].
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but outside viscous effects are small on scales larger than the mean free path.
They can be ignored outside the shock front and, therefore, in the RH equa-
tions. There are two conditions: (i) the overall hydrodynamic length scale £
should be very large compared to the shock thickness Azs (i.e., £ > Axg),
so that shock fronts can usually be approximated as discontinuities. (ii) The
overall flow time 7 should be very large compared to the time for the flow to
cross the front, so that the front is quasi-steady in a frame comoving with the
front (i.e., 7 > Ax/Uy). In gas dynamics, these two conditions are well fulfilled
in the case of shock waves produced in shock tubes and blast waves observed
at large distances from the source (such as arising from chemical explosions
and from interstellar explosions). However, they are more difficult to realize
in condensed-matter shock experiments, because the shock speed is not only
much higher (by a factor of about 10 to 20 compared to the sound velocity
in gases), but also the dimensions of the applied systems are much smaller,
in dynamic EOS experiments ranging from submillimeters in diameter (such
as in laser-driven small metal discs, known as flyers) to a few centimeters in
diameter (such as in explosive-driven and impact-driven devices).

The thermodynamic equilibrium is reached immediately after passing the shock
front. In most practical cases, the material at state “0” is in an equilibrium
before compression. The state of thermal equilibrium is supposed to still occur
within the “shock width”, a short distance over which the fluid changes from its
initial to the shocked state. In 1941, Hans A. Bethe and Edward Teller, two Los
Alamos theoretical physicists, first discussed deviations from thermodynamic
equilibrium in the shock front [171]. The mechanism for reaching equilibrium
depends on the kinetics and probability of collisions, and the relaxation time
for reaching equilibrium depends on pressure and temperature [172]. For strong
shocks in fluids, shock widths are of the order of 10 nm or a few molecular
diameters [173]. In the former Soviet Union, Lev V. Al'tshuler and collaborators,
referring to large shock compression of condensed matter (mostly metals), made
the assumptions that (i) equilibrium conditions are attained in times short
compared to observation times; (ii) the medium compacts immediately to a
void-less state; and (iii) any medium strength is negligible; i.e., rigidity of the
solid is neglected, because the solid is regarded as a fluid [174]. Contrary to
collision-dominated shocks, in collisionless shocks the plasma behind the shock
is not in local thermodynamic equilibrium. For example, in the case of the
Earth’s bow shock, the electron temperature increases only moderately across
the shock, while the ion temperature jumps up by more than one order of
magnitude [135].

5.4 Properties of the experimental technique

#20:

The applied experimental compression technique should produce for a certain

period of time a plane shock wave of constant pressure. However, depending on the
inherent properties of the selected technique numerous individual reasons can pro-
duce deviations from this ideal which may be quite difficult to detect. Here are some
examples:

(i)

(i)

Plane shock waves produced in a shock tube can be disturbed by transverse
waves formed during non-uniform rupture of the diaphragm which generates
spikes superimposed on the propagating shock (Fig. 4a).

In a high-velocity impact, the tilt of the impactor with respect to the target can
produce considerable variations between shock arrival times when a multiple
arrangement of spring-loaded shock wave detectors is used [175].
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(iii) Studies have shown that in an explosive-driven flyer plate a series of acceler-
ations, caused by shock reverberations, are produced [176]. Hence, the driver
velocity may not be constant as the driver moves through a groove in the target
plate for measuring shock velocity [177] and the measured particle and shock
velocities will not be compatible.

(iv) Forbes annotated that “it is commonly assumed that the release wave is a mirror
image of the compression curve in Pj-u; space that is only correct for fluids that
have no phase transitions or chemical reactions in them. It can be shown for solid
polycrystalline metals that this release path is not symmetrical and therefore
significant errors can be in the values of inferred particle velocity when measured
free surface velocities are used” [152].

5.5 Suggestions

Possible violations of the ideal RH relations which depend on the applied experimental
technique, the selected pressure range and the chosen material are obviously very
complex, and it should be very difficult to calculate, or even only to estimate with
sufficient accuracy, their influence on the total systematic error. Since in most practical
cases unsteady shock waves are applied, it would be useful to concentrate efforts on
a study of violations caused by a triangle pressure pulse; i.e., a pulse with a final
shock rise-time which is immediately followed by a decrease of shock pressure (see
Sect. 7.4).

6 Application of the RH relations on unsteady shock waves

Parameter values of real shock waves are never true step functions as assumed in
the RH relations. Shock physicists developed two different methods to also apply the
RH relations to unsteady waves: the quasi-steady approach for unsteady shock waves
which, after quickly reaching thermodynamic equilibrium, maintain for a certain time
a period of constant fluxes of (mostly kinematic) shock parameter values, and the
pseudo-steady approach for true unsteady shock waves with an immediate pressure
decay which, however, in the time scale of the shock rise-time, decays only slowly.

6.1 Quasi-steady approach

It is difficult to experimentally produce step functions in time of the shock parame-
ter values. Two important examples of experimental “quasi-steady” shock waves are
shown in Figure 4: in gas dynamics, propagating or reflected shock waves with an
almost uniform amplitude can be generated for a limited period of time in a shock
tube (Fig. 4a) which come nearest to Rankine’s concept of an ideal step wave. In
condensed-matter shock physics, the high-velocity planar impact (Fig. 4b) is widely
used to generate, after a certain rise-time and for a limited period of time, reproducible
and well controllable shock parameter values.

6.2 Pseudo-steady approach

The problem is illustrated here in more detail in the example of a blast wave (Fig. 5).
The pressure profile can be approximated mathematically by a modified Friedlander
function [178,179)

P(t) = Py + Ppaxe V/TH(1 —t/T}). (9)
For example, for a scaled distance Z > 40 [m/kg], T+ [s] can be approximated by the
relation

T, =10%23108(%)  with Z = dw'/3,
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where d [m] is the distance from the center of the charge and W [kg] the mass of the
explosive charge [180]. The shape of a blast wave at distance r can be characterized
by its rise-time at the shock front 7 and the positive pulse duration 77. In the case of
shock waves with peak overpressures <100 Pa, it was found experimentally that 7 oc r
and T} o r~ %19 which gives a ratio of Ty /7 oc 798!, i.e., this ratio approximately
increases linearly with distance [181]. It implies that at a large distance from the
source (T > 7), the decaying shock pressure behind the shock front stays almost at
a constant level for a sufficiently long period of time. Hence, the application of the
RH relations is justified for large distances from the source.

The pressure decay immediately behind the shock front can be characterized by a
time constant of initial decay 6 given by

0 = —(dP/dt); = 0/ Ppay = 0.5T.

In the lower microsecond regime, the pressure decay is still very slow — for example
for 0 < t < 0.0087% the pressure decay from Ppax is less than 1%. An observer
fixed in space watching the wave passing by in the time scale of the rise-time would
not yet know that the shock parameter values will eventually drop to zero. This
clever assumption was first applied in terrestrial gas dynamics for large distances from
the shock source so that time and space derivations of all shock parameters can be
neglected in the Euler equations. Later, this view was also adopted by astrophysicists.
At short distances from the source, however, this method could produce a considerable
error, because time and space derivations of shock parameter values are not considered
in the RH relations.

7 The complex problem of error estimation and future work

In the RH concept, an ideal shock wave is a mathematical discontinuity in pressure,
density, particle velocity, temperature and entropy; i.e., the thermodynamic transi-
tion from the initial to the compressed state occurs immediately in zero time, the
uppermost limit of a rapid transition. However, infinitesimal rise-times are not possi-
ble in fluid dynamics. Furthermore, most conditions listed in Section 5 are only partly
fulfilled in practice. Therefore, strictly speaking all experimentally obtained Hugoniot
data are somewhat positioned below the “true” Hugoniot. This brings up the impor-
tant question of how closely experimentally determined dynamic equations of state
can approach “true” Hugoniots.

In order to keep errors as small as possible, particularly in the measurement of pre-
cise Hugoniot data of solids, researchers made every effort to improve high-speed diag-
nostics as well as to develop new techniques for producing well-defined plane-parallel
shock pulses of short rise-times and to also extend improved EOS measurement tech-
niques up to ultrahigh shock pressures. A first review of experimental techniques and
instrumentation was given by Fowles in 1972 [182]. In 1987, Ahrens at Caltec discussed
shock wave generating systems such as by flyer plate impact and explosion genera-
tion for laboratory studies in geophysics and planetary physics, thereby using the RH
relations in the analysis of experimental data [183]. In 1993, Lynn M. Barker and
colleagues at Sandia Laboratories reviewed experimental gas gun techniques, the per-
formance of piezoelectric, piezoresistive, and in-situ electromagnetic particle-velocity
gauges®S as well as the use of optical methods [184,185].

26 Forbes annotated that in condensed-matter shock experiments “an important question is
how does in-situ gauges perturb the flow and, therefore, the measurements of shock parameter
values. Most experiments will have the gauges at locations that are not in line with a previous
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7.1 Error types involved

An experimental error results from the observed disagreement between the individual
values of repeated measurements of a shock parameter value. If an experiment has
small experimental errors, it is said to have high precision [186]. The RMS (Root
Mean Square) overall experimental error e, due to measurement of m shock param-
eter values, consists of m individual relative experimental errors €1, €5 ...&p, and is
given by

e= (2 +e24...2)V2

Systematic errors can be detected neither by the experimentalist nor by repeated
measurements. If an experiment has small systematic errors, it is said to have high
accuracy [186]. The RMS overall systematic error n, here caused by violations of con-
ditions made in the RH relations, usually consists of n individual relative systematic
errors M1, 1Mz . . . My, which can be functions of time. For example, in the case of a spher-
ical blast wave, propagating in an inhomogeneous atmosphere with Mach 3 at short
range, the conditions #5, #11, #12 and #17 listed in Section 5 would violate the RH
concept due to temperature dependency of ¢, (75), geometrical spreading (711), un-
steady wave behavior (112) and finite rise-time (7;7), thus leading to an RMS overall
systematic error given by

1/2
0= (n2 + it + s+t (10)
The RMS total error is then given by
A=(2+m)" (1)

Note that an improvement of error accuracy by repeating experiments and apply-
ing statistical methods in the data analysis can become quite costly and time-
consuming such as in the case of large-scale shock experiments and precise Hugoniots
measurements.

7.2 Examples of published error estimations

The following examples of published results using the RH relations and addressing
error estimations might be of interest to the reader:

In 1954, Wayland C. Griffith and Walker Bleakney, two shock physicists
at Princeton University (Princeton, NJ), carried out important shock tube ex-
periments in gases. They applied the first two RH relations in the Lagrangian
frame, equations (3a) and (4a), and computed pressure ratios for air by using
measured data of density obtained from optical interferometry — thereby using
the Hugoniot equation, equation (1a) — and of velocity in terms of the Mach
number?”. Their analysis showed that “in each of nine arbitrary intervals be-
tween Py /Py = 0.95 and 0.15 the average values agree to one part in a thousand
corresponding to relative accuracies of 0.1% for weak shocks and 0.7% for the
stronger ones. Above this range of shock strengths, My > 2.4, the temperature
becomes high enough to excite appreciable molecular vibrational motion in Og
and Ny so that v is no longer constant”.

gauge, so the perturbation of the flow is minimal. A well calibrated multi-dimensional com-
puter hydrodynamic flow code can predict the perturbations due to a gauge and will likely
be the most used way of putting a magnitude on this error in lieu of running many costly
experiments. Such hydrodynamic codes can also be used when the experiments are not fully
one-dimensional to give some estimates of error due to divergent or non-1D flow” [152].

T Pi/Py =1+ 2y(M?* —1)/(y + 1), where in the Lagrangian frame M = My = (uo/co)?
and in the Eulerian frame M = M; = Us/co.
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In 1955, Roy W. Goranson, a Los Alamos physicist and previous student of Prof.
Percy W. Bridgman at Harvard University (Cambridge, MA), and collaborators re-
ported on first Hugoniot measurements of metals from 100 to 300 kbar using the
RH relations [187]. In these studies, initiated at Los Alamos early in 1945, a plane
compression wave was produced by a block of a high explosive which was sufficiently
large to hopefully achieve constancy of pressure behind the shock front?®. Pressure
was measured using a tourmaline gauge, while the velocity of the compression wave
through the plate and the free surface velocity at the bottom of the plate were mea-
sured using electric contactors known as contact pins [32]. The standard deviation for
both velocities could be improved from previously 2% to 0.5%.

In the period 1955—1957, John M. Walsh and collaborators at Los Alamos contin-
ued Goranson’s experiments in the pressure range from about 150 to 500 kbar using a
high explosive plane-wave generator [42,59]. Probable errors for their presented experi-
mental Hugoniots for metals were from 1% to 2% in compression, Avy /vg(= 1—v1/vp),
for a given pressure. John M. Walsh and Melvin H. Rice who also used an explosive-
driven shock wave but a moving-image camera for kinematic measurements deter-
mined shock velocities in order to measure Hugoniot curves in liquids [43]. They
observed that the total scatter in the shock front velocity was typically 3% to 4%.
Concerning errors for Hugoniot curve data they estimated that “the random probable
error per data point is less than 1% in compression for a given pressure”.

In 1960, Robert G. McQueen and Stanley P. Marsh, two Los Alamos shock physi-
cists, resuming the Los Alamos explosive-driver-plate geometry, extended the Hugo-
niot loci of 19 metallic elements up to 3 Mbar by applying the RH relations and the
Mie-Griineisen theory [188]. They stated that “the Hugoniot locus thus determined
is subject to errors due to uncertainties existing in the zero-pressure data and the
volume dependence of the Griineisen ratio. It is estimated that these effects cause
uncertainties of about 0.2% at 1 Mbar, increasing to 0.4% at 2 Mbar, in the shock
velocity at a given particle velocity”.

In 1961, Stanley F. Minshall, a Los Alamos shock physicist, pointed out that “in
mapping out a Hugoniot curve from experimental data it is more important to have
precise measurements of the wave velocity than of the change in stress or particle
velocity. The reason is that an error in wave velocity offsets the calculated Hugoniot
point in a direction which is roughly perpendicular to the true Hugoniot curve,
whereas an error in stress or in particle velocity can affect the calculated Hugoniot
point in a direction which is usually not far from parallel to the true Hugoniot curve.
Thus, errors in stress or particle velocity produce relatively small errors in the calcu-
lated Hugoniot curve, but the same cannot be said for errors in wave velocity” [189).
In the case of unsteady shock waves, the steepening process is not yet terminated
(as in the case of a true step wave). Their studies showed that for samples with con-
siderable dissipation the measurement of Uy at the free surface — such as measured
electrically by using coaxial shorting pins [190] or optically by using a rotating-mirror
smear camera [191] — introduced an additional error in Us.

In 1962, Rudi Schall and Gustav Thomer, two German research physicists and
pioneers of flash radiography at the German-French Research Institute Saint-Louis
(Saint-Louis, France), studied explosive-driven shock compression in low-density ma-
terials using flash radiography and densitometry of the recorded absorption in the
shock front [192]. They determined shock wave velocity Us and density p; radiograph-
ically. Similarly to their previous studies [193,194], they calculated Hugoniot curves
using equation (6b). They found that “a particular local density can be measured
with an error of +£1.5%. This allows mean values to be determined with an accuracy

28 Explosive in-contact shock systems rather create a pressure pulse of quasi-triangular
shape [68], Figure 4.1.
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of +1% of the initial density po”. Using measured density and shock velocity data,
they also applied the first two RH relations to determine other shock parameters.
However, their method was later criticized that “the gases expanding laterally give
rise to a curvature of the detonation wave (known as edge effects) so that the RH
conditions are not entirely satisfied, and the measured X-ray absorption doesn’t cor-
respond to the value along the axis, but rather represents a mean value over the radial
density variation. The first error is small if the diameter of the explosive is large as
compared to the reaction zone length; the second error can be eliminated by a cor-
recting analysis using the recorded curvature which permits to determine the density
with respect to the curvature of the shock” [195].

In 1968, at a symposium organized by the National Bureau of Standards, Los
Alamos shock physicists discussed the problems involved in the establishment of a
standard for high-pressure dynamic shock wave work which requires more than pre-
cise measurements of Hugoniot data [177]. Potential sources of systematic errors can
be caused by the properties of the sample material and the applied experimental tech-
nique, such (i) as the lack of thermodynamic and hydrodynamic equilibrium in the
shock front which is necessary to apply the RH relations across the shock; (ii) that
the driver plate may not be moving with constant velocity at the time of impact;
(iil) that rarefactions from the rear surface and from edges of the assembly may give
deceptively low apparent velocities; and (iv) that the thermodynamic states of the
driver and target may not be identical.

In 1971, John W. Dewey analyzed blast waves produced from two hemispher-
ical surface bursts which resulted from the detonations of 500-US-tons charges of
TNT [63]. In a plot showing peak hydrostatic overpressures vs. scaled distances ob-
tained from a large number of bursts, he compared calculated data obtained by ap-
plying the first two RH relations, equations (3b) and (4b), with experimental data
obtained from his particle trajectory analysis and found pretty good agreement. As-
suming an adiabatic gas flow behind the shock front and using the RH relations to
calculate the pressure behind the shock he concluded that “the technique gives the
flow properties to accuracy comparable with that for other forms of measurement,
namely 5% to 10%”.

In 1973, shock physicists at WSU discussed the properties of steady shock waves
which are of interest to experimentalists concerned with the study of the propagation
of waves of finite amplitudes in solid materials [9]. They annotated that “in the
reduction of data from experiments use is made of the RH jump relations. In order
that one may apply these it is necessary to satisfy one of the following assumptions: the
shock can be treated as a mathematical discontinuity propagating as a steady wave.
Application of these assumptions can lead to significant errors if gradients in adjacent
regions are comparable to those in the shock or if time has not been sufficient for
the flow to become steady and the curvature of the RH curve is large. The resolution
of these difficulties still awaits satisfactory attention”. They worked out a linearized
perturbation analysis of the development of arbitrary profiles into the steady wave.

In 1977, George E. Duvall discussed the great value of precise Hugoniot data to
the S&E community [196]. From the RH jump relations he deduced that “the RMS
errors in pressure P and compression Av/vg in terms of particle velocity u and shock
velocity D are given by

5P/ P = [(6u/u)? + 6D/D?]"* = 6(Av/vy)/(Av/wy).
He estimated that “the uncertainty in D is 6D/D ~ 2.5%. Measurements of u are
probably better than this on the average, so the uncertainty in P and Av/vg in the
average published data point is probably 2.5 to 3%”.
In 1979, shock physicists at Lawrence Livermore Laboratory measured Hugoniot
data for liquid argon in the pressure range 400 to 910 kbar using the RH relations [197].
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They estimated that “the uncertainties in the impact velocity and initial densities are
of the order of 0.1%. The total uncertainties in the measured shock velocities ranged
from 0.4 to 0.6%; these are the dominant source of uncertainties in the pressure,
density, and specific energy, which ranged from 0.9% to 1.8%”.

In 1979, Sandia shock physicists reviewed the state of investigations concern-
ing the response of solids to shock compression and necessary considerations of er-
ror [129]. They wrote: “Most investigators estimate the precision of their recent par-
ticle and/or shock velocity measurements to be about 1%. This corresponds to an
error of about 0.5% in compression and 2% in pressure. In addition to these errors of
measurement, Hugoniot data are subject to a variety of errors of interpretation {as
discussed by them in Sect. 3.2.4 of their paper}”.

In 1981, Livermore shock physicists reported on measurements of Hugoniot curves
for Al, Cu and Ta, carried out in the shock pressure range 0.3—4.3 Mbar. They demon-
strated that with the two-stage light gas gun method [198] very accurate Hugoniot
data can be achieved (<1% error in pressure) [175].

In 1983, Indian researchers, reviewing EOS theories of condensed matter, also
compared errors in shock pressures for various shock compression methods [65]. De-
pending on the applied experimental method, measurement errors ranged from 1%
(using a light-gas gun) to 20-30% (using photonic compression such as produced by
intense short-duration laser radiation).

In 1991, Charles E. Morris, a Los Alamos shock physicist, reviewed pioneering re-
search in condensed-matter shock physics carried out in the 1950s at Los Alamos [199].
He wrote: “The RH relations are the cornerstone of shock-wave physics. They are
based on the conservation of mass, momentum and energy. This allows the abso-
lute measurement of pressure, compression and internal energy without the use of
secondary standards. us {shock wave velocity} and u, {particle velocity} can be mea-
sured to 0.5%. This enables pressure and compression to be determined to 1%. The
Hugoniots measured in the early 1950s differ with our current Hugoniot measurements
by about 1%. This was due to a recalibration of our streak cameras with an improved
calibration procedure...”

In 2005, an international team of astrophysicists and shock physicists reported
that when solving the RH equations, error bars and differences on particle velocity
and shock velocity are amplified in a p(p) diagram by a factor of (p/po — 1) [200].

In 2006, John M. Dewey extended the RH equations to give eleven different physi-
cal properties in terms of the ratio of specific heats [50]. He reported that “for {aerial}
shocks with a Mach number greater than 3.5 this assumption {that air can be con-
sidered as a perfect gas} leads to an error of more than 1%. For shocks with a Mach
number greater than 5.5 (i.e., hydrostatic overpressure of about 34 atm) the er-
ror is more than 5%”. Dewey and associates published similar results in their RH
Spreadsheets [41].

In 2006, at the 6th International Conference on High Energy Density Labora-
tory Astrophysics at Rice University (Houston, TX), an international team of shock
physicists reported on experimental results on X-ray and proton radiography of shock-
compressed matter. They recommended the application of experimental density data
for improving the precision of dynamic EOS studies based on velocity determination
in order to avoid error amplification going through RH relations [201].

In 2012, Jerry W. Forbes, a US condensed-matter shock physicist at the Energet-
ics Technology Center (St. Charles, MD), discussed in his book Shock Wave Com-
pression of Condensed Matter fundamental experimental and theoretical concepts of
condensed-matter shock wave physics, thereby also addressing different error types
and approaches of error analysis [202]. (i) He recommended that “a preliminary error
analysis be done prior to conducting an experiment so special attention is on mea-
suring key limiting parameters. . .In spite of total lack of rigor for small sets of data,
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error analysis shows what are the important limiting errors in an experiment”. (ii)
He also provided the essential rules and illustrated error analysis on the example of
measuring the free-surface velocity in an explosive flyer-plate system using a rotating
mirror streak camera, thereby showing that the performance of accurate experiments
requires knowledge of the source and magnitude of the various errors.

In 2014, Forbes [152] annotated that (i) “the error in the Hugoniot data for the
chosen experimental technique can be computed by taking the experimental error
and systematic errors of the measuring instruments into account. However, the actual
error is more complex than just doing this error procedure since a material model
has to be assumed in order to obtain the actual parameter (such as particle velocity)
from the experiments. In other words, one must understand how the material being
studied behaves under shock compression and stress release in order to interpret your
experimental results correctly. Accurate material models for solids are more complex
than fluid models for shock loading and stress release. Gauges that are inside the
material have a set of errors that need to be accounted for, particularly if the wave is
not perfectly 1D”; and that (ii) “the error in Hugoniot points depends on the technique
used to measure the shock and particle velocities. It also depends if the material is a
metal, plastic, or glass. Some materials are more difficult to get good Hugoniot data
than others... Much of the techniques are based on obtaining Hugoniots on metals.
For example, when you go to glass which might lose its strength suddenly at pressure,
a free surface measurement that works well with metal will not work for such a glass”.

7.3 Problem of total error estimation

Although the RH relations are widely used in shock physics as well as in related
branches of S&E, only very few users also attempted to tackle the difficult question
of error estimation, a surprising result of a comprehensive literature review carried
out by the author over many years. Motivations and actions were quite different.
The majority of users measured two shock parameter values (in most cases kinematic
parameters) and calculated the two other (thermodynamic) parameters using the
first two RH relations; they either (incorrectly) considered the RH relations as being
“exact” and suitable for applying on unsteady waves as well (thus neglecting all
involved systematic errors, n = 0) or, without proof, as being negligibly small in
comparison to the allover measurement error (n < e, thus A ~ ¢).

To measure three or even all four shock parameter values with high precision
and to test the admissibility of the RH relation for unsteady shock waves using the
first two RH equations would require considerably more diagnostic expenditure and
apparently has never been carried out. Therefore, at present practical estimations
about the influence of wave unsteadiness on the total error when using the classical
RH relations cannot be made.

7.4 Proposed numerical parametric study

For comparison purposes any numerical analysis would require a “true” shock adia-
batic (or “Hugoniot”) of the sample material. Unfortunately, all known Hugoniots of
real materials have been found experimentally and, therefore, are apparently not ap-
propriate for such a crucial precision test. However, by using the theoretical Hugoniot
for an ideal gas Py (pu), equation (1la), it would be possible to make a comparison
without referring to EOS data based upon experiments.

It would be of great practical interest to estimate the systematic error caused by
applying the RH relations to unsteady wave behavior. Apparently, for a given material,
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Fig. 6. Examples of dynamic pressure loading using different pressure-time profiles: (a) step
wave loading (rise-time 7 = 0) produces the shock adiabatic or Hugoniot; (b) linear ramp-
wave loading during time period 7 up to a constant pressure Pq; and (c) linear ramp wave
loading during different time periods 7, followed by a linear decrease of pressure (“triangle
pulse”). (d) Depending on the rise-time of ramp-wave loading, a family of dynamic adiabatics
in the (P, p)-plane is produced which are located between the Hugoniot adiabatic and the
Poisson adiabatic (also known as Poisson’s isentrope). Note that with increasing 7, ramp-
wave loading up to a pressure P; produces higher densities than shock loading. Under the
assumption that at time ¢ = 7 4+ ¢ equilibrium is reached, pressure has decreased from Py
to P* and the RH concept of constant fluxes is violated.

it seems to be very difficult to calculate all involved systematic errors of a particular
experimental technique quantitatively and with sufficient precision. However, a re-
duction of the complex physical problem to a mathematical one could provide a first
insight about the involved errors. What all real shock waves have in common is that
they have a finite rise-time (712) which in many cases is combined with an immediate
rapid decay of pressure behind the shock front (17;7)%°. Prominent examples are blast
waves and detonation-induced underwater shock waves. In order to separately study
the influence of 712 and a combination of 712 and 7;7 on the off-Hugoniot location of
the dynamic adiabatics, it might be useful to carry out a two-step parametric study:

(i) Assumption of a linear rise of pressure loading with a rise-time 73°, but after
reaching the end of “ramp loading” at ¢t = 7, pressure is maintained at constant
level py — such as produced in shock tube and plate-impact experiments for a
certain time duration (Fig. 6¢). For time instant ¢ = 7, an appropriate numerical
simulation should provide a density pramp (7) > pu, thus

7712(7—) = [pramp(T) - pH]/PHa (12)

where py is determined from py using the Hugoniot equation, equation (1b).
Such a study could provide a family of dynamic adiabatic curves which, in a (P,
p)-plot, are positioned between the Hugoniot adiabatic and the Poisson adiabatic
(Fig. 6d). With decreasing rise-time the resulting dynamic adiabatic would in-
creasingly approach the Hugoniot curve (7 = 0) which requires “step wave load-
ing” (Fig. 6a). As schematically illustrated in Figure 6d, the deviation of sample

29 The subscripts refer to RH conditions #12 and #17 of Section 5.

30 High-resolution measurements of shock front profiles rather reveal a py — shaped increase
of shock pressure from Py to Pi, thus the maximum pressure rate might be greater than Py /7
as in the case of linear pressure loading.
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loading from the desired Hugoniot state is growing with increasing rise-time
which — when applying the same pressure — results not only in a larger density
but also in a lower sample temperature. This effect, known as cold compression,
is increasingly used in recently developed uniaxial quasi-isentropic compression
techniques®' for “shockless” compression of a material off the Hugoniot curve
by linear ramp-wave loading [203].

(ii) Combination of a ramp-type P(t) profile rise with a P(t) profile which decays
with an initial time constant 6 (Figs. 5 and 6d) — such as a nonlinear decay in
the case of a blast wave, a linear decay of a N-wave sonic boom or in a sample
being in-contact with an explosive (“triangle pulse”). At a time instant 7 + ¢
(with ¢ as a small value but chosen sufficiently long for allowing thermodynamic
balance in the material), this should provide a density pr g, thus

Ma,17(T +06) = [pre(7 + ) — pul/pn, (13)

where ppg is the Hugoniot density at step wave loading up to pressure Py using
equation (1b).

Considerations on a suitable procedure for a numerical calculation of the influence of
violations of the RH conditions are still in a preliminary state. Perhaps algorithms
worked out in the simulation and analyses of shockless ramp-loading compression
experiments may be useful for this purpose.

8 Conclusions

The study of a large number of journal articles, textbooks, and technical reports
published within the last seventy years has revealed the following results:

(i) The RH relations, both in their classical form and modified for special applica-
tions, are increasingly used also beyond the shock physics community, making
them almost to “a maid of all work” for quickly determining shock parameter
values. Their wide applicability, ranging from microscopic to even cosmic di-
mensions, certainly contributed much to the rapid development of shock wave
physics into an interdisciplinary field by its own.

(ii) The enormous popularity of the RH relations, their robustness and good nature
are due to their first two equations which relate kinematic to thermodynamic
parameter values across the shock transition. Since kinematic properties can be
measured with a higher precision than thermodynamic ones, they are favorably
used to determine equations of state (EOS) in shock-compressed materials. Fur-
thermore, they do not require any knowledge of the structure of the narrow
shock transition.

(iii) The RH relations hold for plane-parallel steady waves with step wave loading;
i.e., the shock has no rise-time and the fluxes of mass, momentum and energy
behind the shock front are constant for all times. Pressures and corresponding
densities are located on the Hugoniot curve, Py (pu). Real shock waves, however,

31 Quasi-isentropic compression refers to a loading by a smooth ramp or a sequence of small

shocks. It produces a cooler compression at almost constant entropy than an abrupt (shock)
loading up to a corresponding pressure on the Hugoniot curve. Ramp-wave loading techniques
(i) permit the sampling of thermodynamic states not accessible by shock-wave or static
pressure methods; (ii) ensure a solid state even at very high pressure; and (iii) provide data
intermediate between shock wave and static pressure results. Fastest shockless compression
results of aluminum up to 110 GPa (1.1 Mbar) using laser-ramp-loading within 10 ns were
first reported by US researchers in 2007 [201].
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are mostly unsteady waves with finite rise-times and quasi-steady or decreasing
fluxes. Thus, the resulting P;(p;1) data should be located on dynamic adiabatics
off the Hugoniot curve. The influence of a given finite rise-time on this shift
would be important to know for EOS precision measurements, but apparently
this effect has not yet been studied quantitatively. Traditionally, experimental
shock rise-times are in the low submicrosecond range, and it is generally believed
that this almost stepwise compression will also produce “true” Hugoniot data.
However, more recent “shockless” compression experiments have shown that
such rise-times produce off-Hugoniot data.

The RH relations have frequently also been used for unsteady shock waves, how-
ever, in most cases without any consideration about systematic errors resulting
from the violation of the RH step wave concept.

Two procedures are in current use for the analysis of unsteady wave profiles:
In the quasi-steady approach the two selected measured shock parameter values
stay, after a finite rise-time, at an almost constant level for a limited period
of time. These constant values are then used in the RH relations to calculate
other shock parameter values. Such wave profiles exist in shock tubes and in a
high-velocity plane-parallel impact. In the pseudo-steady approach wave profiles
begin with a finite rise-time which is immediately followed by a rapid (linear or
exponential) decrease of the shock parameter values. Examples of such “quasi-
triangle” pulses are pressure pulses observed in spherical blast and underwater
shock waves, the N-wave sonic boom, and the shock pressure in a liquid or solid
sample being in-contact with a detonating high explosive.

Although the RH relations are widely used in shock wave physics as well as in
related branches of S&E, only a very few users also attempted to tackle the diffi-
cult problem of error estimation, thereby mostly focusing on measurement errors
which range from <1% (in shock tubes) up to about 5% (in blast waves at large
distances, depending on the Mach number). These studies, however, neglected
considerations on individual systematic errors, thus leaving open estimations of
total RMS errors.

Causes of systematic errors are manifold, such as originated from physical and
chemical properties of the medium at ambient pressure and during shock com-
pression, and from the shape of the wave profile of a shock parameter value
w(t) generated by the applied experimental compression technique. Apparently,
characteristic parameters are the shock rise-time 7 and the rate immediately
behind the shock front which is given by (dw/dt),. Individual systematic errors
may be negligibly small, but can add up to a considerable overall systematic
error which would also increase the total error.

A critical study of the applicability of the RH equations on unsteady shock
waves in regard to involved systematic errors is still pending. A future numerical
parametric study of the influence of shock rise-time and flux decrease of real
shock waves on the dynamic adiabatics, particularly their shifted locations in
regard to the Hugoniot, would be very helpful to better illuminate this nontrivial
problem.

The RH relations, although derived for steady shock waves, seem to be well ap-
plicable also to unsteady shock waves at great distances such as in the cases of
blast waves produced by large chemical, nuclear and stellar explosions. Since the
unsteadiness of a nonlinear wave increases with increasing pressure and decreas-
ing distance from the source, it would be of great practical interest to study
systematic errors using the RH relations under such conditions and to com-
pare the results with measurements of more than two shock parameter values.
However, such investigations are still pending.
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In order to approach “true” Hugoniots closest as possible, it is important to
shock-compress materials with rise-times shortest as possible.

Forbes annotated that “error analysis on small data sets like shock wave Hugo-
niots have to be subjective but what is traditionally done is to compute the
error following the formulas and techniques used for large data sets, which is the
subject of papers on Theory of Error. This is useful, since the shock wave com-
munity can check the estimates of error from shock wave work when researchers
follow the same procedures and equations for determining errors. Just how much
real error is involved in following this procedure is still unknown. It would take
a large data set of shock data to discover how taking a small sample of the data
would result in what magnitude of error for a Hugoniot determined from the
small sample set vs. the large sample set” [152].

Acknowledgements. The author wishes to thank Dr. Jerry W. Forbes at the Energetics Tech-
nology Center (St. Charles, MD) for his numerous comments on problems of error estimations
when using the RH relations in condensed-matter shock physics.
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