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1. Numerical Integration Methods
In mathematics, integration follows the process of using integral calculus, using either indefinite or definite integration, to find the reverse of a derivative – usually a function [1]. As an example of indefinite integration, if , then the derivative . One could say that the integral of the derivative is thus ,  but another possible answer could be , as any derivative of a constant equals zero. The integral is thus noted as , where c is known as the constant of integration [2]. To state this compactly, one writes: .
To summarise, integration is essentially the reverse of differentiation. Numerical integration, especially in the context of simulating game physics, loosely follows this logic by calculating derivatives from differential equations based on various integration methods, such as first order integration, second order integration, and higher order integrations using Euler, Verlet and RK4 Midpoint Methods [3] to find approximate solutions. In code, these methods are used for numerical integration for differential equations (Ordinary Differential Equation Solvers, henceforth abbreviated to ODE Solvers), i.e., relating to an independent variable, a dependent variable, and one or more derivatives with respect to the independent variable [4]. For example, if a game is simulating an object in motion, it calculates the position of the object based on its velocity, and velocity based on acceleration (if relevant), all with respect to a given time step (Δt); position and velocity act as dependent variables, and time as the independent variable. As a formula, this could be represented as a first order ODE:  [5]. However, if acceleration were involved, this would be represented instead as a second order ODE: , where position and velocity relate to acceleration as the second derivative [6].
Integration in this instance refers to “updating the position and velocity of each object in each frame” [7 pp. 43]. Alternatively, one may instead understand acceleration as the derivative of velocity, and velocity the derivative of position.
1.1 Explicit Euler
Euler’s explicit method for integration is a step-by-step approach of approximating solutions to differential equations, calculating a function’s next values by advancing in small increments of time, using the current rate of change [8]. In a game physics calculation scenario, Euler’s method approximates that: , assuming only position and velocity are involved [9]. In other words, if one were calculating the new position of an object (), one would multiply the velocity ( being rate of change, therefore velocity) with the time step/increment (t), and add this to the current position. In code, this could be written as:
	position += velocity * deltaTime



This however, implies velocity is already known. If one needed to calculate velocity, they would first perform the above equation with velocity as , and acceleration instead as the derivative. As code:
	velocity += acceleration * deltaTime



Note however, that the first equation-code example is a first order differential equation, meaning that velocity is represented as the first derivative . The second example incorporating acceleration is known as a second order differential equation, whereby it is represented as the second derivative , or in other words, the derivative of a derivative. Also note, this is only true when acceleration is compared to position – otherwise, acceleration is the first derivative of velocity ().
While Euler’s method is the most computationally efficient for game physics calculation (and the easiest to implement), it suffers from compounding errors proportional to the time step size [10]. Smaller time steps will reduce this error, but this has a reasonable limit.
[image: ][10]
 Because of this, the method is often incorporated into and alongside more complex methods, such as the implicit “trapezoidal rule” method – this combination being an example of a predictor-corrector method [11]. Alternatively, one can use a different variation of Euler’s method, such as semi-implicit Euler integration, which combines the explicit Euler integration method with the implicit Euler integration method [3].
Ultimately, Euler’s method is the most computationally efficient of the integration methods to be discussed, but is also the least accurate. For this reason, it is most often used for approximations, or for calculations where the resulting errors will not have a deciding impact on following actions.
1.2 Verlet Integration
Where Euler’s method usually calculates based on first order differential equations, Verlet instead calculates second order differential equations, with a particular emphasis on incorporating Newton’s equations of motion [12] – for example, using Newton’s equation , this can be rearranged to form equation . Verlet uses acceleration to calculate position, unlike Euler’s two-step process of calculating velocity based on acceleration, then position based on velocity. This is also known as position Verlet [13]. To calculate the new position of an object, Verlet also makes use of the objects previous position in addition to the current position. An example of the full equation could be , where   is the new position,  is the current position, and  is the previous position [14]. As code, this could be expressed as:
	oldPosition = position
position = 2 * position - oldPosition + acceleration * deltaTime * deltaTime



While Verlet is a more stable and consistent method for simulating physics than Euler, it calculates position by approximating velocity [15]. This can be mitigated somewhat by using a variant method, velocity Verlet, which calculates velocity twice at half-time steps – once before acceleration is calculated, and once after [16]. Doing so makes the method less efficient computationally, but allows for more diverse use of Verlet – where position Verlet is normally used for projectile trajectories, particle systems, and cloth physics for example, velocity Verlet allows for more accurate physics simulation where velocity increases or decreases rapidly.
1.3 Runge-Kutta 4th Order
Between Euler’s methods and Verlet integration, 4th Order Runge-Kutta (RK4) is comparatively the most accurate, but the most computationally heavy to compensate; Where Euler’s errors at each step are proportional to  (O standing for Order, h for time step), RK4’s error step is proportional to  [17]. In other words, for Euler to be as effective as RK4,  must be 4 orders of magnitude smaller – for example, if RK4 is running at intervals of 0.1 seconds, Euler must run at intervals of 0.0001 seconds to obtain the same precision in results. RK4’s equation is as follows: , where  is position, and , ,  and  are points along a slope at the beginning of an interval, at the midpoint of an interval (calculated using Midpoint method of solving ODEs), at the midpoint again (integrating ), and at the end of an interval (integrating ), respectively [18]. The equation takes a weighted average per time step, taking greater weight from  and . The expressions of  can be calculated through the following equations:
[image: ][19]
If one were to apply RK4 as code to solve for position using velocity,  would be calculated as forward Euler:
	k1 = velocity * deltaTime;


(position can be understood as a function of velocity and time; consider speed = distance/time, rearranged for distance: distance = speed x time)
	k2 = (velocity + (deltaTime/2) * deltaTime + ((k1 / 2) / deltaTime))

	k3 = (velocity + (deltaTime/2) * deltaTime + ((k2 / 2) / deltaTime))

	k4 = (velocity + deltaTime) * (deltaTime + (deltaTime * k3))

	position = (k1 + (2 * k2) + (2 * k3) + k4) / 6;



1.4 Numerical Integration Methods – Extended
Under section 1, indefinite integration followed the notation . However, there was also mention of definite integration. While indefinite integration acts under a function dependent on , definite integration has a specific numerical value. This value is found by performing indefinite integration of  , and then calculating its value based on an upper and lower limit – written as  (where “b” and “a” act as the respective bounds) [1 pp. 441]. This is especially useful when calculating the area under a graph, for example:
[image: ] 
(Curve , , )
However, when trying to discover the antiderivative, sometimes there is no simple answer – the value of a definite integral must be approximated [5]. To calculate the area, there are three common methods: the Midpoint Rule, the Trapezoid Rule, and Simpson’s Rule.
The Midpoint Rule (also known as the rectangular rule) works by integrating over an interval, defined between , which is split into  equal subintervals, length  [20]. For example:
[image: ][5]
As greater numbers of subintervals are used, Midpoint becomes more and more accurate – however, this is nevertheless still an approximation. There will always be an error bound, regardless of numerical method used. For Midpoint, this can be calculated as:
[image: ][5]
Notably, Midpoint is incorporated into Runge-Kutta 4th Order.
The Trapezoid Rule builds upon the Midpoint, approximating based on equal subintervals of trapezoids, as opposed to Midpoint’s rectangles:
[image: ][21]
Compared to the two rules above however, Simpson’s Rule is potentially the most accurate approximation. It functions by approximating the area of a parabola formed between 3 successive points on a curve:
[image: ][22]
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2. Simulated Movement of a Spring Powered Model Dragster Car
Below is code for simulating the movement of a spring powered model dragster car, using Euler’s Method and Runge-Kutta 4th Order. Acceleration is calculated by rearranging F=ma, where F is the tractive force applied by a spring, minus the drag force of air. The expectation is for the model car to rapidly accelerate as tractive force is applied, then gradually decelerate as a drag force acts upon the car, until it returns to a stop.
Game Physics Assignment.cpp:
	// Game Physics Assignment.cpp : This file contains the 'main' function. Program execution begins and ends there.
//

#include <iostream>
#include <fstream>
#include "fileWriter.h"
//Program should calculate velocity and position of the car at every time step,
//And save this to a file with time step, time elapsed and acceleration values.
//Information should be loaded into a graph (use Excel).
//Use Euler's method first, repeat again using either Verlet, Midpoint or RK4.

int main()
{
    float x = 0.0f;				//Distance travelled by model car (m). Consider this as car's position.
    float fT = 1.2 * (16 - x);  //Tractive Force provided by spring that pushes the car along (N)
    float t = 0.0f;				//Time (s)
    float dT = 0.01;			//Delta Time ==> The time increment
    float v = 0.0f;				//Velocity of vehicle (m/s) 
                                    //speed = distance/time? ==> float v = x / time;

    const float cR = 0.21f;		//Coefficient of rolling resistance
    const int m = 1;			//Mass of vehicle (kg)
    const float g = 9.81f;	    //Acceleration of gravity (m/s^2)
    const float cD = 0.34f;		//Drag coefficient
    const float p = 1.2f;		//Air density (kg/m^3)
    const float A = 0.01f;		//Frontal area of vehicle (m^2)

    float fD = cR * m * g + (cD / 2) * p * A * (v * v); //Drag force against forward motion of the car, made up of:
                                                        //tyre rolling resistance, 
                                                        //aerodynamic drag (wind resistance), 
                                                        //and any braking force.

    float a = (fT - fD) / m; //Acceleration of the car (m/s^2). 
                             //Assumes moment of inertia of driving wheels is negligible.

    fileWriter fw("GamePhysicsSimResults.csv");

    int simChoice;

    std::cout << "-------- Car Physics Simulation --------\n" << std::endl;
    std::cout << "1. Euler's Method" << std::endl;
    std::cout << "2. Runge-Kutta 4th Order\n" << std::endl;
    std::cout << "Please input which simulation method you would like to use: ";
    std::cin >> simChoice;

    switch (simChoice)
    {
    case 1:
        //Euler's Method

        for (t = 0; t < 10; t += dT) //While loop would technically be better, but the implementation works :P
        {
            //Pulling fT, fD, and a into the loop. Code will not work otherwise.
            //Assuming this is a scope problem, but unsure.
            float fT = 0;
            if (x < 6) //If distance travelled > 6m, set fT to 0N
            {
                fT = 1.2 * (16 - x);

            }

            float fD = cR * m * g + (cD / 2) * p * A * (v * v);
            float a = (fT - fD) / m;

            //Velocity calculation
            v += a * dT;
            //Position calculation
            x += v * dT;

            //Logging/testing/debugging:
            /*std::cout << "Time: " << t << "s" << std::endl;
            std::cout << "Velocity: " << v << "m/s" << std::endl;
            std::cout << "Acceleration: " << a << "m / s ^ 2" << std::endl;
            std::cout << "Position: " << x << "m\n" << std::endl;*/


            if (x > 6) //If distance travelled > 6m, set fT (tractive force from spring) to 0N
            {
                fT = 0;
            }

            fw.write(t, v, a, x);

            if (v <= 0) //If velocity <= 0m/s, set fD (drag force) to 0N
            {
                fD = 0;
                break;
            }

        }
        break;
        //////// END OF CASE 1 ////////

    case 2:
        //RK4

        for (t = 0; t < 10; t += dT)
        {
            float fT = 0;
            if (x < 6)
            {
                fT = 1.2 * (16 - x);

            }

            float fD = cR * m * g + (cD / 2) * p * A * (v * v);
            float a = (fT - fD) / m;

            float v1 = a * dT; //Euler for velocity
            float x1 = v1 * dT; //Euler for position
            float v2 = (a + (dT / 2) * (dT + ((v1 / 2) / dT))); //Midpoint for velocity
            float x2 = (v + (dT / 2) * (dT + ((x1 / 2) / dT))); //Midpoint for position
            float v3 = (a + (dT / 2) * (dT + ((v2 / 2) / dT))); //Midpoint integrating v2
            float x3 = (v + (dT / 2) * (dT + ((x2 / 2) / dT))); //Midpoint integrating x2
            float v4 = (a + dT) * (dT + (dT * v3)); //Last equation integrating v3
            float x4 = (v + dT)* (dT + (dT * x3)); //Last equation integrating x3

            v += (v1 + (2 * v2) + (2 * v3) + v4) / 6;
            x += (x1 + (2 * x2) + (2 * x3) + x4) / 6;

            //Logging/testing/debugging:
            /*std::cout << "Time: " << time << "s" << std::endl;
            std::cout << "Velocity: " << v << "m/s" << std::endl;
            std::cout << "Acceleration: " << a << "m/s^2" << std::endl;
            std::cout << "Position: " << x << "m\n" << std::endl;*/

            if (x > 6)
            {
                fT = 0;
            }

            fw.write(t, v, a, x);

            if (v <= 0)
            {
                fD = 0;
                break;
            }

        }
        break;
        //////// END OF CASE 2 ////////

    default:
        while (simChoice != 1 && simChoice != 2)
        {        
            std::cout << "Input not recognised!\nPlease input which simulation method you would like to use: ";
            std::cin >> simChoice;
        }
    }

}




fileWriter.h:
	#pragma once

#include <string>
#include <iostream>
#include <fstream>
#include <iomanip>

class fileWriter
{
private:
	std::string filepath;
	std::ofstream file;

public:
	fileWriter(const std::string& filepath) : filepath(filepath)
	{
		file.open(filepath);
		if (!file.is_open())
		{
			std::cerr << "Error: could not open the file for writing. \n";
		}
		else
		{
			file << "Time (s), Velocity (m/s), Acceleration (m/s^2), Position (m)\n";
		}
	}
	~fileWriter()
	{
		if (file.is_open())
		{
			file.close();
		}
		std::cout << "Simulation complete! Results were saved to: " << filepath;
	}
	void log(float t, float v, float a, float x)
	{
		std::cout << "Time: " << t
			<< "s Velocity: " << v
			<< "m/s, Acceleration: " << a
			<< "m/s^2, Position: " << x
			<< "m" 
			<< std::endl;
	}
	void write(float t, float v, float a, float x)
	{
		log(t, v, a, x);

		if (file.is_open())
		{
			file << std::fixed << std::setprecision(2) << t << ","
				<< std::fixed << std::setprecision(4) << v << ","
				<< std::fixed << std::setprecision(4) << a << ","
				<< std::fixed << std::setprecision(4) << x << "\n";
		}
	}


};




2.1 Method 1 – Euler Results
[image: ]
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2.2 Method 2 – RK4 Results
[image: ]
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2.3 Evaluation, Comparison and Discussion of Methodologies
At face value, both simulation methods behaved as anticipated – After position was greater than 6 meters and tractive force was no longer applied, drag force reduced acceleration until it became negative, at which point, velocity gradually decreased, damping the rate position was changed, until the car reached a full stop. However, while RK4 would have been more accurate in theory, the implementation was flawed; The car reached a full stop at a much faster rate than in the Euler simulation. Euler reached a full stop in ~6.7 seconds, whereas RK4 did so in ~0.2 seconds. As variables went unchanged, the errors lie in the conversion from mathematical formulae to code in the interactive development environment. Most documentation defines the Order steps of RK4 as functions of two variables, such as . And while this can be interpreted depending on known equations, such as F=ma (acceleration as a function of force and mass), the conversion to code proves difficult.
In terms of time efficiency between methods, RK4 performs faster because of the implementation errors, however Euler should be faster – performing two calculations per loop, as opposed to RK4’s 10 per loop. Granted, in terms of big O notation, both methods perform as linear functions, thus O(n) [23]. Both methods function within for loops, though the number of individual calculations provides no major difference in performance.

3. Conclusion
While multiple methods for approximating and simulating ordinary differential equations exist, each are considered based on a balance between integration complexity and efficiency. For a simple action, such as a player character in a game sprinting and jumping, Euler’s method will suffice. But for more complex actions, or for actions and scenarios where accuracy should be prioritised, methods with higher Orders like Verlet’s method, Midpoint and RK4 should be trialled. Additionally, each method has variations; Euler for example can be integrated as Forward Euler, Implicit Euler, Semi-Implicit Euler, and so on.
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Time: 6.48005s Velocity: 0.462426m/s, Acceleration: -2.06058m/s"2, Position: 41.9995m
Time: 6.49005s Velocity: 0.441821m/s, Acceleration: -2.06054m/s”2, Position: 42.004m

Time: 6.50005s Velocity: 0.421216m/s, Acceleration: -2.0605m/s”2, Position: 42.0082m

Time: 6.51005s Velocity: 0.400611m/s, Acceleration: -2.06046m/s"2, Position: 42.0122m
Time: 6.52005s Velocity: 0.380007m/s, Acceleration: -2.06043m/s”2, Position: 42.016m

Time: 6.53005s Velocity: 0.359403m/s, Acceleration: -2.06039m/s"2, Position: 42.0196m
Time: 6.54005s Velocity: 0.338799m/s, Acceleration: -2.06036m/s"2, Position: 42.023m

Time: 6.55006s Velocity: 0.318196m/s, Acceleration: -2.06033m/s"2, Position: 42.0261m
Time: 6.56006s Velocity: 0.297593m/s, Acceleration: -2.06031m/s"2, Position: 42.0291m
Time: 6.57006s Velocity: 0.27699m/s, Acceleration: -2.06028m/s"2, Position: 42.0319m

Time: 6.58006s Velocity: 0.256387m/s, Acceleration: —2.06026m/s“2 Position: 42.0344m
Time: 6.59006s Velocity: 0.235785m/s, Acceleration: —2.06023m/s“2, Position: 42.0368m
Time: 6.60006s Velocity: 0.215183m/s, Acceleration: -2.06021m/s"2, Position: 42.039m

Time: 6.61006s Velocity: 0.194581m/s, Acceleration: -2.06019m/s"2, Position: 42.0409m
Time: 6.62006s Velocity: 0.173979m/s, Acceleration: -2.06018m/s"2, Position: 42.0426m
Time: 6.63006s Velocity: 0.153378m/s, Acceleration: -2.06016m/s"2, Position: 42.0442m
Time: 6.64006s Velocity: 0.132776m/s, Acceleration: -2.06015m/s"2, Position: 42.0455m
Time: 6.65006s Velocity: 0.112175m/s, Acceleration: -2.06014m/s"2, Position: 42.0466m
Time: 6.66006s Velocity: 0.0915734m/s Acceleration: -2. 06013m/s“2 Position: 42.0475m
Time: 6.67006s Velocity: 0.0709722m/s, Acceleration: -2.06012m/s"2, Position: 42.0482m
Time: 6.68006s Velocity: 0.0503711m/s, Acceleration: —2.06011m/s“2, Position: 42.0487m
Time: 6.69006s Velocity: 0.0297701m/s, Acceleration: -2.06011m/s"2, Position: 42.049m
Time: 6.70006s Velocity: ©. 00916906m/s Acceleration: -2.0601m/s"2, Position: 42.0491m
Time: 6.71006s Velocity: -0.0114319m/s, Acceleration: -2.0601m/s"2, Position: 42.049m

Simulation complete! Results were saved to: GamePhysicsSimResults.csv

C:\Users\queen\Documents\Visual Studio 2022\Projects\Game Architecture and Mechanics\Game Physics Assignment\x64\Debug\G
ame Physics Assignment.exe (process 2604) exited with code @ (0x0).

To automatically close the console when debugging stops, enable Tools->Options->Debugging->Automatically close the conso
le when debugging stops.

Press any key to close this window . . .
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———————— Car Physics Simulation ———————-

1. Euler's Method
2. Runge-Kutta d4th Order

Please input which simulation method you would like to use: 2
Time: Os Velocity: 13.5427m/s, Acceleration: 17.1399m/s"2, Position: 0.000518375m

Time: 0.01s Velocity: 26.7761m/s Acceleration: 16.7651m/s"2, Position: 10.563m

Time: 0.02s Velocity: 24.1445m/s, Acceleration: -3.5227m/s"2, Position: 32.1839m
Time: 0.03s Velocity: 21.7153m/s, Acceleration: -3.24934m/s"2, Position: 51.5475m
Time: 0.04s Velocity: 19.45u46m/s, Acceleration: -3.02207m/s"2, Position: 68.853m
Time: 0.05s Velocity: 17.3347m/s, Acceleration: -2.8322m/s"2, Position: 84.2652m
Time: 0.06s Velocity: 15.3331m/s, Acceleration: -2.67311m/s"2, Position: 97.9215m
Time: 0.07s Velocity: 13.4307m/s, Acceleration: -2.53971m/s"2, Position: 109.937m
Time: 0.08s Velocity: 11.6113m/s, Acceleration: -2.42808m/s"2, Position: 120.408m
Time: 0.09s Velocity: 9.86106m/s, Acceleration: -2.33514m/s"2, Position: 129.417m
Time: 0.1s Velocity: 8.16797m/s, Acceleration: -2.25847m/s"2, Position: 137.032m
Time: 0.11s Velocity: 6. 52127m/s Acceleration: -2.1962m/s"2, Position: 143.311m
Time: 0.12s Velocity: 4.91135m/s, Acceleration: —2.14686m/s“2, Position: 148.302m
Time: 0.13s Velocity: 3.32943m/s, Acceleration: -2.10931m/s"2, Position: 152.04dm
Time: 0.14s Velocity: 1.76733m/s, Acceleration: -2.08271m/s"2, Position: 154.57m
Time: 0.15s Velocity: 0.21735m/s, Acceleration: -2.06647m/s"2, Position: 155.905m
Time: 0.16s Velocity: -1. 32795m/s Acceleration: -2.0602m/s"2, Position: 156.068m

Simulation complete! Results were saved to: GamePhy51c551mResults csv

C:\Users\queen\Documents\Visual Studio 2022\Projects\Game Architecture and Mechanics\Game Physics Assignment\x64\Debug\G
ame Physics Assignment.exe (process 7264) exited with code 0 (0x0).

To automatically close the console when debugging stops, enable Tools->Options->Debugging->Automatically close the conso
le when debugging stops.

Press any key to close this window . . .
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