Logarithms

Any positive number can be written as ‘ten to a power’:


So we can say that:                                      base                   exponent

                                                                      
In other words, how many times do we have to multiply 10 by itself to get 1000? 3 times.
Logs are the ‘inverse’ of exponentiation, so we have this relationship between the two:

And as we have already seen above:

We can use any base number, we are not restricted to just using 10:

Log to the base 10 is known as the ‘common log’, and on the calculator is denoted as the LOG  button.

The three laws of logs






	
There are three common uses for logs, let’s have a look at what we can utilise them for:

Solving indicial equations
What this means is that the variable that we are looking to solve for is in the exponent (i.e. power) of another number or variable. We need to use logs to make it possible to solve these.
Question 1
Solve the following for x:

We firstly need to take logs (to the base ten) of both sides:

Now using the third law of logs we can rewrite this as:

                                                               These are just numbers
We can just calculate the logs of these numbers on the calculator, so these turn into decimal numbers. Log to the base ten of ten is just one (how many 10’s do we need to multiply to get 10? One:

Now multiply the brackets out:




Now let’s look at a slightly harder example. Note that when you see , it normally means to the base ten ().
Question 2

Note that we do not multiply the 4 by the 10 on the LHS, or the 2 by the 3 on the RHS. Firstly we need to take logs:

Now using the first law of logs we can split up the multiplied terms:

Next, using the third law of logs, we can bring the x variables down from the exponents and onto the main line:





Question 3


Now using the second law of indices we can rewrite the LHS as:










Solving logarithmic equations
The aim with logarithmic equations is to cancel the logs, but we can only do this when we have log of the whole of the LHS and the whole of the RHS.
So:

We can cancel the logs.


We cannot cancel the logs.

Question 4

Here we can cancel logs, as we have log of the whole LHS, and log of the whole RHS.




Question 5

Using the third law on the LHS, and first law on the RHS, we can rewrite this as:

We can now cancel logs:


Cancel the  on each side:




Natural logarithms
Apart from logs to the base 10, the most popular is the base ‘e’, which is the exponential number 2.7182..., this is called the ‘natural logarithm’. We write this as ‘ln’ (“ell-en”).

On a calculator, it is the  ln    button. This is useful as  (exponential function) has many uses in engineering, finance, estimation and many other applications. Using the base e means that we have the useful property:

Transposition of formulae
Logs are especially useful in transposition of formulae. They are needed when the variable that we need to get as the subject is in the exponent of another number or variable.
Question 6
Get x as the subject of the formula:

First we need to take logs (to the base e):

Now using the third law of logs on each side:
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