


Factor Analysis

Factor analysis is different from many other statistical techniques considered, in that it is not testing hypotheses. The method involves reducing a large set of variables to a smaller set of factors or components. The process is used to simplify the interpretation of data for use in other analytical processes. 

[bookmark: _GoBack]eg. 	If there were 40 variables which may be considered suitable as a contribution for a regression analysis then it would be near impossible to make sense of any outcome. However, if the 40 variables were first grouped into three factors (groups of related variables) then it might seem easier to understand a solution.

There are two main approaches to factor analysis:
· Principal Components Analysis (PCA)
· Factor Analysis (FA)

Both approaches are similar in many ways and produce similar results. Although in practice, Factor Analysis referred to in books and journals, could be either approach, the Principal Components Analysis (PCA) is the most common approach.

There are two main questions that arise when running factor analysis:
· How many factors are there?
· What do the factors represent?

Factor analysis is an exploratory technique with no definitive solution, and is often performed on ‘soft’ measures such as attitudes, beliefs or attribute ratings.
When deciding on the number and interpretation of the factors, knowledge of the variables and common sense plays an important role. For the analysis to be meaningful, it is essential that the factors produced can be interpreted.

eg.	A retailer commissioned a survey asking for customer evaluations on 
80 specific items within the store. Factor analysis was be used to identify the broader underlying dimensions, by grouping together sets of variables. Six factors were suggested in the analysis, and these were identified as product assortment, product quality, prices, store personnel, service and store atmosphere.

Factor Analysis for the reduction of data involves three main stages.

Stage 1 – Assessment of the suitability of data for factor analysis

There are two main issues to consider in determining whether a particular data set is suitable for factor analysis.

Sample size
Although authors have differing opinions as to the size of the sample necessary, it is reasonable to assume that a large sample of at least 150 is required, and a minimum of 5 cases for each item to be factor analyzed.

Strength of the relationship between the variables.
There should be evidence of correlations greater than 0.3 in the correlation matrix of the variables.

Two other statistical measures are generated by SPSS which assess suitability:

Bartlett's test of sphericity, which tests the hypothesis that the correlation matrix contains a lot of zero correlations. This would indicate that the variables are unrelated and therefore unsuitable for factor analysis. 

Bartlett’s test of sphericity should be significant (Sig<0.05)

The Kaiser-Meyer-Olkin Measure of Sampling Adequacy is a statistic that indicates the proportion of variance in the variables that might be caused by underlying factors. 

Kaiser-Meyer-Olkin value should be 0.6 or above.

Step 2 – Factor Extraction

Factor extraction involves determining the smallest number of factors that can be used to best represent the inter-relations among the set of variables. There are a variety of methods for extracting the factors but the most common method is called the Principal Components Analysis (PCA).

Within this method there are two techniques that can be used to assist in the decision concerning the number of factors to retain.

Kaiser’s criterion or eigenvalue rule
This rule involves retaining factors with eigenvalues greater than1. The eigenvalue of a factor represents the amount of variance in the variables that is accounted for by the factor.

Catell’s Scree Test
The scree plot is a graph of the eigenvalues of the factors and a change of slope in the scree plot is identified. All the factors above the change of slope are retained for the analysis as they contribute the most explanation of the variance.

Step 3 – Factor Rotation and Interpretation

Once the number of factors has been determined, the next stage is to try and interpret them. A factor matrix is computed, containing the factor loadings for each variable on each factor. Factor loadings are the correlation of each variable with the relevant factor. The higher the loadings the better the variable is represented by the factor.

The initial correlation matrix produced is not easy to understand and solutions can be easier to interpret if the factors are rotated. This can be compared to the diagram below where it can be seen that rotating the axes alters the reference coordinates of the point (2,7) about the origin, O.
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This rotation does not change the underlying solution but presents a different pattern of loadings in a manner that is easier to interpret.

As with any other statistical technique there are different choices for rotation of the factors but the most popular method is Varimax Rotation which attempts to simplify the interpretation of the factors by maximising the variances of the variable loadings on each factor. It attempts to find a rotation in which some variables have high and some low loadings on each factor which makes it easier to understand and interpret the factors.

SPSS does not label or interpret the factors, but it clumps the variables together for interpretation by the researcher.

Example

A specialist hobby shop is considering stocking a new range of kites and in order to ensure that this is a successful addition to his business, the owner has collected survey data from 612 customers.

In order to reduce the number of variables under consideration, a Principle Component Factor Analysis with Varimax Rotation was applied to some of the data variables and the results are shown in the SPSS printout below.
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As with most SPSS analyses there are a large number of additional options that can be requested and it is necessary to identify the important features in the large array of output produced.

Stage 1 – Assessment of the suitability of data for factor analysis

Correlation Matrix
The correlation matrix indicates that there is evidence of correlations greater than 0.3 implying that there are definitely relationships between the questions.

Confirmation of the suitability of the data for factoring is confirmed by the KMO measure which needs to be at least 0.6 and Bartlett’s Test of Sphericity which should be significant.

The Kaiser-Meyer-Olkin Measure of Sampling Adequacy:
KMO measure = 0.762 which is greater than 0.6

Bartlett’s Test uses the statistic 2 = 3102.992 with 45 degrees of freedom and 
Sig. = 0.0001 < 0.05 which is significant.

Hence, this confirms that factor analysis is appropriate.

Step 2 – Factor Extraction & Step 3 – Factor Rotation and Interpretation

Communalities
The Communalities show the initial variance, which is always 100% for each variable before factoring, and also the variance after factor extraction for the unrotated solution. It can be seen that most of the variables have a reasonable amount of variance with the factors produced as principal components.

The ‘Total Variance Explained’ table and the ‘Scree Plot’ give the key information regarding the number of factors extracted.

Total Variance Explained
The table shows the unrotated solution (Extraction Sums of Squared Loadings) by default and also the rotated solution (Rotation Sums of Squared Loadings) on request. The rotated solution is under consideration in this analysis and it is possible to simplify the output by suppressing the unrotated solution in the output.

Two components are selected with eigenvalues greater than 1 and together they account for 61.836% of the variance of the original ten variables.

Note that this cumulative amount of variance is the same in the rotated and the unrotated solutions, but the balance of variance in the two factors is spread differently.

Scree Plot
The scree plot is a graph of the eigenvalues of the factors and a change of slope (or elbow) in the scree plot is identified. All the factors above the elbow are retained for the analysis as they contribute the most explanation of the variance.

From the scree plot it can be seen that there are two eigenvalues above the elbow.

Note
In some cases the Total Variance Explained table and the scree plot may suggest a different number of factors. It is important to remember that factor analysis is an exploratory technique and that there are no hard and fast statistical rules. 
The decision on the number of factors will depend on the researcher and the context of the study. It is possible to repeat the factor analysis and request a designated number of factors to be analyzed. 

Component Matrix and Rotated Component Matrix - Identification and Interpretation of the factors

It should be noted that it is not easy to identify the factors in the component matrix but it is relatively straightforward in the rotated component matrix. It is possible to simplify the output by suppressing the unrotated component matrix in the output, if required.

The display involves two components and the values in the table are the loadings. The blank areas in the table occur where the loadings are less than 0.3 and were suppressed due to the choice of options for the output. This makes it easier to focus on the larger loadings.

In the factor 1 column the variables appear as a group and the loadings are arranged in descending order from ‘Manouverability of the kite’ with a loading of -0.851 to ‘Proximity of the shop’ with a loading of -0.461.

The variables which are most strongly related to factor 2 are also arranged in ascending order from the ‘Colour of the kite’ with a loading of 0.813 to ‘Shape of the Kite’ with a loading of -0.773.

Tying the variables together into a single theme to provide a description for the factor constitutes the art of factor analysis.
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Names for each factor could be:	

Factor 1 – Essential requirements for effective kite-flying
Factor 2 – Low priority features

Component Transformation Matrix
The factor transformation matrix describes the specific rotation applied to the factor solution. This matrix has been used to compute the rotated factor matrix from the original (unrotated) factor matrix.

Exercise

1.	A telecommunications provider wants to better understand service usage patterns in its customer database. If services can be clustered by usage, the company can offer more attractive packages to its customers. The SPSS output below is the result of a Principal Components Factor Analysis with Varimax rotation on a random sample from the customer database. The unrotated solution has been suppressed to simplify the output.
Extract from Correlation matrix
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(a) Interpret the main points of the printout.
(b) Identify and interpret the factor solution.

2. 	A survey was designed to explore the factors that impact on the well-being of 
a group of respondents. The survey used a scale consisting of twenty adjectives describing different mood states, ten positive (eg. proud, active, determined) and ten negative (eg. nervous, irritable, upset). The respondents were required to indicate on a scale of 1 to 5 the extent to which they had felt this way during the past few weeks. The authors of the scale suggest that there are two underlying factors: positive effect and negative effect.

The SPSS output below is the result of a Principal Components Factor Analysis with Varimax rotation on the data.

(a) Interpret the main points of the printout, comparing the results from 
	the tables with the scree plot.
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The output below has been produced by SPSS but requesting a solution with two factors.
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(b) Compare the results with those in part (a).

Answers
1.  (a) Correlation matrix shows correlations greater than 0.3.
KMO = 0.888 > 0.6
Bartlett’s Test: Sig. = 0.0001< 0.5 which is significant.
Three factors extracted which account for 64.903% of the variance of the variables. Scree Plot also shows 3 factors.

(b)	 Factor 1: Caller ID to Toll free last month (Extra features)
Factor 2: Equipment last month to Voice mail (Technical)
Factor 3: Long distance last month to calling card last month (Long Distance)

2. (a) Four factors extracted account for 60.104% of the variance of the variables.
Scree plot indicates two factors.
Few components load onto factors 3 and 4 and not easy to interpret.
Component Transformation matrix shows low values for the loadings on 3 & 4.

(b) Two factors extracted account for 48.191% of the variance of the variables
and factors easy to interpret.
Factor 1: Positive Affect Items
Factor 2: Negative Affect Items


Business, Glyndŵr University	Page 92

image4.wmf
Total Variance Explained

4.177

41.773

41.773

4.177

41.773

41.773

3.440

34.398

34.398

2.006

20.063

61.836

2.006

20.063

61.836

2.744

27.438

61.836

.945

9.447

71.283

.726

7.257

78.541

.578

5.776

84.316

.532

5.319

89.635

.431

4.308

93.944

.294

2.939

96.883

.177

1.769

98.652

.135

1.348

100.000

Component

1

2

3

4

5

6

7

8

9

10

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Initial Eigenvalues

Extraction Sums of Squared Loadings

Rotation Sums of Squared Loadings

Extraction Method: Principal Component Analysis.


image5.emf
10 9 8 7 6 5 4 3 2 1

Component Number

4

2

0

Eigenvalue

Scree Plot


image6.wmf
Rotated Component Matrix

a

-.851

 

-.816

 

.782

.338

.640

-.315

.622

 

.619

.612

-.461

-.445

 

.813

 

.779

 

-.773

Manoeuvrability of the kite

Power of the kite

Materials used

Total price of the kite

Durability

Carry case for the kite

Proximity of shop

Colour of the kite

Availability of spares

Shape of the kite

1

2

Component

Extraction Method: Principal Component Analysis. 

Rotation Method: Varimax with Kaiser Normalization.

Rotation converged in 3 iterations.

a. 


image7.wmf
Component Matrix

a

.860

 

.832

 

-.754

.409

.670

 

-.645

.501

-.634

 

-.623

-.505

.469

.664

.433

.648

.336

-.629

Carry case for the kite

Materials used

Manoeuvrability of the kite

Durability

Power of the kite

Proximity of shop

Shape of the kite

Colour of the kite

Availability of spares

Total price of the kite

1

2

Component

Extraction Method: Principal Component Analysis.

2 components extracted.

a. 


image8.wmf
Component Transformation Matrix

.813

.583

-.583

.813

Component

1

2

1

2

Extraction Method: Principal Component Analysis.  

Rotation Method: Varimax with Kaiser Normalization.


image9.wmf
Total Variance Explained

4.877

34.838

34.838

4.136

29.543

29.543

2.733

19.518

54.357

3.304

23.599

53.142

1.476

10.546

64.903

1.647

11.761

64.903

.697

4.979

69.883

.612

4.368

74.251

.508

3.628

77.879

.470

3.358

81.237

.461

3.289

84.526

.423

3.021

87.548

.418

2.988

90.536

.377

2.695

93.231

.350

2.503

95.733

.339

2.424

98.158

.258

1.842

100.000

Component

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Initial Eigenvalues

Rotation Sums of Squared Loadings

Extraction Method: Principal Component Analysis.


image10.wmf
KMO and Bartlett's Test

.888

6230.901

91

.000

Kaiser-Meyer-Olkin Measure of Sampling

Adequacy.

Approx. Chi-Square

df

Sig.

Bartlett's Test of

Sphericity


image11.wmf
Communalities

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

1.000

Long distance last month

Toll free last month

Equipment last month

Calling card last month

Wireless last month

Multiple lines

Voice mail

Paging service

Internet

Caller ID

Call waiting

Call forwarding

3-way calling

Electronic billing

Initial

Extraction Method: Principal Component Analysis.


image12.png
Correlation Matrix

Long distance | Tollfee | Equipment | Calling card | Wireless,
lastmonth _| lastmonth | lastmonth | lastmonth | lastmonth | Muliple lines_| Voice mail

Conelation _Long distance fast month 1.000 205 048 395 064 334 ~005
Tollfree last month 208 1.000 054 329 446 o74 334
Equipmentlast month -4 054 1.000 037 561 339 463

Calling card last month 305 329 037 1.000 254 161 201

Wireless last month 064 448 561 254 1.000 292 638

Multiple lines 334 74 33 161 292 1.000 212

Voice mail -00s 334 463 201 638 212 1.000

Paging senvice -o08 383 401 175 689 205 538

Internet 120 034 619 -7 387 an 343

Caller D 056 565 114 a7 430 002 365

Call waiting 094 588 091 an 409 039 368

Call forwarding 08g 551 118 207 420 019 383

3way calling 110 554 108 283 a2 046 367

Electronic billing -181 -082 567 -ne3 333 244 311





image13.emf
14 13 12 11 10 9 8 7 6 5 4 3 2 1

Component Number

4

2

0

Eigenvalue

Scree Plot


image14.wmf
Rotated Component Matrix

a

.825

 

 

.817

 

 

.810

 

 

.790

 

 

.768

 

 

 

.853

 

 

.793

 

 

.768

 

.534

.649

 

.489

.609

 

.478

.587

 

 

 

.855

 

.435

.647

.360

 

.629

Caller ID

Call waiting

Call forwarding

3-way calling

Toll free last month

Equipment last month

Internet

Electronic billing

Wireless last month

Paging service

Voice mail

Long distance last month

Multiple lines

Calling card last month

1

2

3

Component

Extraction Method: Principal Component Analysis. 

Rotation Method: Varimax with Kaiser Normalization.

Rotation converged in 4 iterations.

a. 


image15.wmf
Component Transformation Matrix

.830

.516

.212

-.503

.856

-.115

-.241

-.011

.970

Component

1

2

3

1

2

3

Extraction Method: Principal Component Analysis.  

Rotation Method: Varimax with Kaiser Normalization.


image16.emf
20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

Component Number

7

6

5

4

3

2

1

0

Eigenvalue

Scree Plot


image17.wmf
Total Variance Explained

6.237

31.183

31.183

6.237

31.183

31.183

4.886

24.430

24.430

3.402

17.008

48.191

3.402

17.008

48.191

3.325

16.624

41.054

1.224

6.120

54.310

1.224

6.120

54.310

2.188

10.940

51.994

1.159

5.793

60.104

1.159

5.793

60.104

1.622

8.110

60.104

.899

4.495

64.599

.787

3.935

68.534

.732

3.660

72.194

.656

3.281

75.475

.651

3.254

78.729

.595

2.974

81.702

.587

2.935

84.637

.500

2.501

87.138

.492

2.458

89.595

.393

1.967

91.563

.375

1.877

93.440

.330

1.652

95.092

.299

1.497

96.589

.284

1.422

98.011

.223

1.115

99.126

.175

.874

100.000

Component

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Initial Eigenvalues

Extraction Sums of Squared Loadings

Rotation Sums of Squared Loadings

Extraction Method: Principal Component Analysis.


image18.wmf
Rotated Component Matrix

a

.821

 

 

 

.768

 

 

 

.739

 

 

 

.724

 

 

 

.698

 

 

 

.683

 

 

 

.660

 

 

 

.617

 

 

 

.609

 

 

 

.538

 

 

 

 

.855

 

 

 

.844

 

 

 

.785

 

 

 

.673

.312

 

 

.536

.511

 

 

 

.813

 

 

 

.742

 

 

.495

.558

 

 

 

 

.805

 

 

 

.762

enthusiastic

inspired

alert

attentive

interested

excited

strong

active

determined

proud

scared

afraid

nervous

jittery

distressed

hostile

irritable

upset

ashamed

guilty

1

2

3

4

Component

Extraction Method: Principal Component Analysis. 

Rotation Method: Varimax with Kaiser Normalization.

Rotation converged in 5 iterations.

a. 


image19.wmf
Component Transformation Matrix

.724

-.529

-.361

-.257

.689

.567

.383

.237

.007

-.609

.770

.193

.023

-.167

-.362

.917

Component

1

2

3

4

1

2

3

4

Extraction Method: Principal Component Analysis.  

Rotation Method: Varimax with Kaiser Normalization.


image20.wmf
Total Variance Explained

6.237

31.183

31.183

6.237

31.183

31.183

4.881

24.405

24.405

3.402

17.008

48.191

3.402

17.008

48.191

4.757

23.786

48.191

1.224

6.120

54.310

1.159

5.793

60.104

.899

4.495

64.599

.787

3.935

68.534

.732

3.660

72.194

.656

3.281

75.475

.651

3.254

78.729

.595

2.974

81.702

.587

2.935

84.637

.500

2.501

87.138

.492

2.458

89.595

.393

1.967

91.563

.375

1.877

93.440

.330

1.652

95.092

.299

1.497

96.589

.284

1.422

98.011

.223

1.115

99.126

.175

.874

100.000

Component

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Total

% of Variance

Cumulative %

Initial Eigenvalues

Extraction Sums of Squared Loadings

Rotation Sums of Squared Loadings

Extraction Method: Principal Component Analysis.


image21.wmf
Rotated Component Matrix

a

.818

 

.764

 

.741

 

.723

 

.696

 

.679

 

.663

 

.620

 

.612

 

.540

 

 

.787

 

.732

 

.728

 

.728

 

.708

 

.704

 

.647

 

.595

 

.585

 

.492

enthusiastic

inspired

alert

attentive

interested

excited

strong

active

determined

proud

nervous

afraid

scared

distressed

jittery

upset

irritable

hostile

guilty

ashamed

1

2

Component

Extraction Method: Principal Component Analysis. 

Rotation Method: Varimax with Kaiser Normalization.
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