DECISION MAKING UNDER UNCERTAIN'TY

Expected Value 

If a man has a 20% chance of winning a prize of £ 100 his “chance” is said to be worth 20% of £ 100, i.e. £20. Thus the expected value of an' outcome worth x, which has a probability of occurring of p, is px.  This can be extended to n mutually exclusive events with values worth  x1,x2,……X , with associated probabilities Pl,P2…...Pn, respectively, i.e. expected value, E(x) =  zpz, which is in fact the mean value of x. 

Example 1 

A man has paid £300 for a chance of 0.7 of receiving £500.  If he wishes to sell his chance what should he expect to be paid?

EITHER 
Expected return = 0.7 x 500 = £350 which is what he would expect to be paid. 

 OR 
Expected profit = 0.7 x 200 + 0.3 x (300) = 140 - 90 = £50.  Therefore he would expect to be paid 300 + 50 = £350. 

Example 2

A man wishes to sell his car and as the following alternatives, (i) to go to a dealer with complete certainty of selling for £780, or (ii) to advertise in the paper at a cost of £50 to sell his car for £850.  The chance of him selling the car via the paper is 0.6.  If he does not sell this way he will take it to the dealer and sell it for £780.  What would you advise?

If he advertised the expected return = 0.6 x 800 + 0.4 x 730 = 480 + 292 = £772.  Therefore it is advisable to go direct to dealer and accept £780.

Alternative Procedures

Expected values can only be used if probabilities are obtainable and ideally should only used if the situation is repeated many times.  If this is not so then the following criteria could be considered: maximin, maximax and minimax (regret)

Using the maximin criteria we determine the minimum outcome of each alternative and then choose the alternative with the highest minimum.  The decision-maker using this criteria would be risk averse.  In the above example the minimums are (i) £      and (ii) £   and hence using the maximum approach one would decide not to advertise.

Using the maximax criteria we determine the maximum outcome of each alternative and then choose the alternative with the highest maximum.  The decision-maker using this criteria would be a risk taker.  In the above example the maximums are: (i) £    and (ii) £    hence using the maximax approach one would decide to advertise.

Using the minimax criteria (criteria of regret) we determine how much the decision-maker will regret not choosing what turns out to be the best, in the above example we obtain the following regret matrix:








          Decision







Not to advertise
Advertise

Actual Outcome

Sold with advert

Not sold with advert



Hence using the minimax criteria one would decide not to advertise.

Payoff Tables 

In some problems to employ the method used to reach a decision as it prob1ems already considered would be quite laborious since the number of possible decisions is large.  Therefore a payoff table could be considered.  

Example 

A large shop buys cakes each day from a local bakery. They cost 25p each and sell at 35p each in the shop, but any left over at the end of the day are bought back at l0p each.  The relative frequency distribution of shop sales obtained from analysis of past sales data is given: 






Daily shop demand

Relative






Of cakes (dozens)

frequency

30 0.04

31 0.19

32 0.36

33 0.25

34 0.16

(a) The shopkeeper wishes to know how many cakes to purchase in order to maximise contribution and how much he should pay for correct forecast of sales.

(b) The shop manager is considering to increase the sales of the cakes by reducing the price to 30p each, which he thinks will alter the probabilities to 0, 0, 0.1, 0.3 and 0,6 respectively. Also the cost of the cakes decrease to 20p but nothing is paid for unsold cakes. Advise the manager.  

(a) Firstly a payoff table is set up as follows: 

Purchase (dozens)

	Prob
	30
	31
	32
	33
	34

	30      0.04
	
	
	
	
	

	31      0.19
	
	
	
	
	

	32      0.36
	
	
	
	
	

	33      0.25
	
	
	
	
	

	34      0.16
	
	
	
	
	

	Total
	
	
	
	
	


If the criterion of expected value is used it is recommended that 32 dozen  are purchased per day giving a mean daily contribution of £       .This criteria is best used when the situation is repetitive, i.e. it gives the best decision in the long run. 

If it was known in advance how many cakes would be sold then the maximum average daily contribution would be        +         +          +            +    
=  £

Thus the shopkeeper would be prepared to pay up to         
=  £ per day 

or perfect forecasting. This is the value of perfect information. 

Using the maximin criteria the optimum weekly order size would be associated with the 

maximum of                                        and                    i.e.

The decision-maker using this criteria is said to be risk averse and has not taken into account the likelihood of the outcomes.

Using the minimax criteria we would obtain the following regret matrix:







Decision





     
    Purchase (dozs)




30

31

32

33

34



30



31

      Sales
32

     (dozs)
33

     

34




Maximum

Hence using this criteria the optimum weekly order size is

(b) The new payoff table would be:






Purchase (dozens)

	
	Prob
	32
	33
	34

	32
	0.1
	
	
	

	33
	0.3
	
	
	

	34
	0.6
	
	
	

	
	Total 
	
	
	


Using the expected value criterion the optimum decision is to purchase    dozen per day giving a mean daily contribution of        .  Hence the manager is advised to 

What would be the decisions if other criteria were used?

Decisions Trees

Decision tree assist in the clarification of complex decision-making situations showing a sequence of inter-related decisions and outcomes.

Example 1

A company is considering the production of a new consumer item with a five-year product lifetime.  In order to manufacture this item it would be necessary to build a new plant.  After having considered several alternative strategies, management are left with the following possibilities.

Strategy A:  
Build a large plant at an estimated cost of £600,000.

This strategy faces two types of market conditions – high demand with a probability of 0.7 or a low demand with a probability of 0.3.  If the demand is high the company can expect to receive an annual cash flow of £250,000 for each of the next five years.  If the demand is low the cash flow would consist of a loss of £50,000 each year because of large fixed costs and inefficiencies.

Strategy B:
Build a small plant at an estimated cost of £350,000.

This strategy also faces two types of market conditions – high demand with a probability of 0.7 or a low demand with a probability of 0.3.  The annual cash flow over the five-year period for the small plant is £25,000 if the demand is low and is £150,000 if the demand is high.

Strategy C:
Do not build a plant initially.

This strategy consists of leaving the decision for one year whilst more information is collected.  The resulting information can be positive or negative with estimated probabilities 0.8 and 0.2 respectively.  At the end of this time management may decide to build either a large plant or a small plant at the same costs as at present providing the information is positive.  If the resulting information is negative management would decide to build no plant at all.  Given positive information the probabilities of high and low demand change to 0.9 and 0.1 respectively, regardless of which plant is built.  The annual cash flows for the remaining four-year period for each type of plant are the same as those given in strategies A and B.

All costs are given at present value terms and should not be discounted.

(a)
Determine the expected return for each possible course of action and hence decide the best course of action for the management of the company.

(b)
A building firm offers a discount to the company if they agree to have a large plant built immediately.  What discount is necessary to change the best course of action.

(a) 
Having drawn the decision tree and eva1uated the probabilities and returns on each path we now identify the possible decisions we could make and calculate their expected profits. 

Decision 

(i) 
Build a large plant initially.

(ii)
Build a small plant initially. 

      (iii)
      Wait a year and if positive information is obtained build a large plant, 


      otherwise do nothing                     +                     +

      (iv)      Wait a year and if positive information is obtained build a small plant,

                  otherwise do nothing                     +                      +

       (v)       Do not produce the product.

Therefore we would recommend that the company 
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