BEng Engineering / Mathematical Methods
Numerical Integration

There are two methods of numerical integration that we will cover, the trapezium rule and Simpson's rule. These methods give us good approximations of the area under a curve, and are useful if we have difficult integrals that are hard to Integrate.

The trapezium rule
The trapezium rule (also known as the 'trapezoidal rule'), as the name suggests, splits the area under the curve into trapeziums. Let's remind ourselves of what a trapezium looks like, and the formula for the area of a trapezium:
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   [where a and b are the two parallel sides.]
So if we have a curve on a graph, we can split the area underneath the curve into trapeziums. Naturally, the more trapeziums under the curve gives greater accuracy, due to the trapezium 'tops' being closer to the actual curve.
    

	  Ordinate	
Strip

If there are n strips, then there are always n+1 ordinates.


Each strip must have equal width, and to calculate this width we take the first and last x values that we are finding the area between (a and b on the graph below) and divide that by the number of strips that we wish to have:
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Trapezium rule formula
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Where y1, y2, y3.....yn are the 'heights' of the ordinates, and h is the strip width.



Which, in words, is:





Lets have a look at an example.
Find the area under the curve  between the limits 1 and 5, using 4 strips.
First we want to know the width of each strip, so using the formula for strip width we substitute the values of our upper and lower limit in:


Therefore, starting at x=1 and ending at x=5, we have 4 strips of width 1. It is useful to then draw a rough sketch of the graph, this doesn't have to be at all accurate (you can draw any scribble as the curve). It just helps us see what we are actually calculating. 

	y1        y2     y3       y4        y5
	 


	                                 1         2          3         4          5 
To find the height of each ordinate (y1,y2,...) we simply substitute the x values between 1 and 5 into the equation of the curve :
	x
	1
	2
	3
	4
	5

	y
	1
	4
	9
	16
	25



All we need to do now to find the area under the curve is substitute these y values into the trapezium rule formula:





	
Next we will look at a more accurate method, Simpson's rule.

Simpson's rule
Simpson's rule is very similar to the trapezium rule, the main difference being that instead of our strips having 'straight' tops, they have 'parabolic' (i.e. curvy) tops.






Having the parabolic tops on each strip allows us to get closer to the 'actual' curve.

IMPORTANT:
An important property of Simpson's rule is that we must choose an even amount of strips. This is to do with the way curves are derived (we need an odd number of ordinates to form all of the curves completely).

Simpson's rule formula

Which in words is:



Let's have a look at an example:


Approximate  using 6 strips. 

Don't be put off by the integral sign. All we need to do is find the area under the curve  between the limits 0 and 3.
As with the trapezium rule, the first thing we do is find the strip width:

So we want strips starting at 0 and ending at 6, of width 0.5. Feel free to draw this as we did with the trapezium rule if you would like to, I am going to go straight for substituting our values into the curve equation. I find it helpful to also label the ordinate number, so that we know whether an ordinate is odd or even.

	Ord. no.
	1 (first)
	2 (even)
	3 (odd)
	4 (even)
	5 (odd)
	6 (even)
	7 (last)

	x
	0
	0.5
	1
	1.5
	2
	2.5
	3

	y
	1
	0.94
	0.5
	0.16
	0.06
	0.02
	0.01
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