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1. Introduction to the problem under consideration

The objective of this report is to use the MATLAB software and applying the Explicit Finite
Difference Method (EFDM), to model and calculate the temperature distribution through an
aluminium plate over a set amount of time until thermal equilibrium has been reached. The
software will allow me to monitor the temperature changes in the domain (centre) of the plate. |
then aim to validate the code against an analytical method (Fourier’s Series) of the solution to
enable assurance that the software modelis providing results that are both accurate and reliable.

The Aluminium plate being tested (figure 1) has the following material values and its associated
letter value used in the code:

Length: L=6m

Width: W=6m
Conductivity: K=143W/c.C
Density: D=2.8*10"3 Kg/m°®

Specific Heat: C=795 J/Kg.C

T(x,6,t) = f(x)

A
v

Aluminium Plate
T0,5,t)=0 T(6,y,t)=0

Initial Domain Condition :
T=0°C

| T(x,0,t)=0
X

Fig. 1 (Marotin, 2023)

&
v

The temperature (T) of the plate, under ideal conditions, could use the two-dimensional heat
diffusion equation. This would be calculated using a consistent density (p), uniform specific heat
(Cp), and regular thermal conductivity (k) values. This would also require no internal heat or
thermal sources coming from the plate itself.

The Explicit Finite Difference Method (EFDM) is a numerical method that can be used to help
predict transient heat conduction using modelling techniques that provide visual outputs.

This report’s objective will include:

e Reviewing the general basis of the heat equation.

e Exploring the numerical method of calculating the temperature distribution and then
validating this code against an analytical method (Fourier’s Series).

e Analysis of the code and the results it produces, discussing its limitations.

e Discuss the evaluation of this modelling method.

e Explore improvements
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During this report, | will create an equation to measure the temperature distribution when heat is
applied on the top edge of the material until thermal equilibrium has been reached (Appendix 1).
A grid structure (mesh) will be created on the plate model, creating nodes which will help to
define the different location temperatures. The temperature figure for each of the temperature
nodes in the grid on the aluminium plate come in the form of T(x,y,t), as shown on the material
edge temperature values in figure 1. When the code is run, each temperature node at each
passing time step will be referenced in this format. The coding will need to provide a user input to
define the mesh size/number of nodes. The output of this code will produce distribution graphs
and result figures. From these outputs | will then evaluate how the user inputs, Grid Spacing and
Time Steps, can affect the outcomes of the code.

There are a few assumptions that have been made during this report:

L Thickness of the aluminium is negligible.

. Initial temperature of the material is 0°c

L Temperature of the edges will remain constant.

o A heat source of 50°c will be applied to the North boundary.
. Cooling device will be located on the other three edges.
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2. The constitutive equation of the problem

The evolution of thermodynamics, mathematical analysis, and the study of diffusion processes
are linked to the history of the heat diffusion equation, sometimes known as the "heat equation."
The Mathematician Joseph Fourier is often credited as the person who helped birth the modern
climate in science. Fourier’s theories originated in the 18" century where he proclaimed that the
Earth itself would be as cold as the sky were it not for the fact that the earth is able to retain heat
in some compacity (Monks, 2022).

From this, Fourier developed the Fourier series which looked at a recurring function as an infinite
sum of sine and cosine functions. This took form in the works he produced whilst investigating
the heating of an infinite rectangular solid material. The idea is to break down complex functions
into a sum of simpler functions (Fourier, J. 2009). This ability to break down these complex
equations have since been used to aid in predicting the thermal diffusion of finite materials such
as the aluminium plate | am investigating.

2.1 One dimensional Diffusion

The thermal diffusion equation for one dimensional forms of diffusion can be expressed in the
following format:

aT  3’T
— = —
at d9x?
With the values equate to:
T=the Temperature

t=the Time

x= Spatial coordinate

aT . .
Y the rate of change of temperature in respect of time

a%T . - . . .
P the second spatial derivative of temperature in respect of spatial coordinates.

a=the Alpha, is the thermal diffusivity of the material. @ can be defined as p%where k is thermal
P

conductivity p is the density, and cp is the specific heat.
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2.2 Two-Dimensional Diffusion

However, as the requirement of this report is to calculate over a two-dimensional surface, the
equation will need to account for the second dimension. To achieve this, a second set of spatial
derivative needs to be added to the calculation. This is expressed in the following format:

oT 9°T N 0°T
ot - Gz T 5y
(Physlab.org, 2016)

- ar . e
The addition of the a_tho the equation means that we can work out the diffusion in both the x and

now the y plains.

When the alpha is defined in the sum of its parts, the formula can then be written in the
following:

0°T 9*T pcp OT

* —

axz " ay? kot
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3. Explicit finite difference form of the constitutive equation

3.1 Taylor series

The Taylor series is a technique used to illustrate a mathematical function when infinite
mathematical terms are added together. Brook Taylor was a mathematician who introduced the
idea in the early 1700s. In calculus and mathematical analysis, the Taylor series is a helpful tool
when it comes to approximating functions. (Maplesoft.com, 2023). Calculus and mathematical
analysis both use the Taylor series method.

The Taylor series in terms of function f(x) when talking about a point, such as x= x0, can be
viewed as such:

f(x) = f(x0) + fD(x 0)( ) +fP(x 0)( ) + 3 (x 0)( x0)3
where:
f(x0)= Function at point x= x0
£ (x0)= 1st derivative at x= x0
£ @ (x0)= 2nd derivative at x= x0
£ ®)(x0)= 3rd derivative at x= x0 (testbook.com, 2023)

The Taylor series can go on infinitely, depending on the number of terms required. However, this
formula can be written in a compact form, such as:

=) e E0

With n representing the number of derivatives in the equation and n! Referring to the factorial of
n.

™ (x0) refers to the derivative of f evaluated to the point of x0

Having this compact formula will greatly reduce the time it takes to input the data request into a
system. Rather than inputting every derivative manually, such as the original equation, you can
input a singular line in a code.
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3.2 Directional differences

The derivative of a function at a point can be calculated by using different numerical methods.
These are the Forward, backward and central differences.

The forward difference is determined by calculating the slope of the secant line that passes
between the coordinates (x0) and (x0 + h) where h is a step size (m).

The backward difference acts similarly to the forward, just with negative steps. For example, the
secant line would pass through the coordinates (x0) and (x0 — h) where h is a step size (m).

The central difference uses both previous differences with the aim to gain a more accurate
approximate of the derivative. So, this would be based off the function at (x0 + h) and (x0 — h).

To work out the forward difference, you will need to complete the following steps:

(x — ) (x — ) (x — xO)3

f@) = f(x0) + fP(x0) ————+ fB (x0) —— ——+ fB (x0) ——

‘ Swap all x — x0 values for h
f(x0 + h) = f(x0) + fV (xO) + f<2>(x0) + s (xO)— +-

‘right side is divided by h value.

D (x0) * K1 @) (x0 3 (x0
Fa0-+ 1) - faoy = - (:) AT}

‘ take h value over.

B 3
f(x0+h’)l SX0) _ e (x0) « 1t + f<2>(x0) +f<3>(x0>—

‘ Make f (x0) the subject.

f(x0 + h) — f(x0)
h

FP(x0) ~

The backwards difference has the same process; however, the result will have a slight
difference in that the positive h value will now be negative. You will end up with the following:

f(x0 — h) — f(x0)
h
The central difference will instead have both the positive and negative values in it final equation.
The h value will also now be 2h to account for both directions.
f(x0+ h) — f(x0 — h)
2h

fP(x0) =

FP(x0) ~

University of Manitoba, 2023)
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3.3 Explicit Finite Difference scheme

Explicitfinite difference schemes can be used for approximating the solution of partial differential
equations (PDEs). This method is especially useful when dealing with time-dependent issues.
Problems where the temperature distribution changes over an area during a length of time, such
as heat conduction, are often addressed using it.

The formula given in this assignment, and as mentioned previously, was the following equation:

T d*T 1 ar
—_—t —— = — % —
x%2  9y? a Ot
(Marotin, 2023)
To work out the second derivative approximations, the central difference method can be used.

Where the x axis has been swapped out for the East and West directions and the y axis have been
swapped out for the North and South. This results in the following equations:

X axis at point P
a’T _ Ty —2.Th+ Ty
dx? h?

y axis at point P

62T= Th —2.TH + T

ay? h?

The 1 derivative would therefore become:
t+At t
mr_T-T
at At
With these equations solved, they can be substituted into the thermal diffusion equation to give:

1
TLHAt = Fo (T + Ty + Ty + T§—<4— ﬁ).rf,

(A.Marotin, 2023)
At refers to the time step.

The Fo in the equation relates to the Fourier number. This can be represented in the equation
format:

a. At
hZ

Fo =

According to Thermopedia.com (2011), In heat transfer problems, the Fourier number (Fo) is a
dimensionless number that is commonly used in the context of transient (time-dependent) heat
conduction. It describes how a material's rate of thermal energy storage and rate of heat
conduction are compared.

The Fourier number can help to indicate the rates of heat transfer a material is experiencing. For
instance: a low number would indicate that there is a slow rate of heat transfer. Equally, a high
number would indicate a speedier heat transfer. (Mechcontent.com,2020)
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3.4 Stability criterion

Stability criterions are conditions that must be met in numerical methods, this helps to ensure
that the results remain within the confines of the boundary limitations; thus, preventing any
numerical instability.

An issue that can lead to inaccuracies and unreliable out puts is the potential for large roundoff
errors. This can happen due to the numerical solution rounding the results at each time step when
trying to simplify the overall equation. This can have a substantial impact on the numerical
simulations' stability requirement, particularly when the errors are able to accumulate over a vast
number of time steps. The greater the number of steps, the more opportunity there is for an
accumulation of error to occur. If the amplification factor fluctuates due to round-off errors, it can
push the solution outside stable ranges. This increases in round-offs can make the disparity
between the numerical system results and that of the true solution of the model far greater.

A method that can be used to help mitigate this is to run the formula with smaller step sizes.
Although previously mentioned that more steps mean more opportunity for error, if the step sizes
themselves are reduced, the impact of each step would be far smaller than that or larger time
steps. This could help to produce a more reasonably accurate output from the software, provided
higher levels of precision are used (Olver, P.J., 2008). The adverse effect would be that the formula
would take longer and require more processing power for the programme to run.

For this reason, the Fourier number is used due to it being a dimensionless quantity. For this to
work, it is important that the Fourier number is calculated to ensure the stability of the equation.
If the value of this number is outside of this quantity range the code will fail to produce accurate
results.

Considering the grid spacing and the time step, the suitable value for the Fourier number to
ensure stability for this code is as below:
1

0<Fo<, in 2D

3.5 Grid spacing

The spatial domain of the aluminium plate will be split evenly across the surface area. The grid
spacing should also be made small enough to get an accurate reading, but large enough that the
amount of grid points is reasonable. If there are too few locations, the results that are returned
will not provide enough data to be considered accurate enough to properly portray the thermal
diffusion. If there are too many locations, although an accurate representation of the thermal
diffusion will be produced, the amount of time and processing power it would take the MATLAB
equipment to run it would be unreasonable.

As the length of the material is 6m x 6m. The number of nodes travelling in the x and y directions
should therefore be spread out in locations (in meters) divisible by 6. For example, grid spaces of
1m would allow for 6 nodes to travel in the x and y dimensions, provided a total of 36 nodes.
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3.6 Time Steps

The temporal domain for the code has a similar situation as the grid spacing. Too small of a time
step and you will get a highly accurate result, however, it could take unreasonably long to allow
the software to run. Too large of a time step, and time jumps could miss important stages of the
heat transfer in the model. This would provide an inaccurate set of results. Clearly, there is a
balance between the quality of the results and how reasonable of a wait time there should be to
receive the data. Software and Hardware limitations should also be taken into consideration as
the equipment may not have the processing power to safely run the code.

For example, if the software dictated that a set of parameters would take up to a day for
equilibrium to be reached in the model: too low of a time step could mean that the software could
take several hours to run a single test, whereas a reasonable number could have informed you of
this in the space of a few minutes.

10

——
| —
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4. The Initial and Boundary Conditions Implemented

4.1 Boundaries

The initial boundaries set for this analysis activity include the following:
e Dimensions are set for a 6m x 6m area.
e Nodes to be analysed are to fit within equal spaces within the 6m x 6m space.
e Alledges are to have aninitial temperature set at 0°c

Constant boundary conditions that come after

e The temperatures on the West, East and South ends are to be set at 0°c.

e The North edge is to be heated from an initial temperature of 0°c at a rate as per f(x) until
it reaches a maximum temperature of 50°c.

o A Dirichlet boundary condition shown in Figure 2 is set. This describes the temperature
variables' values at a certain border point. In this example, the north boundary
F(x) has the below rules putinto place on different sections of the edge. If anode is more
than 2/3rds from zero, the F(x) value becomes —25x+ 150. Less than 2/3rds it
becomes 12.5x.

fx) = "

4.2 Analytical Solution

As mentioned in chapter 2, the Fourier series is an analytical method to solving heat transfer
problems. This approach works especially well for scenarios with precise boundary conditions or
periodic difficulties. So, when dealing with problems that cover the temperature distribution that
fluctuates over time and area, such as conduction in a 1D rod or 2D plate, the Fourier series
approach can be used.

This approach yields an accurate solution to heat transfer issues, particularly when the geometry
and boundary conditions are simple. However, it is difficult to apply to more complicated
geometries or non-homogeneous materials. This method also assumes that ideal conditions are
met during the process, this may not be the case when put into a real-world scenario.

To complete this method, you will need to use the following steps:

- Set the boundary and initial conditions: examples include dimensions and temperature
values.

- Variable separation: Assume the solution consists of spatial and temporal functions.

- Resolve the Original Differential Equations (ODEs) in terms of area and time: Solve every
ODE that results from the process of separation.

- Fourier series expansion: The answer can be represented using the Fourier sine series (or
cosine, depending on the boundary conditions).

- Apply initial conditions: Find the Fourier coefficients using the original temperature
distribution.

- Construct the solution: The general solution is formed by combining the spatial and
temporal solutions.

11

——
| —
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5. Code Details and Explanations

Below is a series of screenshots of the code created to run the program that will simulate the
thermal diffusion of the aluminium plate.

At the start of the script, lines 2-4 are used to clear the command window of all existing
programmes running. This ensures that the program is focused only on the current code and the
operation window only shows the relevant information to the user.

Assignment_codem i | Codem | + |
1 #%Clearing Command '

2 clc

3 clear

4 close all

Fig. 3 Code, lines 1-4

Lines 7- 10 are a list of the properties of the aluminium plate. This information acts as a reference
hub for the rest of the code.

6 % Aluminium Properties

7 K=143; %Conductivity

8 D=2.8%10"3; %Density

9 C=795; %Specific heat

10 alpha=K/(D*C); #Alpha calculated using above values

-

Fig. 4 Code, lines 5-1

Like the previously mentioned lines, lines 13 and 14 are used as reference data that give the
dimensions of the plate.

12 ¥Dimension

13 L= 6; %X Variable
14 W= 6; %Y Variable
15

Fig. 5 Code, lines 12-14

——

12

'
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Line 17 will bring up a prompt to the user, asking them to input the grid spacing value.

The while code during Lines 18 to 21 will ensure that the input by the user is a figure divisible by,
but not including, six. If the number is invalid, lines 19 &20 will produce the error message and
request a new figure is entered. This will continue to loop each time an invalid figure is inputted

until a valid value has been selected.

Fig. 6 Code, lines 16-21

Line 24 will now prompt the user to input a time step value.

16 %Grid Spacing

17 h=input("Enter dimesnion for grid spacing, 1,2 or 3m:");
18 - while mod(L,h)~=0]||h<=0]| |h>=l

19 fprintf('Grid value is Invalid.');

20 h=input("Please Enter valid grid spacing value: ");
21 end

Line 25 tells the code what the appropriate Fourier value range hould be.

While code between lines 26 and 28 will continue to loop each time an invalid figure is inputted

until a valid value has been selected.

23 XTime Steps

24 dt=input("Enter the value of time steps in seconds: ");
25 Fo=(alpha*dt)/(h*2);

26 [H| while Fo<=8||Fo>@.25

27 fprintf(“"Time step is invalid.");

28 dt=input("Please Enter valid time step value: ");
29 end

an

Fig. 7 Code, lines 23-29

¥User Input for time step
% Fourier Number

The lines in figure 8 define the rows and column values to fit within the matrix.

1 %Defining rows and columns
2 MNR=W/h+1;
3

NC=L/h+1;

W W W

Fig. 8 Code, lines 31-33

Line 37 is used to zero out the initial grid spacing.

36 ¥Creating initial T1
37 Tl=zeros(NR,NC);

Fig. 9 Code, lines 36-37

13

value

——
| —
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This section of the code sets the initial boundary conditions of the matrix. Line 41 sets the
locations of the nodes depending on what the input the user original gave.

Lines 42 to 46 use an ‘if’ function to implement the values that were shown in figure 2. Lines 41&
42 indicate if a node is Less than 2/3rds from ‘d’ the F(x) value becomes 12. 5x. Lines 44 and 45
indicate that if ‘d’ is more than 2/3rds from zero, the F(x) value becomes —25x + 150.

39 % Amend Bounrary Conditions Of Initial Matrix
48 [ for c=1:NC

41 d=(c-1)*h;

42 if d<=2/3%L

43 T1(1,c)=12.5%d;

44 else

45 T1(1,c)= -25*d+150;

46 end

47 end

4R

Fig. 10 Code, lines 39-47

This section of the code is used to create a second matrix from the first. Line 51 gives the
tolerance value for the equilibrium, currently at a value of 0.001. Line 52 indicates the maximum
value difference that can occur before an error occurs. Line 53 sets the initial count to zero.

49 ¥Create T2 Matrix from T1 Matrix with temp calculations
5@ T2=T1;

51 Tol=0.901;

52 Dif=Tol+1;

53 Count=9;

54

49

58

51 % Tolerance for equilibrium

52 % Initial condition for max value in difference matrix (Err) for initial condif
53

54

Fig.11 Code, lines 49-53

14

——
| —
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This ‘while loop’ between lines 56 and 62 is there to tell the program to keep running until thermal
equilibrium has beenreached. Line 60 is particularlyimportant as it sets the Taylor series formula
for the program to follow. Line 63 will help the program to determine once equilibrium has been
reached.

55 %XWhile loop set up to repeat calculations until the difference between T2 apd
56 [ while Dif>Tol

57 T1=T2;

58 - for G=2:NR-1

59 for H=2:NC-1

6e T2(G,H)=Fo*(T1(G-1,H)+T1(G,H-1)+T1(G,H+1)+T1(G+1,H)-(4-(1/Fo))*T1(
61 end

62 end

63 Dif=max{max{abs(T2-T1)));

55 Tl (Err) is less than 8.81 and therefore close to equilibrium.

56 %Condition to initiate/continue loop

57

58 %Dimension to ignore perimeter nodes

59 %¥Dimension to ignore perimeter nodes

68 (G,H)); %Taylor series formula used to calculate T1 values at the next time step
61

62

63 %Fromula to determine if thermal equilibrium has been reached

Fig. 12 Code, lines 55-63

This section of code is used to tell the program to create and display a graph with the results. May
of the commands below will indicate ways to personalise the graph. For instance; Line 68
indicates the colour scheme of the graph. Lines 69 to 71 are commands detailing the description
and location of a colour bar that will go beside the graph. Lines 67, 72 and 73 are all commands
involving labelling of the graph.

65 figure(l)

66 contourf(flipud(T2))

67 title ('Temperature Distribution of plate');
68 colormap ('parula’)

69 c=colorbar;

76 c.Location = 'southoutside’;

71 c.Label,.String = 'Temperature';

72 xlabel('X distance in meters');

73 ylabel('Y distance in meters');

74 pause(@.2)

75 Count=Count+1;

76 E. end

65

66 ¥Command to create graph

67 ¥Title for Figl

68 %Color system used for figure 1

69 %Attaches color bar to figure 1, representing temp
78

71

72

73

74 %Pauses after each step to update graph to visually show the change along plate
75 % Update the amount of cycles completed

76 =

Fig. 13 Code, lines 65-76

15
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The next set of commands are used to calculate the duration it would take the aluminium plate
to reach thermal equilibrium based upon the inputs made by the user. Depending on the scaling
of time, the if commands will give the results in the most appropriate units of time. The options
start from seconds and scale up to days. Line 97 then commands the code to display the result.

78
79
e
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
a7
98

78
79
ae
81
82
83
a4
85
86
87
88
89
9@
91
92
a3
94
95
96
a7
98

% Thermal equilibrium time
eq=Count*dt; ¥Calculate the time taken to reach equilibrium by multiplying

if eq<6@
fprintf ('It took ¥g seconds to reach thermal equilibrium\n', eq)

elseif eq>=60 && eq<3600
eqM=eq/68;
fprintf ('It took ¥g minutes to reach thermsl equilibrium\n', eqM)

elseif eqr=3600 && =g<36400
eqh=(2q/60)/6@;
fprintf ('It tock Xg hours to reach thermal equilibrium\n', egh)

elseif eq>=86400

eqD=((eq/60)/60)/24;

fprintf ('It took ¥g days to reach thermal equilibrium\n', eqD)
end

fprintf ('(%g seconds)\n', eq)

the count by the time step

Bill display in seconds

% Display amount time taken to reach equilibrium in seconds

I
a

Hwill display in minutes

% Display amount time taken to reach equilibrium in minutes
#ill display in hours

% Display amount time taken to reach equilibrium in hours

#wWill display in days

% Display amount time taken to reach equilibrium in days

#%Time in seconds for analysis

Fig. 14 Code, lines 78-97

16
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Lines 101 to 110 gives the parameters for the analytical solution following the Fourier Series
method. This is what will calculate the heat distribution along each of the nodes across each row
and column. G and H both represent positions in the grid along the x and y axis, respectively.

Line 102 zero’s out the starting values within the dimensions (NR,NC).

Line 107 has the function ‘calculate_analytical_temperature(x, y, num_terms)’ which is used for
each point on the grid, which calculates the temperature at that point using the analytical
solution.

Line 110 tells the programme to store the results in the T_analytic matrix at position (G,H). An
additional command ‘rot90’ has been included to rotate the results table by 90degrees in order
to get the desired orientation.

99 [E % Analytical Solution Calculation

1ee ¥ Calculate the analytical solution

101 num_terms = 10@; % Number of terms in the series to include

1e2 T_analytic = zeros(NR, NC);

1@e3 Ej for G = 1:NR

ie4 [ for H = 1:NC

1e5 x.= (@ = 1) ¥ hj

106 y=(H-1) * h;

1e7 T_analytic(G, H) = calculate_analytical_temperature(x, y, num_terms);
188 : end

1e9 = end

11@ T_analytic = rot90(T_analytic); ¥ Rotate matrix 9@ degrees counterclockwise for proper orientation
111

Fig. 15 Code, lines 99-110

These next two lines command the software to display the results of the analytical calculations
completed in Lines 101 and 110.

112 % Display the analytical solution in the command window
113 disp('Analytical Temperature Distribution at Thermal Equilibrium:');
114 disp(T_analytic);

Fig. 16 Code, lines 112-114

Line 117 gets the program to calculate the difference between the results of the first program and
the analytical calculations. Line 118 and 119 command the program to display these results.

116 % Calculate the difference between analytical and numerical solutions

117 difference = T1 - T_analytic; % Compute the difference between solutions
118 disp('Difference Between Numerical and Analytical solutions:');

119 disp(difference);

Fig. 17 Code, lines 116-119
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The set of commands in figure 18 are duplicated of those during lines 65 to 76 with the exception
of line 123 which indicates the graph be for the analytic results.

121 % Visualization of the analytical solution (Figure 2)
122 figure(2)
123 contourf(flip(T_analytic)) % Rotate by 98 degrees (clockwise) and then flig
124 colormap("parula")
125 colorbar % Keep the colorbar on the right side
126 c=colorbar;
127 c.Location = 'southoutside’;
128 c.Label.String = 'Temperature';
129 clim([@ 50]); % Set colorbar limits (Replace 'min_value' and '’
130 xlabel('X distance in meters');
131 ylabel('Y distance in meters'); % Adjust the label accordingly
' 132 title('Analytical Temperature Distribution');
121
122
123 vertically
124
125
126 %Attaches color bar to figure 1, representing temp
127
128
129 max_value' with your desired range)
130
131
132

Fig. 18 Code, lines 121-132

The set of commands in figure 18 are duplicated of those during lines 65 to 76 with the exception
of line 136 which indicates the graph be for the difference results.

134 % visualization of the difference (Figure 3)

135 figure(3)

136 contourf(flip(difference)) % Flip matrix vertically for cor
137 colormap(“parula”) % Use "jet' colormap for cl
138 colorbar % Add colorbar to denote value r
139 c=colorbar;

140 c.Location = ‘southoutside’;

141 c.Label.String = 'Temperature’;

142 clim([-2.005 2]); % Set colorbar limits (Replace "
143 xlabel('X distance in meters’);

144 ylabel('Y distance in meters’);

145 title('Difference Between Numerical and Analytical Solutions');

134

135

136 rect orientation

137 arity

138 anges

139 %Attaches color bar to figure 1, representing temp

148

141

142 min_value' and 'max_value' with your desired range)

143

144

145

Fig. 19 Code, lines 134-145
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These final segments take the analytical results and create a temperature distribution chart.

147 % Function to calculate the analytical temperature distribution

148 function T_analytical = calculate_analytical temperature(x, y, num_terms)

149 T_analytical = @;

150 for n = 1:num_terms

151 term = (sin(2*n*pi/3) / (n*2 * sinh(n*pi))) * sin(n®pi*x/6) * sinh(n*pi*y/6);
152 T_analytical = T_snalytical + term;

153 end

154 T_analytical = (450/pi~2) * T_analytical;

155 end

Fig. 20 Code, lines 147-155
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6. Validation of the model

The model and code can be validated by comparing the outcomes of the code’s distribution and
the analytical solution in various situations. Below are three sets of graphs resulting from the
code. Fig.21 shows the numerical results, Fig.22 shows the analytical, and Fig.23 shows the
comparable differences between the previous two charts.

Fig.23 clearly shows that there are some discrepancies between the two methods, particularly in
one spot. However, the graph does not indicate that the difference between the two is significant,

with the highest difference being roughly 1.8°c.
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Fig.21 Numerical Result Fig.22 Analytical Result Fig.23 Comparison of Results

This test was conducted with a grid space of 1 metre and a time step of 800 with the tolerance
0.001. To better understand the true validation of the code, a second and third test should be
implemented but with some changes to a couple of the factors. Altering the values for grid
spacing and time step values would help to produce a set of results that come from a spectrum
of inputs to see if an overall pattern forms between them.

If the overall results from the three sets of tests come with similar outcomes, then it can be
assumed that the model, although with some margin of error, can be validated as a suitable
substitute to completing the code through manual methods.

Using this code will therefore provide the user with a means to test different parameters for the
heat distribution of the aluminium plate in a much more time efficient manner.
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7. Sensitivity Analysis of the Code

To analyse the sensitivity of the code used in the test, it was run on numerous occasions to test
three variables: Time Step, Tolerance and Grid Spacing. To review how each variable would affect
the results, | inputted the results into a table and a graph.

7.1 Change in Time Step

In this set of results, | chose to alter just the time step value. This value dictates how many steps
in seconds to skip for each reading. The higher the number of time steps, the greater the number
of samples the programme needs to take. This also means that it also takes longer for the coding
to reach equilibrium.

Looking at the graph (Fig. 24), the general impact of using a different value for the size of time
steps is quite vast.

The results with the fewer time steps illustrate that the code will reach equilibrium much earlier
than time steps in smaller increments. The differences in where thermal equilibrium is reached
begins to plateau around the 600 Time step value. Time steps higher than this continues to take
longer to reach equilibrium, but at a much more gradual pace. If tests were to be completed with
greater numbers of time steps, the result differences would likely be negligible.

The values below 600 Time steps could be reaching equilibrium earlier due to the time steps being
so large, equilibrium is possibly being met sometime between the final two large steps, and the
coding assumes the final step is where equilibrium is met.

These results could be affected by factors such as truncation errors and potential round-off
errors.

7.1.1 Truncation errors

Truncation errors occur when an infinite process is approximated by a finite one. In numerical
methods, this often happens when we approximate derivatives or integrals, or when we stop
summing terms in a series after a certain point. These errors are introduced because the exact
mathematical operation is replaced by an approximation that can be computed by a machine.

Methods of reducing truncation errors can involve decreasing the grid spacing or time step, using
higher-order approximations or increasing the number of terms used in the equation (Syrakos, A.
2015).

7.1.2 Round off errors

Because computer arithmetic stores numbers with a finite number of digits, round-off errors arise
from this limitation in precision. With greater amounts of time steps, round-off errors are more
likely to accumulate when more operations are carried out, especially in lengthy simulations. This
can lead to greater accuracy disparities by the end. Fewer operations lessen the possibility of
round-off errors building up. However, if the time step is too big, truncation errors may occur.
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To summaries, Fewer time steps can lead to the risk of instability and have an increased likelihood
of truncation errors. However, more time steps may give a more accurate solution, but it is more
likely to incur round-off errors.

CHANGE IN TIME STEP
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Fig 24. Graph of time step variable against thermal Equilibrium

Grid Spacing h (fixed) Tolerance (Fixed)  Thermal Equilibrium
0.75 1000 0.0001 238000
0.75 800 0.0001 232000
0.75 600 0.0001 224400
0.75 400 0.0001 213200
0.75 200 0.0001 194000
0.75 100 0.0001 174200

Fig 25. Table of results for time step variable
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7.2 Change in Tolerance

In this set of results, | chose to alter just the tolerance value. This value dictates how precise the
results need to be for each reading. As you would think, the graph below shows that the more
constraint the tolerances are, the longer it took to reach equilibrium. If the tolerance is made
larger, the programme can run much faster. However, this comes at the cost of having results that
are much less accurate. However, smaller tolerance values do not necessarily equate to a more
accurate depiction of thermal equilibrium.

CHANGE IN TOLERANCE
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Fig 26. Graph of Tolerance variable against thermal Equilibrium

Grid Spacing h (fixed)  Time Step (Fixed) Thermal Equilibrium
1 500 0.1 29000
1 500 0.001 89500
1 500 0.0001 155500
1 500 0.00001 222000
1 500 0.000001 288000
1 500 0.0000001 354500

Fig 27. Table of results for tolerance variable
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7.3 Change in Grid Spacing

The grid spacing value dictates how much space is between each node for each reading in
meters. The more nodes in the area, the greater the number of opportunities to pick up
temperature changes in the material. The results reveal that generally, the more space you put in
between the nodes, the longer the equilibrium takes to reach. This could be because each node
is having to pick up more area of changes, meaning that they pick up more temperature changes
per node.

An outlier to the results is when the grid spacing is at 2 meters. The reasoning for this is unclear.
There could be an issue with the model that is producing this result. The graph does show that
the gradient of the line does begin to taper off as the grid spaces get smaller than 1.5 meters. This
could suggest that after getting smaller than 0.75, it may not make a significant difference to the
thermal equilibrium result.

CHANGE IN GRID SPACING
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Fig 28. Graph of Grod Spacing variable against thermal Equilibrium

Time Step (Fixed)  Tolerance (Fixed) = Thermal Equilibrium

3 150 0.0001 129300

2 150 0.0001 119400
1.5 150 0.0001 121500
1 150 0.0001 121050
0.75 150 0.0001 119700
0.5 150 0.0001 119100

Fig 29. Table of results for Grid Spacing variable
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8. Main model’s limitations

There are inherent limitations when developing numeric models. Such limitations include:

8.1 Round-off error

As discussed earlier at point 7.1.1, The limited precision with which computers represent and
handle numbers is the source of round-off errors. These mistakes frequently compound over
time, especially in extensive or protracted simulations.

Accuracy can be anissue when precision is limited. The small differenced in temperature values
may not be captured accurately. This error is also prevalent in longer simulations where errors
are allowed to stack over time.

8.2 Truncation Error

As discussed at point 7.1.2, Truncation error happens when a discrete mathematical process is
used to approximate a continuous one, such as approximating derivatives using finite differences
or truncating an infinite series (like a Fourier series).

A grid that uses larger step sizes can lead to significant truncation errors, meaning temperature
distributions may be less accurate.

8.3 Handling complex geometry

Many numerical methods, including finite difference methods, work well with simple, structured
grids. Complex geometries necessitate more advanced techniques such as finite element
methods (FEM) or boundary element methods (BEM).

Complex geometries would need the mesh to have more time and care spent on them to prevent
any inaccuracies. This can also be quite taxing on the software to run. Boundary conditions will
also become more complex as they will have more factors that will need to be considered before
performing the test. (Lewis, R.W, 2004)

8.4 Stability concerns

Large time steps or incorrect grid spacing can produce unphysical results, like temperature
oscillations or divergence, which can cause stability problems.

8.5 Coding imperfections

It can be challenging to model thermal equilibrium when complex boundary conditions, transient
effects, or materials with different properties are present. Any errors in the coding can lead to the
result providing unrealistic temperature distributions or incorrect heat flow solutions may be
displayed if the numerical model does not adequately capture the physics of thermal
equilibrium.
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9. Suggested improvements and future developments

9.1 ADI

Alternating Direction Implicit (ADI) is an alternative methos to solving heat transfer equations. ADI
switches between implicit steps in several spatial directions, it preserves stability while enabling
larger time steps. It achieves this by dividing the larger problem into multiple one-dimensional
implicit problems that are computationally simpler to solve, the ADI method can successfully
solve the equation with more ease this way (Namiki, T. 2002). ADI is unconditionally stable for
linear problems, allowing larger time steps without sacrificing stability.

9.2FEM

FDM is simple and efficient but has limitations in handling complex geometries. Alternatives to
this could be the Finite Element Method (FEM) or the Boundary Element Method (BEM).

FEM can easily model complex geometries, such as curved surfaces and irregular domains,
because it makes use of unstructured meshes. The mesh can also be refined in areas with steep
gradients, increasing accuracy, thanks to adaptive mesh refinement (AMR).

9.3 BEM

BEM simplifies the problem by solving only on the boundary rather than the entire volume,
reducing the computational domain for certain classes of problems. BEM reduces the problem
dimensionality by one, for example, a 3D problem becomes 2D. This helps reduce the
computational cost for problems by using simpler boundary conditions.
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10. Conclusion

Through this assignment, | have effectively reviewed the fundamentals of the heat equation,
investigated numerical techniques for determining temperature distribution, verified the results
using Fourier's Series, an analytical solution, and critically examined the output of the numerical
code.

The outcomes compared between the Numerical and Analytical methods confirmed that
although there were some discrepancies between the two methods, the differences were minor
with a difference maximum of 1.8°c in only a small area. However, to maintain accuracy in the
future, certain limitations like mesh size and time step constraints need to be carefully managed
to prevent inaccuracies such as truncation and round-off errors from occurring.

For straightforward heat transfer problems, EFDM works well due to its simple to use and
implement. However, alternative numerical methods such as the Finite Element Method (FEM)
offer greater accuracy and flexibility when handling complex geometries or varying material
properties.

The combination of analytical and numerical methods creates an effective toolkit for resolving
heat transfer issues. However, it's crucial to keep in mind that the software operates under the
assumption of ideal circumstances and in terms of theoretical models. The model is useful for
examining and testing theories, but it should be used with caution in practical applications.
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Appendix (MATLAB Script)

%Clearing Command
clc

clear

close all

% Aluminium Properties

K=143; %Conductivity
D=2.8*10"3; %Density
C=795; %Specific heat

alpha=K/(D*C); %Alpha calculated using above values

%Dimension
L= 6; %X Variable
W= 6; %Y Variable

%Grid Spacing
h=input("Enter dimesnion for grid spacing, 1,2 or 3m:"); %User Input for grid
spacing value
while mod(L,h)~=0]||h<=0]||h>=W
fprintf('Grid value is Invalid.');
h=input("Please Enter valid grid spacing value: ");
end

%Time Steps
dt=input("Enter the value of time steps in seconds: "); %User Input for time step
value
Fo=(alpha*dt)/(h”2); % Fourier Number
while Fo<=0||F0>0.25
fprintf("Time step is invalid.");
dt=input("Please Enter valid time step value: ");
end

%Defining rows and columns

NR=W/h+1;
NC=L/h+1;

%Creating initial T1
Tl=zeros(NR,NC);

% Amend Boundary Conditions Of Initial Matrix

for c=1:NC
d=(c-1)*h;
if d<=2/3*L
T1(1,c)=12.5%d;
else
T1(1,c)= -25*d+150;
end
end

%Create T2 Matrix from T1 Matrix with temp calculations

T2=T1;

Tol=0.001; % Tolerance for equilibrium

Dif=Tol+l; % Initial condition for max value in difference matrix (Dif) for
initial condition to be false.

Count=0;

——
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%While loop set up to repeat calculations until the difference between T2 and T1
(Dif) is less than ©0.01 and therefore close to equilibrium.

while Dif>Tol %Condition to initiate/continue loop
T1=T2;
for G=2:NR-1 %Dimension to ignore perimeter nodes

for H=2:NC-1 %Dimension to ignore perimeter nodes
T2(G,H)=Fo*(T1(G-1,H)+T1(G,H-1)+T1(G,H+1)+T1(G+1,H)-(4-
(1/F0))*T1(G,H)); %Taylor series formula used to calculate T1 values at the
next time step
end
end
Dif=max(max(abs(T2-T1)));
%Formula to determine if thermal equilibrium has been reached

figure(1)

contourf(flipud(T2))

%Command to create graph

title ('Temperature Distribution of plate'); %Title for Figl

colormap ('parula') %Colour system used for figure 1
c=colorbar; %Attaches colour bar to figure 1, representing temp
c.Location = 'southoutside';

c.Label.String = 'Temperature';

xlabel('X distance in meters');

ylabel('Y distance in meters');

pause(0.2) %Pauses after each step to update graph to visually show the change
along plate

Count=Count+1; %Update the amount of cycles completed

end

% Thermal equilibrium time
egq=Count*dt; %Calculate the time taken to reach equilibrium by multiplying the
count by the time step

if eq<60 %Will display in seconds
fprintf ('It took %g seconds to reach thermal equilibrium\n', eq)
% Display amount time taken to reach equilibrium in seconds

elseif eq>=60 && eq<3600 %Will display in minutes

egM=eq/60;

fprintf ('It took %g minutes to reach thermal equilibrium\n', egM)
% Display amount time taken to reach equilibrium in minutes

elseif eq>=3600 && eq<86400  %Will display in hours

egh=(eq/60)/60;

fprintf ('It took %g hours to reach thermal equilibrium\n', egh)
% Display amount time taken to reach equilibrium in hours

elseif eq>=86400 %Will display in days
eqD=((eq/60)/60)/24;
fprintf ('It took %g days to reach thermal equilibrium\n', eqD)
% Display amount time taken to reach equilibrium in days
end

fprintf ('(%g seconds)\n', eq) %Time in seconds for analysis

% Analytical Solution Calculation

% Calculate the analytical solution

num_terms = 100; % Number of terms in the series to include
T_analytic = zeros(NR, NC);

——
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for G = 1:NR
for H = 1:NC
x = (G - 1) * h;
y=(H-1) *h;
T_analytic(G, H) = calculate_analytical_ temperature(x, y, num_terms);
end
end

T_analytic = rot90(T_analytic); % Rotate matrix 90 degrees counterclockwise for
proper orientation

% Display the analytical solution in the command window
disp('Analytical Temperature Distribution at Thermal Equilibrium:');
disp(T_analytic);

% Calculate the difference between analytical and numerical solutions
difference = Tl - T_analytic; % Compute the difference between solutions
disp('Difference Between Numerical and Analytical solutions:');
disp(difference);

% Visualization of the analytical solution (Figure 2)

figure(2)

contourf(flip(T_analytic)) % Rotate by 90 degrees (clockwise) and then flip
vertically

colormap(“parula™)

colorbar % Keep the colorbar on the right side
c=colorbar; %Attaches color bar to figure 1, representing temp
c.Location = 'southoutside';

c.Label.String = 'Temperature';

clim([0 50]); % Set colorbar limits (Replace 'min_value' and
'max_value' with your desired range)

xlabel('X distance in meters');

ylabel('Y distance in meters'); % Adjust the label accordingly
title('Analytical Temperature Distribution');

% Visualization of the difference (Figure 3)

figure(3)

contourf(flip(difference)) % Flip matrix vertically for correct orientation
colormap(“parula™) % Use 'jet' colormap for clarity

colorbar % Add colorbar to denote value ranges

c=colorbar; %Attaches color bar to figure 1, representing temp
c.Location = 'southoutside';

c.Label.String = 'Temperature';

clim([-0.005 2]); % Set colorbar limits (Replace 'min_value' and

'max_value' with your desired range)

xlabel('X distance in meters');

ylabel('Y distance in meters');

title('Difference Between Numerical and Analytical Solutions');

% Function to calculate the analytical temperature distribution
function T_analytical = calculate_analytical_temperature(x, y, num_terms)
T_analytical = 0;
for n = 1:num_terms
term = (sin(2*n*pi/3) / (n”*2 * sinh(n*pi))) * sin(n*pi*x/6) *
sinh(n*pi*y/6);
T_analytical = T_analytical + term;
end
T _analytical = (450/pi”~2) * T_analytical;
end

——
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