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1.0 [bookmark: _Toc188552876]Introduction
This report will provide a detailed examination of a heat diffusion model with the use of ‘MATLAB’, which is a high-level programming language and software used for numerical computation. The MATLAB software will be utilised to calculate the temperature distribution across a metal plate until thermal distribution is reached with both analytical and numerical solutions.

[bookmark: _Toc188552877]1.1 Report Structure
2.0 The Constitutive Equation of the Problem.
The structure of this report will begin with an introduction to the mathematical formulation of the heat equation in chapter 2, with an explanation of its derivation and significance in describing thermal conduction. 

3.0 Explicit Difference Finite Method (EDFM) of the Constitutive Equation.
This section outlines the numerical techniques applied to solve the heat equation, with the Taylor series expansion being discussed as the basis for numerical approximations and a mathematical derivation provided. 

4.0 Initial Boundary Conditions & Analytical Solution.
Within this chapter, the initial and boundary conditions used in the numerical are defined. The analytical solution of the heat equation is introduced as a benchmark for validating the numerical results.

5.0 Code Details & Explanations.
This section provides a breakdown of the code that has been implemented to calculate both analytical and numerical methods. Each module of the code is explained in terms of its functionality and its role in solving the heat equation.

6.0 Validation of Code.
The validation of the code is presented in this section, comparing the numerical solution against the analytical solution. This comparison evaluates the accuracy of the temperature distribution and confirms correctness of the implementation.

7.0 Sensitivity Analysis of Code.
The sensitivity analysis of the code explores the key parameters of the code, such as the impact of grid spacing on resultant figures and the effect of time step size on the stability of the solution.

8.0 Limitations of Model.
This section covers the limitations of the current model, including the constraints of the numerical method used such as the explicit finite difference scheme or challenges related to the coding implementation that may affect accuracy and efficiency.

9.0 Future Improvements.
Suggestions for improving the model are outlined in this section, with considerations such as the ADI or implicit FDM used to overcome stability issues and increase accuracy or numerical alternatives to the FDM such as FEM, FVM and BEM. 

10.0 Conclusion.
This section summarises the key findings of the report, reflecting on the accuracy, efficiency and relevance of the numerical solution in solving the heat equations.

11.0 References.
A comprehensive list of resources that have been utilised during the completion of the report, establishing credibility and supporting arguments by providing evidence that demonstrate that findings in the report are not baseless.


[bookmark: _Toc188552878]1.2 Aims & Objectives
The primary aim of the report is to develop, implement and analyse a numerical model for solving the heat equation using the explicit finite difference method. 

The objectives of this report are as follows:
1. The theoretical development through deriving the heat equation and understanding its significance in modelling thermal conduction.
2. Implementing the explicit finite difference method to solve the heat equation, then utilising Taylor series to derive finite difference approximations for spatial and temporal domains. The stability criteria must then be defined, including the Fourier number to ensure reliable numerical solutions.
3. Design and develop a computational code that solves the heat equation, ensuring accuracy and efficiency in the code implementation.
4. From the development of the code, a comparison of the numerical and analytical solutions for the heat equation must be created. This will allow an analysis of temperature distributions and an assessment of deviations.
5. Investigate the impact of grid spacing, time step and thermal equilibrium on the model’s performance.
6. Identify limitations in the numerical methodology and coding approach, proposing potential enhancements for improving accuracy, stability and efficiency.
7. Explore alternative numerical schemes such as the ADI method, as well as suggestions of refinements for modelling thermal equilibrium.

[bookmark: _Toc188552879]2.0 The Constitutive Equation of the Problem
[bookmark: _Toc188552880]2.1 Introduction to Heat Equation

The heat equation that will be used during this study will be shown by ‘Equation 1’ (Incropera, F.P. and Dewitt, D.P, 1981).


[image: A black and white math equation
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(Equation 1)

[image: ]    = Density of material.		           
T= Temperature as a function of x, y and t.
k = Thermal conductivity of material.		    
 &   = Second partial derivative of T, representing the curvature in x and y directions.
 = Specific heat capacity of material.        
= The time derivative, representing how the temperature changes over time.         

This equation models heat conduction, which is the process of thermal energy which is transported within a material due to temperature gradients. The left-hand side of the equation represents the spatial distribution of heat flow. Whereas the right-hand side of the equation relates the distribution to how the temperature evolves over time, with the use of material properties. As one source describes, “The heat equation in two dimensions is derived from the conservation of energy principle, coupled with Fourier's law of heat conduction. It describes how the temperature within a material evolves over time due to heat diffusion." (Incropera, F.P. and Dewitt, D.P, 1981).

[bookmark: _Toc188552881]3.0 EDFM of the Constitutive Equation
[bookmark: _Toc188552882]3.1 Use of Taylor Series for Difference Approximations
The Taylor series is a mathematical tool that allows the user to approximate a function as an infinite sum of terms derived from its derivatives at a specific point. This tool is fundamental in deriving finite difference approximations for solving differential equations, including the heat equation.

The Taylor series for a function  is given by ‘Equation 2’ (Chapra, S.C. and Canale, R.P. (1988)).

[image: ]


(Equation 2)

[bookmark: _Toc188552883]3.2 Difference Approximations to the 1st and 2nd Derivatives
Using the finite difference method or ‘FDM’, approximations can be made for the first and second derivatives using Taylor series. When approximating the first derivative, there are three different approximations which are utilised, the forward, backward and central difference approximations using Taylor series.

Forward difference approximations offer a linear expression to estimate the derivative of a function by utilising the functions value a specific point and a neighbouring point slightly ahead. In this expression, ‘O(h)’ represents the truncation error of order ‘h’. This means that the error of ‘h’ must be small for the approximation to be accurate. “Truncation errors are those that result from using an approximation in place of an exact mathematical procedure” (Chapra, S.C. and Canale, R.P. (1988)).

[image: ] 
(Equation 3)

Backward difference approximations are similar to the forward difference approximations; however, they consider the function values at a specific point as well as a neighbouring point that is slightly behind.

[image: ]
(Equation 4)

Central difference approximations utilise values that are neighbouring both front and behind a specific point to approximate its value. This method is considered to be more accurate than forward and backward methodsBut this method can be more difficult to implement when working around boundaries.

[image: ]
(Equation 5)

When approximating the second derivative, Taylor series expansions are used at points  and  to provide information regarding the curvature or concavity of the function at a particular point.

[image: ]
(Equation 6)

[bookmark: _Toc188552884]3.3 Explicate Finite Difference Scheme
The fundamental concept of the explicate finite difference scheme is to replace the derivatives in the different heat equation with approximations derived from forward, backward and central differences. The differential heat equation is represented in finite difference form by using central differences to discretise    and  , as well as forward differences to discretise   (Chapra, S.C. and Canale, R.P. (1988)).

Within this report, to replace the first derivative, the forward difference approximation will be utilised.
[image: ]
(Equation 7)

To replace the second derivative, the central difference approximation will be utilised.

[image: ]
(Equation 8)

[bookmark: _Toc188552885]3.4 Discretisation of Spatial Domain
As shown by ‘Figure 1’ below, the point ‘P’ will be the node under consideration and the central difference approximation will be used to determine the temperature at each of these nodes. This grid divides the spatial domain into even grid points, each separated by a distance which is shown using the figure ‘h’.

[image: A graph of a graph with lines and points
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(Figure 1 – Image to demonstrate grid nodes relative to point ‘P’ (Microsoft Presentation, 2024)

To approximate the values of the points that are east and west of the point ‘P’, the second derivative of ‘x’ can be calculated (Chapra, S.C. and Canale, R.P. (1988)).

[image: A math equation with black text
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(Equation 9)

For the second derivate of ‘y’, the points to the north and south of the point ‘P’ can be calculated.

[image: A black text with a line
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(Equation 10)

[bookmark: _Toc188552886]3.5 Discretisation of Temporal Domain
The first derivative is derived from a time dimension, instead of a space dimension as used in the second derivative examples, dividing time into steps of size ‘’. This can be achieved through the approximation of the first derivative by utilising the forward difference approximation (Chapra, S.C. and Canale, R.P. (1988)).

[image: A black text on a white background
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(Equation 11)

[image: ] = Temperature at point ‘P’ at the current time ‘t’.

[image: A black and white text

Description automatically generated]= Temperature at point ‘P’ in the next time step.


[bookmark: _Toc188552887]3.6 Derivation of Heat Equation using EFDM
The explicit finite difference scheme implements the forward difference approximation for the first derivative and the central difference approximation for the second derivative to discretise the heat equation. The ‘EFDM’ form of the heat equation is shown by ‘Equation 12’ (Croft, D.R. and Lilley, D.G. (1977)).
[image: ]
(Equation 12)

Where ‘Fo’ is the Fourier number defined by ‘Equation 13’. By introducing ‘Fo’, these conditions can be expressed concisely and guide the choice of temporal step size () and spatial grid spacing () to ensure numerical stability (Incropera, F.P. and Dewitt, D.P. (1981)). 

[image: A mathematical equation with black text
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(Equation 14)

[bookmark: _Toc188552888]3.7 Definition of Stability Criterion
The Fourier number is central to determining the stability of explicit finite difference schemes for the heat equation. For two-dimensional examples, the stability condition should be less than ‘0.25’ or alternatively as demonstrated by ‘Equation 13’ (Yogesh Jaluria and Torrance, K.E. (2003)). 

[image: A black text on a white background
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(Equation 13)


[bookmark: _Toc188552889]4.0 Initial, Boundary Conditions & Analytical Solution
[bookmark: _Toc188552890]4.1 Initial and Boundary Conditions
For this report and the MATLAB script, the initial condition of the plate has a temperature equal to zero and is uniform across the entire plate. The height () and width () of the plate will be configured by the user. This is demonstrated by ‘Equation 21’ and ‘Figure 2’ (Çengel, Y.A. (2006)). 

[image: ] 
(Equation 15)
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(Figure 2 – Initial and boundary conditions schematic (Assignment Brief, 2024)

With regards to the boundary conditions, the bottom edge of the plate is held at a constant temperature of ‘’ and the top edge is held at a constant temperature of ‘’. This creates a thermal gradient between the top and bottom edges, driving heat flow within the plate. These are known as ‘Dirichlet’ boundary conditions, which are essential for defining heat flow direction and demonstrated by ‘Equation 22’ (Sauer, T. (2014)).

[image: ]
(Equation 16)

The boundary condition of the left edge is equal to ‘’ and right edge to ‘’, these conditions mean that there is no heat flux through the left and right edges of the plate. These are known as ‘Neumann’ insulated boundary conditions, which enforce conservation of heat energy within the plate and are introduced using ‘Equation 23’ (Sauer, T. (2014)).

[image: A black text on a white background
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(Equation 17)

[bookmark: _Toc188552891]4.1 Introduction of Analytical Solution
Analytical solutions to heat transfer problems which are derived from fundamental principles, provide an essential benchmark for validating numerical methods. Within this example, the following analytical solution will be utilised (Chang C.Y., Ma C.C., 2001):

[image: A math equation with numbers and lines
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(Equation 18)

The analytical solution demonstrates the importance of the initial and boundary conditions which have been chosen. The linear term satisfies the Dirichlet boundary conditions at the top and bottom edges, while the summation term ensures no heat flux through the left and right edges. The analytical solution is derived using mathematical principles such as separation of variables or Fourier series. Therefore, the solution has been extensively validated over decades and is often benchmarked against numerical solutions which reinforces its reliability (Olver, P.J. (1992)).

[bookmark: _Toc188552892]5.0 Code Details & Explanations
[bookmark: _Toc188552893]5.1 Breakdown of Code
Within this section, the MATLAB code will be shown to demonstrate the calculations of both analytical and numerical methods for the heat diffusion with the explicit finite difference method.

To begin the code introduces clearing functions for the command window, which allows the closure of any open figure windows and clears stored variables. A ‘pause’ function is also used to aid the processing of the code in the cloud version of the software. This is demonstrated by Figure 3 below:

[image: ]
Figure 3: Clearing functions in MATLAB code. (MATLAB, 2025)

Once the variables previously stored have been cleared, the new variables can be introduced. As stated by the brief of the report, the values of conductivity ‘k’, density ‘p’ and specific heat ‘c’ have all been disclosed and introduced into the code. These values are then used to create the properties of the aluminium plate ‘alpha’; this formula is used to determine the thermal diffusivity of the plate.

[image: A green text on a white background
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Figure 4: Introduction of new code variables. (MATLAB, 2025)

This next section of the MATLAB code allows the user to input the dimensions of the plate such as width ‘x’ and height ’y’. These dimensions are then validated by the code to ensure that positive numbers are used, to prevent an error loop. If the user inputs an invalid value for the height or width, the program will prompt them to enter valid values until acceptable inputs are provided. 

[image: A white background with text
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Figure 5: Configuration of plate dimensions using user inputs. (MATLAB, 2025)

The user is then prompted to input a valid grid spacing ‘h’ that is compatible with the dimensions of the aluminium plate. The grid spacing is critical in numerical methods, such as finite difference methods, where the grid divides the plate into smaller cells for analysis. The bottom section of the following code then prevents the user from entering invalid grid spacing, which is followed by prompts for the user to correct the input.

[image: A screenshot of a computer code
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Figure 6: Code for user to enter grid spacing that is compatible with plate. (MATLAB, 2025)

This section of the code is designed to validate the time step ‘dt’ entered by the user to ensure numerical stability when solving the heat equation using an explicit finite difference method. The validation is based on the Fourier number ‘Fo’ which must lie within a specific range for stability in the numerical solution.

[image: A screenshot of a computer
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Figure 7: Code for user to enter time step (MATLAB, 2025)

The number of rows and columns in the grid is then calculated which represents the plate, this is based on the dimension and grid spacing chosen by the user. The code then initialises a matrix ‘T1 to represent the temperature values at each grid point.

[image: ]
Figure 8: Column and row calculation and initialisation of matrix. (MATLAB, 2025)

Once the matrix has been initialised, the user is prompted to enter a boundary temperature for both top and bottom edges of the plate in the temperature matrix ‘T1’. The boundary conditions are applied to the first and last rows of ‘T1’, representing the temperature values along those edges.

[image: ]
Figure 9: Setting of north and south boundary conditions. (MATLAB, 2025)

A matrix ‘AT’ of the same size as ‘T1’ is then created and filled with zeros, matrix ‘AT’ will store the analytical temperature values at each node of the plate. The code will then calculate the temperature distribution at each node of the plate at every time step, using the analytical solution which is based on the Fourier series. The analytical solution matrix results ‘AT’ are then displayed to the user.

[image: A white paper with green text
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Figure 10: Introduction of analytical method using Fourier series. (MATLAB, 2025)

The next section of the code performs an iterative numerical simulation to compute the temperature distribution across the plate until thermal equilibrium is reached. The logic of the code is based on the finite difference method for solving the heat equation, which updates the temperature at each interior grid point.

[image: A screenshot of a computer
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Figure 11: Calculation of thermal equilibrium for heat equation. (MATLAB, 2025)

This section of the code determines whether thermal equilibrium has been reached and ends the simulation of code when the condition is satisfied. It calculates the maximum temperature change between successive iterations and compares it to the specific threshold. Once the maximum change is lower than the threshold, the code will display the equilibrium time to the user in a suitable format. This section also allows the code to display the numerical solution results for the matrix ‘T1’ to the user.

[image: A computer screen shot of a computer code
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Figure 12: Code to demonstrate to user when thermal equilibrium is reached. (MATLAB, 2025)

Once the numerical and analytical methods have been calculated, the code will then validate the numerical ‘T1’ results against the analytical ‘AT’. The code calculates the absolute differences between the two solutions and displays these differences for the user to assess the accuracy of the numerical approach.

[image: ]
Figure 13: Comparison of results for both numerical and analytical solutions. (MATLAB, 2025)

The next section of the code generates visualisations of the temperature distribution from both numerical and analytical solutions with the use of contour plots. Each figure ‘1’ and ‘2’ uses a filled contour plot to display the temperature variations across the plate, providing a clear comparison of the two solutions.

[image: A white background with black dots
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Figure 14: Visualisation of numerical and analytical solution results. (MATLAB, 2025)

The last section of code visualises the error differences between the numerical solution ‘T1’ and analytical solution ‘AT’ using a filled contour plot. It highlights where and by how much the numerical solution deviates from the analytical solution across the plate through ‘figure 3’.

[image: A white background with black text
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Figure 15: Visualisation of error between results for numerical and analytical solutions. (MATLAB, 2025)

[bookmark: _Toc188552894]6.0 Validation of Code
[bookmark: _Toc188552895]6.1 Comparison of Numerical & Analytical Solutions
With the use of the MATLAB code, the thermal diffusivity of the aluminium plate between the numerical and analytical solutions can be compared. The code will be executed with the following user inputs as shown below.

[image: A white background with black text
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Figure 16: User inputs to demonstrate both numerical and analytical solutions. (MATLAB, 2025)

From these user inputs, temperature results for both numerical and analytical solutions can be generated by the MATLAB code, as demonstrated below.
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Figure 17: Temperature results from both analytical and numerical solutions. (MATLAB, 2025)


From the generated results, it is clear that both analytical and numerical solutions produce similar temperature distribution results across the aluminium plate. The small differences that can be identified between the two sets of data are a result of approximation and discretisation involved in the numerical solution.

To visualise the temperature distribution across the aluminium plate for both numerical and analytical solutions, the graphs below demonstrate the conditions for both methods. This also highlights the similarity between the two sets of results.
 [image: A comparison of different colored bars
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Figure 18: Graphs to demonstrate temperature distribution for both numerical and analytical solutions. (MATLAB, 2025)

To compare the temperature differences between the numerical and analytical solutions, the code calculates the difference in results across the plate by subtracting matrix’s ‘AT’ from ‘T1’. From ‘Figure 20’ below, rows with all zeros indicate that the numerical solution matches the output of the analytical solution, whereas rows with non-zero values demonstrate differences in the solutions. However, these differences are only minor, which validates the numerical methods accuracy and reliability.

[image: A close-up of numbers
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Figure 19: Code calculated temperature difference results between numerical and analytical solution. (MATLAB, 2025)

To highlight the differences between the two solutions, the code then generates a graph which displays the areas of error. From this graph it is evident that the error is concentrated in two areas at the ‘Y’ axis of ‘2’ and ‘5’.

[image: A colorful chart with numbers
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Figure 20: Graph to demonstrate error between numerical and analytical solutions. (MATLAB, 2025)

[bookmark: _Toc188552896]7.0 Sensitivity Analysis of Code
[bookmark: _Toc188552897]7.1 Analysis of Time Step
The impact of time step variations on achieving thermal equilibrium will be evaluated by running the code with different time step values, while maintaining a fixed grid spacing and a constant tolerance condition. A width and height of ‘12’ will also be used to fix the values of the grid to a consistent size, as well as a constant temperature of ‘50’. From the results table, a graph will be generated to illustrate the relationship between the thermal equilibrium time and the corresponding time step values.
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Figure 21: Table to investigate time step influence on thermal equilibrium time. (Microsoft Excel, 2025)

[image: A graph with a line going up
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Figure 22: Graph to demonstrate time step influence on thermal equilibrium time. (Microsoft Excel, 2025)

From the graph it is clear that as the time step decreases, the thermal equilibrium time also decreases. The decrease of time step allows for more frequent updates to the temperature at each node in the simulation. This increased update in frequency, through a smaller time step, leads to a more accurate approximation of thermal diffusion across the plate and ensure convergence as supported by, (Sauer, T. (2014)). 

[bookmark: _Toc188552898]7.2 Analysis of Grid Spacing
Another contributing factor to investigate is the grid spacing (h), this will be analysed by running the code with varying grid space values, while the values for time step will be fixed at ‘150’, whereas the tolerance will be fixed at ‘0.001’. As per the last analysis, the width and height of the plate will both remain constant at ‘12’, with a constant temperature of ‘50’. 
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Figure 23: Table to investigate grid spacing influence on thermal equilibrium time. (Microsoft Excel, 2025)

[image: A graph with a line going up

Description automatically generated]
Figure 24: Graph to demonstrate grid spacing influence on thermal equilibrium time. (Microsoft Excel, 2025)

From the results table and line graph, it is apparent that there is a trend of thermal equilibrium time becoming optimum. The truncation error in approximations such as this is proportional to a power of the grid spacing ‘h’. For example, in the central difference approximation for the second derivative, the error scales as ‘’. Reducing the value of ‘h’ will result in smaller truncation errors and lead to higher accuracy. These results demonstrate that finer grid spacing improves resolution and convergence, while larger grid spacing undermines accuracy and introduces numerical inefficiencies. The oscillations in the results arise due to the imbalance between resolution and numerical stability (Chapra, S.C. and Canale, R.P. (1988)).

[bookmark: _Toc188552899]7.3 Analysis of Tolerance Condition
The last analysis to be carried out using the MATLAB script is to investigate the influence of tolerance condition on the thermal equilibrium time. This will be analysed by running the code with varying tolerance conditions, while keeping fixed values of ‘1’ for grid spacing and ‘500’ for time step. The same previous conditions for plate height and width will be utilised, as well as temperature.

[image: A screenshot of a computer
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Figure 25: Table to investigate tolerance condition influence on thermal equilibrium time. (Microsoft Excel, 2025)

[image: A graph with a line
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Figure 27: Graph to demonstrate tolerance condition influence on thermal equilibrium time. (Microsoft Excel, 2025)

The results shown in the table and graph demonstrate a clear trend of an increasing thermal equilibrium time as the tolerance condition value decreases. This is due to finer tolerances demanding greater accuracy, therefore requiring more iterations to meet the specified value. When utilising higher tolerances such as ‘0.1’, the equilibrium can be reached quickly but with less accuracy, while finer tolerances such as ‘0.0001’ ensure higher precision but require more computational effort.
[bookmark: _Toc188552900]8.0 Limitations of Model
[bookmark: _Toc188552901]8.1 Numerical Method Limitations
Numerical methods have inherent limitations that can impact the accuracy and reliability of their solutions. One example of a limitation is round off error, which is caused by finite precision of computer arithmetic and leads to small inaccuracies that accumulate over multiple calculations, (Chapra, S.C. and Canale, R.P. (1988)). Another limitation is truncation error which occurs when continuous equations are approximated by discrete methods, that incorporate coarser grids or larger time step sizes, (Burden, R.L. and J. Douglas Faires (1997)). In addition, handling complex geometries can be challenging as irregular shapes requires advanced meshing techniques and can result in the method being prone to inaccuracies. Lastly, stability issues can cause solutions to oscillate uncontrollably, often requiring smaller time steps or finer grids to ensure convergence.

[bookmark: _Toc188552902]8.2 Coding Limitations
The limitations of the code are a result of simplification used to model thermal equilibrium. By utilising the MATLAB approach, thermal equilibrium is determined by checking if the difference between the analytical and numerical methods fall below a predefined threshold value. While this method may be computationally efficient, it does not always align with the physical principles governing heat transfer and equilibrium. In reality, thermal equilibrium is achieved when all parts of the plate have the same temperature and there is no net flow of heat energy within the system. An example of critical aspects that mat be overlooked is, a small difference between successive iterations may only indicate that the system is converging slowly, rather than being in equilibrium. This is supported by the studies of (Çengel, Y.A. (2006)).

[bookmark: _Toc188552903]9.0 Future Improvements
[bookmark: _Toc188552904]9.1 ADI or Implicit FDM
The alternating direction implicit method or ‘ADI’ and the implicit finite difference method or ‘FDM’, offer significant improvements in numerical analysis by enhancing stability and accuracy. The ADI method decomposes multi-dimensional problems into sequential one-dimensional calculations, this allows for larger time steps and minimises errors in each dimension, as highlighted by, (LeVeque, R.J. (2007)). While the implicit FDM provides unconditional stability and higher accuracy by incorporating future states into computations. Both methods are well suited to this report and could be combined for parallel computing that could increase efficiency and computational effort.

[bookmark: _Toc188552905]9.2 Numerical Alternatives to FDM
There are many alternatives that can be utilised instead of the finite difference method, one of which is the finite element method or ‘FEM, this is ideal for complex geometries and variable material properties. Other benefits that FEM provides are flexibility and precision when handling irregular domains, as highlighted by, (Surana, K.S. and Reddy, J.N. (2016)). Another alternative that can be utilised for this example is the finite volume method or ‘FVM’, this particular method is suitable for conservation laws and irregular geometries. The finite volume method also performs well in situations where maintaining stability and accuracy is challenging, which is supported by, (Reddy, J.N., Anand, N.K. and Roy, P. (2022)). A powerful tool that could also be used as an alternative is the boundary element method or ‘BEM’, which reduces the problem dimensionality. The boundary element method is particularly useful for heat equation problems that are steady state or boundary driven, additionally it is effective when defined in domains with irregular or infinite boundaries. This is supported by the source, (Aliabadi, M.H. (2002)).

9.3 Alternative Methods of Modelling Thermal Equilibrium
There are many alternative methods of modelling thermal equilibrium, one of which is the physical aluminium plate experiment. This experiment involves applying heat sources and heat sinks to an aluminium plate while monitoring temperature changes using thermocouples or infrared cameras. Heat sources and sinks create a temperature gradient, which gradually evens out as the system reaches thermal equilibrium. Data from the sensors and heat maps allow the user to analyse heat distribution and transfer rates across the plate. The setup includes insulation to minimise environmental heat loss, ensuring accurate results. This physical experiment is supported by the findings of (Lienhard, J.H. (2019)).

This method provides a visual and quantitative understanding of heat conduction and equilibrium, offering insights into material thermal equilibrium. It is a simple, yet cost-effective method of testing and validation.
[bookmark: _Toc188552906]10.0 Conclusion
[bookmark: _Toc188552907]10.1 Conclusion of Report
The report provides an in-depth analysis of the thermal equilibrium of a 2D aluminium plate using both numerical and analytical methods. The implementation of the EDFM in MATLAB facilitates the simulation of the temperature distribution, with the model being validated against an analytical solution to confirm its accuracy. The results show that, while both methods produce similar temperature profiles, minor discrepancies are observed. This is likely due to the numerical limitations that have been mentioned, such as round off and truncation errors.

When reflecting on the aims and objectives of the report, the heat equation was successfully derived and applied to model thermal equilibrium effectively. The EDFM was implemented, with Taylor series to derive finite difference approximations for spatial and temporal domains. Stability criteria and the Fourier number were also defined to ensure reliable solutions. From this, the computational code demonstrated accuracy and efficiency, drawing comparisons between numerical and analytical solutions, revealing minor deviations. A sensitivity analysis then highlighted the effects of grid spacing, time step and tolerance on the model performance successfully to emphasise the trade-off between resolution and stability. Then, limitations in the numerical method were identified to create potential improvements such as alternative numerical methods, as well as alternative schemes such as the ADI method and FDM. By implementing the potential improvements, the model could become more accurate and computationally efficient to extend its applications.

Overall, the report provides valuable insights into heat transfer modelling, it proves that a well-developed numerical approach can effectively model heat transfer while providing suggestions for future improvements in thermal equilibrium simulations.
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clc                                                         %% Clear Command Window
clear                                                       %% Clear Variables from code
close all                                                   %% Clear all tabs
pause(1.0)

%--------------------------------------------------------------------------------------------------------------------------%
% Define values for code

k = 143;                                                    %% Conductivity of Aluminium
p = 2.8*10^3;                                               %% Density value
c = 795;                                                    %% Specific heat value
alpha = k / (p * c);                                        %% Calculate Alpha using above values

%--------------------------------------------------------------------------------------------------------------------------%
% User enters the width & height of the plate
x_plate = input('Total Width of Plate in (x) Meters: ');
while x_plate <= 0
    fprintf('Your plate width is not valid \n');            %% If plate width entered is not valid, notify user
    x_plate = input('Enter a plate width < 0: ');          
end
y_plate = input('Total Height of Plate in (y) Meters: ');
while y_plate <= 0
    fprintf('Your plate height is not valid \n');           %% If plate height entered is not valid, notify user
    y_plate = input('Enter a plate height < 0: ');
end

%--------------------------------------------------------------------------------------------------------------------------%

% User enters their grid spacing 

h = input('Enter your Material Grid Spacing (h) in Meters: '); %% User enters their grid spacing

% Prevents user from entering incorrect grid spacing

while mod(x_plate, h) ~= 0 || h < 0 || h >= x_plate || mod(y_plate, h) ~= 0 || h >= y_plate
    fprintf('Your grid spacing is not valid \n');           %% If grid spacing entered is not valid, notify user
    h = input('Enter your material grid spacing here: ');
end

%--------------------------------------------------------------------------------------------------------------------------%
% User enters their time step value, which gets checked to ensure its validity

dt = input('Enter your Time Step in (dt) Seconds: ');         %% User enters their time step here

while true
    Fo = (alpha * dt) / (h^2);                                %% Calculate Fourier number
    maxdt = h^2 / (4 * alpha);
    if Fo > 0 && Fo <= 0.25                                   %% Check if Fo is within the valid range
        break;                                                %% If valid, exit the loop
    else
        fprintf('Your time step is not valid, it must be less than %0.3f and greater than 0', maxdt); %% Prompt user to re-enter
        dt = input('. Enter a smaller time step in (s): ');
    end
end

NoRow = y_plate / h + 1;                                      %% Number of rows (length of plate / grid spacing)
NoCol = x_plate / h + 1;                                      %% Number of columns (width of plate / grid spacing)

T1 = zeros(NoRow, NoCol);                                     %% Initialise Matrix T1

%--------------------------------------------------------------------------------------------------------------------------%
% Set North and South Boundary Condition in T1

T0 = input('Please enter the boundary temperature in (°C): '); %% Prompt user to input a boundary temperature
T1(1, :) = T0;
T1(end, :) = -T0;

%--------------------------------------------------------------------------------------------------------------------------%
% Calculate the Temperatures at Every Node of the Plate at Each Time Step

AT = zeros(NoRow, NoCol);                                     %% Initialise Matrix for Analytical Solution

% Compute interior points using Fourier series  
for i = 1:NoRow                                               %% Loop through rows
    for j = 1:NoCol                                           %% Loop through columns
        x_local = (j-1)*h;
        y_local = (i-1)*h;
        sum = 0;                                              %% Initialise sum term 
        for n = 1:100
            sum = sum + (1/(100*k*pi)^2)*(1-(-1)^k)*sin(k*pi*y_local/y_plate)/sinh(k*pi*x_plate/y_plate)*(cosh(k*pi*x_local/y_plate)-cosh(k*pi*(x_local-x_plate)/y_plate));
        end
        AT(i, j) = -T0+(2*T0/y_plate)*y_local + sum;                
    end
end    

% Display the temperature matrix
disp(' ');
disp('Temperature Results from Analytical Solution = ');
disp(flip(AT));

%--------------------------------------------------------------------------------------------------------------------------%
% Allow the program to stop when Thermal Equilibrium is reached

max_change_threshold = 0.000001;                                %% Maximum change allowed for equilibrium
time = 0;                                                    %% Initialise time

while true
    T2 = T1;
    for i = 2:(NoRow-1)                                      %% Loop through rows
        for j = 1:NoCol                                      %% Loop through columns
            if j>1 && j<NoCol
                T2(i, j) = T1(i, j) + Fo * (T1(i+1, j) + T1(i-1, j) + T1(i, j+1) + T1(i, j-1) - 4 * T1(i, j));
            elseif j==1
                T2(i, j) = T1(i, j) + Fo * (T1(i+1, j) + T1(i-1, j) + T1(i, j+1) + T1(i, j+1) - 4 * T1(i, j));
            else %%j==NoCol
                T2(i, j) = T1(i, j) + Fo * (T1(i+1, j) + T1(i-1, j) + T1(i, j-1) + T1(i, j-1) - 4 * T1(i, j));
            end
        end
    end

% Thermal Equilibrium Reached

    max_change = max(abs(T2 - T1), [], "all");
    if max_change < max_change_threshold                     %% Check if thermal equilibrium is reached
        break; 
    end
    T1 = T2;                                                 %% Update the temperature matrix and time
    time = time + dt;
end

fprintf('Thermal equilibrium reached at time = %f seconds (%f minutes, %f hours)\n', time, time / 60, time / 3600);
disp(' ');
fprintf('Temperature Results from Numerical Solution = \n');
disp(T1);

%--------------------------------------------------------------------------------------------------------------------------%
% Validation of Numerical Result Against the Analytical Solution
Comparison = abs(T1 - flip(AT));
disp('Temperature Differences Between Numerical & Analytical Solutions = ');
disp(Comparison)

%--------------------------------------------------------------------------------------------------------------------------%
% Graphical Analysis of Numerical Result Against the Analytical Solution

figure(1);
contourf(flip(T1), 'LineStyle', 'none');
colormap("jet");
colorbar;
clim([min(T1(:)), max(T1(:))]);
title('Temperature Distribution Numerical');
xlabel('X Axis');
ylabel('Y Axis');
axis equal tight

figure(2);
contourf((AT), 'LineStyle', 'none');
colormap("jet");
colorbar;
clim([min(AT(:)), max(AT(:))]);
title('Temperature Distribution Analytical');
xlabel('X Axis');
ylabel('Y Axis');
axis equal tight

figure(3);
contourf(Comparison, 'LineStyle', 'none');
colormap("jet");
colorbar;
clim([min(Comparison(:)), max(Comparison(:))]);
title('Error Between Numerical and Analytical Solutions');
xlabel('X Axis');
ylabel('Y Axis');
axis equal tight;
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clc %% Clear Command Window
clear %% Clear variables from code
close all %% Clear all tabs

pause(1.0)
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% Define values for code

k = 143; %% Conductivity of Aluminium
p = 2.8%10°3; %% Density vall
c = 795; %% specific heat value

alpha =k / (p * ©); %% calculate Alpha using above values
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% User enters the width & height of the plate
x_plate = input('Total Width of Plate in (x) Meters: ');
while x_plate <= @
fprintf('Your plate width is not valid \n');
x_plate = input('Enter a plate width < @: ');
end
y_plate = input('Total Height of Plate in (y) Meters: ');
while y_plate <= @
fprintf('Your plate height is not valid \n');
y_plate = input(‘Enter a plate height < 0: ');
end

%% If plate width entered is not valid, notify user

%% I plate height entered is not valid, notify user
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% User enters their grid spacing

h = input('Enter your Material Grid Spacing (h) in Meters: '); %% User enters their grid spacing

% Prevents user from entering incorrect grid spacing

while mod(x_plate, h) ~= @ || h < @ || h >= x_plate || mod(y_plate, h) ~= @ || h >= y_plate
fprintf('Your grid spacing is not valid \n'); %% If grid spacing entered is not valid, notify user
h = input('Enter your material grid spacing here: ');

end
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% User enters their time step value, which gets checked to ensure its validity

dt = input('Enter your Time Step in (dt) Seconds: '); %% User enters their time step here
while true
Fo = (alpha * dt) / (h"2); %% Calculate Fourier number
maxdt = h~2 / (4 * alpha);
if Fo > 0 && Fo <= 0.25 %% Check if Fo is within the valid range
break; %% If valid, exit the loop
else

fprintf('Your time step is not valid, it must be less than %0.3f and greater than @', maxdt); %% Prompt user to re-enter
dt = input('. Enter a smaller time step in (s): ');
end
end
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NoRow = y_plate / h + 1; %% Number of rows (length of plate / grid spacing)
Nocol = x_plate / h + 1; %% Number of colums (width of plate / grid spacing)

T1 = zeros(NoRow, NoCol); %% Initialise Matrix T1
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% set North and South Boundary Condition in T1

Te = input('Please enter the boundary temperature in (°C): '); %% Prompt user to input a boundary temperature
T1(1, :) = Te;
Ti(end, :) = -To;
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AT = zeros(NoRow, NoCol); %% Initialise Matrix for Analytical Solution

% Compute interior points using Fourier series

for i = 1:NoRow %% Loop through rows
for j = 1:NoCol %% Loop through columns
x_local = (j-1)*h;
y_local = (i-1)*h;
sum = 0; %% Initialise sum term
for n = 1:100
sum = sum + (1/(100%k*pi)~2)*(1-(-1)~k)*sin(k*pi*y_local/y_plate)/sinh(k*pi*x_plate/y_plate)*(cosh(k*pi*x_local/y_plate)-cosh(k*pi*(x_local-x_plate)/y plate));
end
AT(i, j) = -Te+(2*Te/y_plate)*y_local + sum;
end
end

% Display the temperature matrix
disp('Temperature Results from Analytical Solution = *);
disp(flip(AT));
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% Allow the program to stop when Thermal Equilibrium

max_change_threshold = ©.001;
time = o;

while true
T2 = T13
for i = 2:(NoRow-1)
for j = 1:NoCol
if >1 8& j<Nocol

is reached

%% Maximum change allowed for equilibrium
%% Initialise time

%% Loop through rows
%% Loop through columns

T2(i, j) = T1(i, j) + Fo * (T1(i+1, J) + T1(i-1, j) + Ti(i, j+1) + T1(i, 3-1) - 4 * T1(i, J));
1

elseif j=

NoCol

3) = TL(d, §) + Fo = (T1(i+1, §) + TL(i-1, §) + Ti(d, J+1) + TL(i, J+1) - 4 = Ti(i, §));

3) = TL(d, §) + Fo = (T1(i+1, §) + TL(i-1, ) + Ti(d, 3-1) + TL(i, 3-1) - 4 = Ti(i, §));
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% Thermal Equilibrium Reached

max_change = max(abs(T2 - T1), [], "all®);

if max_change < max_change_threshold %% Check if thermal equilibrium is reached
break;

end

L= T2 %% Update the temperature matrix and time

time = time + dt;

end

fprintf('Thermal equilibrium reached at time = %f seconds (%f minutes, %f hours)\n', time, time / 60, time / 3600);
fprintf(‘Temperature Results from Numerical Solution = \n');
disp(T1);
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% validation of Numerical Result Against the Analytical Solution
Comparison = abs(T1 - flip(AT));

disp('Temperature Differences Between Numerical & Analytical Solutions = ');
disp(Comparison)
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figure(1);
contourf(flip(T1), ‘Linestyle’, ‘none');
colormap(“jet");

colorbar;

clim([min(T1(:)), max(T1(:))1);
title('Temperature Distribution Numerical');
xlabel('X Axis');

ylabel('y Axis');

axis equal tight

figure(2);
contourf((AT), ‘Linestyle, ‘none');
colormap("jet");

colorbar;

clim([min(AT(:)), max(AT(:))1);
title('Temperature Distribution Analytical');
xlabel('X Axis');

ylabel('y Axis');

axis equal tight
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figure(3);
contourf(Comparison, ‘Linestyle', ‘none’);
colormap(“jet");

colorbar;

clim([min(Comparison(:)), max(Comparison(:))1);
title('Error Between Numerical and Analytical Solutions');
xlabel('X Axis');

ylabel('y Axis');

axis equal tight;
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Please enter the boundary temperature in (°C):
50
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