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[bookmark: _Toc23718937]Introduction
For the purposes of this assignment cylinder pressure data, reciprocating assembly dimensions and masses (shown below) have been obtained from the Ford 1.6 Sigma GDI engine platform, cylinders 1,2,3 and 4 along with an average were provided, from which a variety of different calculations and results were generated. The purpose of such is to demonstrate the forces seen in the reciprocating components during the four-stroke, spark ignition, internal combustion cycle. (Macdonald, 2019)
This work compares a “Production” and “Modified” version of the Sigma platform. The “modifications” have been created in a virtual sense in the Excel simulation, namely the engine has been taken beyond its “production” rev-limit to a final engine speed of 9700RPM to generate assumed values for cylinder pressure to allow further calculations and comparisons.
These modifications have been generated by taking a linear trendline about the provided “production” data and extrapolating the trendline out to the intersection with 9700RPM to provide a range of values up to the proposed limit. A polynomial trendline was initially used but due to this relationship merely explaining the limiting factors seen in the standard engine (choking effects seen in the cylinder head, limitations in the valve train etc.) it was decided pertinent to use a linear extrapolation assumption.   
To carry out the calculations shown in this report a set of basic geometric and mass conditions were measured/provided, these are shown below[footnoteRef:1]. [1:  To provide the correct calculated values a number of order of magnitude corrections had to be carried out in Excel, for instance the table above displays both meters and millimeters, this was to provide the correct output result from certain equations. Additionally, Excel processes angular measurements in RADIANS rather than degrees, so, any degree measurement shown in this report will have been converted into radians for Excel calculation. ] 

	Reciprocating Assembly Mass[footnoteRef:2] [2:  The reciprocating mass considered for calculation.] 

	398.0000
	g

	Bore Diameter
	0.0790
	m

	Cross sectional Area of Conrod[footnoteRef:3] [3:  Conrod modelled as a simple rectangular beam.] 

	195.0000
	mm

	Ultimate Tensile Stress (Steel)
	750.0000
	N/mm2

	Ultimate Tensile Stress (Titanium)
	950.0000
	N/mm2

	Youngs Modulus of Conrod Material
	170000.0000
	N/mm2

	Youngs Modulus of Conrod (Titanium)
	114000.0000
	N/mm2

	Stiffness of Conrod as Simple Beam (Steel)
	247388.0597
	N/mm

	Stiffness of Conrod as Simple Beam (Titanium)
	165895.5224
	N/mm

	Conrod Length
	0.1340
	m

	Crank Radius
	0.0407
	m


[bookmark: _Toc23716474]Table 1: Table of basic measurements and general conditions for calculations
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1. [bookmark: _Toc23718938]Calculation of Peak Gas Forces
The method of calculation for this task[footnoteRef:4] was the use of the equation shown below: [4:  The style of Excel table generated for this calculation (per Crank Angle -360 through 360 degrees) can be seen in Appendix 7.1.] 


Peak Gas Force = Newtons (N)
Peak Gas Pressure = Bar (bar)[footnoteRef:5] [5:  To output the results in Newtons (N) the Peak Gas Pressure must be first converted to Pascals (Pa) by using the conversion factor( ).] 

Bore Diameter = Meters (m)

Equation 1: Peak Gas Force Equation
	RPM
	Peak Gas Pressure (bar)
	Peak Gas Force (N)

	9700
	146.0479231
	71587.8714

	9259.34
	140.5983242
	68916.65789

	8818.68
	135.1925055
	66266.904

	8378.02
	129.923489
	63684.20603

	7937.36
	124.6544725
	61101.50806

	7496.70
	119.385456
	58518.81009

	7056.04
	114.1164396
	55936.11212

	6615.38
	108.9684615
	53412.74321

	6000
	97.497
	47789.81139

	5700
	93.435
	45798.75306

	5500
	95.038
	46584.49075

	5000
	90.154
	44190.51516

	4500
	85.926
	42118.08911

	4000
	86.499
	42398.95479

	3500
	84.129
	41237.25902

	3000
	82.53
	40453.482

	2500
	78.852
	38650.64779

	2000
	74.242
	36390.97795

	1700
	68.176
	33417.62497

	1500
	59.764
	29294.34022

	1000
	47.214
	23142.74444


This equation describes the (assumed uniform) distribution of gas pressure acting across bore area in the vertical plane (the piston crown and area of piston rings exposed to the vertical plane by the expansion tolerance fit of the piston).[footnoteRef:6]             [6:  A point of note, if gas pressure is uniformly distributed in the combustion area, it is always considered to act uniformly over the bore area of components in the vertical plane regardless of geometry e.g. Piston Crown shape (Flat, Hemispherical or “Pent-Roof” Design).] 
[bookmark: _Toc23716506]Figure 1: Peak Gas Force & Pressure against Engine Speed


[bookmark: _Toc23716475]Table 2: Peak Gas Forces Table
The areas above highlighted in green show the “Modified” in-cylinder pressure parameters and the linear increase above “Production” values. As Gas Force shares a directly proportional mathematical relationship with Pressure, the curves displayed are identical. 
The initial, steep gradient seen between 1000-2000RPM is a characteristic of the turbocharged nature of the system, during the “spool-up” of the compressor rotors the in-cylinder pressure rapidly increases to the “on-boost” RPM range whereby it begins a less aggressive trend of pressure increase.
[bookmark: _Toc23718939]Plotting Inertial Loads on the Rod as a Function of Crank Angle 
The method of calculation for this task was the use of the equations shown below:



Mass of Piston = Grams (g)
Crank Radius = Meters (m)
Angular Velocity = Radians per Second (rad/s)
Conrod Length = Meters (m)
Crank Angle = Degrees (°)
Inertial Loads = Newtons (N)

Essentially, the equations shown above merely describe the application of Isaac Newton’s Second Law of Motion, that describes that the Force on an object (Inertial Loads) is equal to the Mass of that object (Mass of Piston) multiplied by the Acceleration (remainder of the equation 1 & 2 above) that that object undergoes. A point of note here is that due to the nature of trigonometric mathematics the inertial loading seen in the rod caused by the piston cannot be described simply by a vertical relationship as shown above as Newton’s law states that “In an Inertial frame of reference, the VECTOR SUM of forces...”.  Meaning that, to accurately describe the forces translated through the rod, the angle of the rod in relation to the vertical will have to be taken into consideration to describe effects on the loading characteristics during the cycle, to accommodate this the following equation was utilised[footnoteRef:7]: [7:  This difference in results can be seen in Appendix 6.2 Figure 7.] 


Forces seen in Conrod = Newtons (N)
Combined Inertial Loading = Newtons (N)
Conrod Angle to the Vertical = Degrees (°)

This combination of 1st and 2nd order inertial loads displays some interesting phenomena when plotted against crank angle. If 1st and 2nd order are overlaid as separate data traces (as shown in Appendix 6.2 Figure 6) it can be seen that the 1st order loads are greater in magnitude, as these are produced by the direction change of the reciprocating assembly[footnoteRef:8]. The 2nd order loads are produced at twice the frequency as they are a result of the inertial forces being greater in the top “half” of crank rotation (-270° through TDC to +90°) than the lower “half” of crank rotation (+90° through BDC to -270°). This 2nd order “double frequency” aids the 1st order loads at TDC and opposes them at BDC. The two loads don’t increase directly proportional to each other with increased engine speed (as seen in Appendix 6.2 Figure 7), meaning, that at BDC the 2nd order forces spoil the sinusoidal nature of the combined inertial loads (as can be seen in Appendix 6.2 Figure 5), this effect is particularly exaggerated in the “modified” RPM range. (Heisler, 1995)        [8:  In an inline-4 such as the GDI studied here these forces are balanced by the remaining reciprocating assemblies.] 

[bookmark: _Toc23718940]Compressive and Tensile Loading 
The method of calculation for this task was the use of the equation shown below:

Force acting along the Conrod = Newtons (N)
Gas Force = Newtons (N)
Combined Inertial Loading = Newtons (N)
Conrod Angle to Vertical = Degrees (°)

The above calculation when plotted through the full 720° 4-stroke cycle shows several ranges of positive and negative values at differing points during the cycle, these areas are due to using the combined inertial loads per degree as a component of the calculation. The result of this is that when the force acting along the conrod shows as a positive value the rod is in compressive loading and when the value is negative the rod is in tensile loading[footnoteRef:9]. [9:  If a single value calculation for peak compressive load is required the equation is as above, if the peak tensile load seen at TDC exhaust is required the  component of the equation can be reversed to give the tensile loading value as a positive value. ] 

As can be seen in Appendix 6.3, Figure 9, the areas of loading show as an amalgamation of both the gas force (seen at Appendix 6.1, Figure 3) and the combined inertial loads (seen at Appendix 6.2, Figure 5). 
	Engine Speed (RPM)
	Highest Net Tensile Rod Force (N)
	Highest Net Compressive Rod Force (N)

	9700
	19894.36201
	51882.90125

	9259.340659
	18025.54865
	51054.58844

	8818.681319
	16246.58849
	50144.13229

	8378.021978
	14557.48153
	49151.53283

	7937.362637
	12958.22777
	48076.79003

	7496.703297
	11448.82722
	46919.90392

	7056.043956
	10029.27987
	45747.26201

	6615.384615
	8700.139314
	44539.75266

	6000
	6971.692753
	40314.42463

	5700
	6358.718134
	39290.89896

	5500
	5693.469192
	40539.46662

	5000
	4525.794837
	39444.37683

	4500
	3610.914155
	38394.9625

	4000
	2708.728682
	39461.90308

	3500
	1965.420005
	39093.79961

	3000
	1274.209611
	38983.5317

	2500
	761.3104345
	37739.88697

	2000
	299.1154057
	35905.30968

	1700
	36.66712621
	33216.5783

	1500
	In Compressive Loading
	29242.0191

	1000
	In Compressive Loading
	23174.12824


The peak net compressive and tensile loads can be seen at each of the RPM ranges in the table to the left, blue representing the tensile loading, orange representing the compressive[footnoteRef:10].  [10:  The “modified” region of RPMs is highlighted by the darker shade of each colour. ] 

The greatest forces seen are compressive due to the combustion event seen around TDC at firing.  
As can be seen at the “1000” & “1500” RPM ranges the rod never sees the tensile loading overcome the compressive loading due to the remaining gas force during the “peak tensile loading event” seen around TDC on the exhaust stroke where, theoretically, the gas force is at its minimum as the exhaust valve is open allowing pumping out of the cylinder and thus the least resistance in-cylinder to inertial loading.
[bookmark: _Toc23716476]Table 3: Table of peak compressive and tensile loads with respect to RPM

[bookmark: _Toc23718941]Stresses, Safety Factors and Deformation seen in the Con-rod
The method of calculation for these tasks[footnoteRef:11] was the use of the equations shown below: [11:  For the purposes of this report the following calculations have been grouped together as they are directly linked both mathematically and physically in the sense that they are all dependent upon one another.] 





Stress seen in the Conrod Shank = Newtons over unit area (N/mm2)
Force acting along Conrod = Newtons (N)
Minimum cross-sectional area of Conrod = Square Area (mm2)
Ultimate Tensile Stress of Material = Newtons over unit area (N/mm2)
Static Safety Factor = Factor of observed stress in relation to stress limit of material (unitless)
Young’s Modulus of Material = Relationship of Stress & Strain (N/mm2)
Conrod Length = Millimeters (mm)
Material Stiffness = Force over unit length (N/mm)
Deformation of the Conrod = Compression or Stretch by Length (mm)

	Engine Speed (RPM)
	Tensile Stress (N/mm)
	Tensile Safety Factor
	Tensile Deformation (mm)
	Compressive Stress (N/mm^2)
	Compressive Safety Factor
	Compression Deformation (mm)

	9700
	102.022
	7.351
	0.080
	266.066
	2.819
	0.210

	9259.341
	92.439
	8.113
	0.073
	261.818
	2.865
	0.206

	8818.681
	83.316
	9.002
	0.066
	257.149
	2.917
	0.203

	8378.022
	74.654
	10.046
	0.059
	252.059
	2.975
	0.199

	7937.363
	66.452
	11.286
	0.052
	246.548
	3.042
	0.194

	7496.703
	58.712
	12.774
	0.046
	240.615
	3.117
	0.190

	7056.044
	51.432
	14.582
	0.041
	234.601
	3.197
	0.185

	6615.385
	44.616
	16.810
	0.035
	228.409
	3.284
	0.180

	6000
	35.752
	20.978
	0.028
	206.741
	3.628
	0.163

	5700
	32.609
	23.000
	0.026
	201.492
	3.722
	0.159

	5500
	29.197
	25.687
	0.023
	207.895
	3.608
	0.164

	5000
	23.209
	32.315
	0.018
	202.279
	3.708
	0.159

	4500
	18.518
	40.502
	0.015
	196.897
	3.809
	0.155

	4000
	13.891
	53.992
	0.011
	202.369
	3.706
	0.160

	3500
	10.079
	74.412
	0.008
	200.481
	3.741
	0.158

	3000
	6.534
	114.777
	0.005
	199.916
	3.752
	0.158

	2500
	3.904
	192.103
	0.003
	193.538
	3.875
	0.153

	2000
	1.534
	488.942
	0.001
	184.130
	4.073
	0.145

	1700
	0.188
	3988.586
	0.000
	170.341
	4.403
	0.134

	1500
	In Compressive Loading
	In Compressive Loading
	In Compressive Loading
	149.959
	5.001
	0.118

	1000
	In Compressive Loading
	In Compressive Loading
	In Compressive Loading
	118.842
	6.311
	0.094


[bookmark: _Toc23716477]Table 4: Table of Stresses, Safety Factors and Deformations both Tensile and Compressive
Graphs pertaining to this body of calculations can be found in Appendix 6.4.
[bookmark: _Toc23718942]The use of Titanium in comparison to Steel 
This comparison demonstrates the use of Titanium alloys to provide greater force absorption at higher cylinder pressures allowing an increase in safety factor over a Steel counterpart of the same design.   
	
	Steel
	Titanium
	Steel
	Titanium

	RPM
	Compressive Safety Factor
	Compression Deformation (mm)
	Compressive Safety Factor
	Compression Deformation (mm)
	Tensile Safety Factor
	Tensile Deformation (mm)
	Tensile Safety Factor
	Tensile Deformation (mm)

	9700
	2.819
	0.210
	3.571
	0.313
	7.351
	0.080
	9.312
	0.120

	9259.341
	2.865
	0.206
	3.628
	0.308
	8.113
	0.073
	10.277
	0.109

	8818.681
	2.917
	0.203
	3.694
	0.302
	9.002
	0.066
	11.402
	0.098

	8378.022
	2.975
	0.199
	3.769
	0.296
	10.046
	0.059
	12.725
	0.088

	7937.363
	3.042
	0.194
	3.853
	0.290
	11.286
	0.052
	14.296
	0.078

	7496.703
	3.117
	0.190
	3.948
	0.283
	12.774
	0.046
	16.181
	0.069

	7056.044
	3.197
	0.185
	4.049
	0.276
	14.582
	0.041
	18.471
	0.060

	6615.385
	3.284
	0.180
	4.159
	0.268
	16.810
	0.035
	21.293
	0.052

	6000
	3.628
	0.163
	4.595
	0.243
	20.978
	0.028
	26.572
	0.042

	5700
	3.722
	0.159
	4.715
	0.237
	23.000
	0.026
	29.133
	0.038

	5500
	3.608
	0.164
	4.570
	0.244
	25.687
	0.023
	32.537
	0.034

	5000
	3.708
	0.159
	4.696
	0.238
	32.315
	0.018
	40.932
	0.027

	4500
	3.809
	0.155
	4.825
	0.231
	40.502
	0.015
	51.303
	0.022

	4000
	3.706
	0.160
	4.694
	0.238
	53.992
	0.011
	68.390
	0.016

	3500
	3.741
	0.158
	4.739
	0.236
	74.412
	0.008
	94.255
	0.012

	3000
	3.752
	0.158
	4.752
	0.235
	114.777
	0.005
	145.384
	0.008

	2500
	3.875
	0.153
	4.909
	0.227
	192.103
	0.003
	243.330
	0.005

	2000
	4.073
	0.145
	5.159
	0.216
	488.942
	0.001
	619.326
	0.002

	1700
	4.403
	0.134
	5.577
	0.200
	3988.586
	0.000
	5052.209
	0.000

	1500
	5.001
	0.118
	6.335
	0.176
	In Compressive Loading
	In Compressive Loading
	In Compressive Loading
	In Compressive Loading

	1000
	6.311
	0.094
	7.994
	0.140
	In Compressive Loading
	In Compressive Loading
	In Compressive Loading
	In Compressive Loading


[bookmark: _Toc23716478]Table 5: Table of comparison between Steel and Titanium in the "production" and "modified engine rev ranges
As can be seen in Table 4 above, the Titanium alternative deforms[footnoteRef:12] further than the Steel alternative, this greater elastic deformation value at the same compressive stress means that the safety factor seen at the extreme limit of the “modified” rev range (9700RPM) for Titanium is similar to that seen by the Steel configuration at the limit of the “production” engine rev range (6000RPM). This demonstrates that if an engine is modified to increase engine speed limit (or additional intake “boost” is introduced) a material change in the Conrod can accommodate greater loading caused by the additional pressure.  [12:  Both materials deform within their Young’s Modulus (tensile elasticity) region of their Stress-Strain curve.   ] 

A caveat to this point is that the Conrod bolts must also be considered in this “modification-material accommodation” scenario, if the safety factor of the rod is reduced with additional pressure then the same is true of the bolts, a similar analysis and material/design change must be undertaken to ensure that the bolts don’t become the “weak link” in the reciprocating assembly.   
Additionally, the increased “stretch” of the Conrod seen at TDC exhaust must be considered for piston-cylinder head clearance in an engine when utilising Titanium rods as Titanium’s stiffness is a lower. 

[bookmark: _Toc23718943]Appendices
[bookmark: _Toc23718944]Peak Gas Force Excel Shots
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[bookmark: _Toc23716507]Figure 2: Example of Excel calculation table for Gas Forces against Crank Angle
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[bookmark: _Toc23716508]Figure 3: Gas Force plotted against Crank Angle

[bookmark: _Toc23718945]Inertial Loading Excel Shots
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[bookmark: _Toc23716509]Figure 4: Example of Excel calculation table for Inertial Loading
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[bookmark: _Toc23716510]Figure 5: Combined Inertial Loads as a function of Crank Angle at varying RPM
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[bookmark: _Toc23716511]Figure 6: Demonstration of 1st and 2nd order Inertial Load Frequencies and Magnitudes
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[bookmark: _Toc23716512]Figure 7: Divergence in 1st and 2nd Order Inertial Loads with increased RPM
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[bookmark: _Toc23716513]Figure 8: Comparison of Inertial Loads accounting for and disregarding Rod Angle at 6000RPM
[bookmark: _Toc23718946]Compressive and Tensile Loading Excel Shots
[image: ]
[bookmark: _Toc23716514]Figure 9: Example of Excel calculation for net vertical force per crank angle degree
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[bookmark: _Toc23716515]Figure 10: Example of Excel calculation for net vertical force translated through rod angle to provide force seen in Conrod
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[bookmark: _Toc23716516]Figure 11: Force acting along the Conrod at varying RPMs with respect to Crank Angle

[bookmark: _Toc23718947]Compressive/Tensile Stress, Deformation and Safety Factor Excel Shots
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[bookmark: _Toc23716517]Figure 12: Example of Excel calculation of Stress per Crank Angle degree
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[bookmark: _Toc23716518]Figure 13: Example of Excel calculation of Safety Factors with respect to RPM at Crank Angle
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[bookmark: _Toc23716519]Figure 14: Stress and Deformation plotted against increase in Engine Speed
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Figure 15:Deformation against Stress (9700RPM)
[bookmark: _Toc23718948]Comparison between Steel and Titanium Excel Shots
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[bookmark: _Toc23716520]Figure 16: Example of Excel calculation of Deformation in the Titanium alternative design Conrod
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[bookmark: _Toc23716521]Figure 17: Deformation and Safety Factor plotted against Engine Speed for Steel vs Titanium

[bookmark: _Toc23718949]Extra Work: Friction, Torque and Work Done 
(Bolton, 1990) 
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[bookmark: _Toc23716522]Figure 18: Frictional Force exhibited by the Piston and Top Piston ring at varying RPM ranges
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[bookmark: _Toc23716523]Figure 19: Instantaneous Torque shown through varying engine speeds over the four-stroke cycle
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[bookmark: _Toc23716524]Figure 20: Inertial Torque plotted against Crank angle at varying engine speeds
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[bookmark: _Toc23716525]Figure 21: Gas Torque shown throughout the four-stroke cycle at a range of engine speeds
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[bookmark: _Toc23716526]Figure 22: Work Done by Gas force throughout the four-stroke cycle
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[bookmark: _Toc23716527]Figure 23: Work Done by Frictional Force throughout the four-stroke cycle
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[bookmark: _Toc23716528]Figure 24: Work done during the four-stroke cycle after Frictional Losses
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