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Part 1
Euler’s Method

What is Euler's Method?
The Euler’s Method was created by the Swiss mathematician Leonhard Euler in the 18th century [1]. Euler’s Method is a first order numerical procedure that is used for solving ordinary differential equations also referred to as ODE [2]. This means that by using linear approximations based on the derivative of the function it will approximate the solution curve [3].
The Euler's Method is used to approximate the curve of the solution which is by the tangent in each of the intervals [2]. This means that while using this method you will be able to calculate the h which will be what is going up in the graph as in the time steps. The h will show each time step meaning when and how often to calculate/update the information.
Advantages
There are many advantages to Euler’s Method which make it so it is still used even to this day. One of the biggest advantages is the simplicity [3] of Euler’s Method. It is simple compared to others because it is often used as a starting point for solving ODE. Because of the simplicity of Euler’s Method this also means that the mathematics required for it are also to a simpler level, further solidifying it as a simpler method than others [4].
Disadvantages
When using this method, it is important to remember that it will not be accurate all the time, there are a lot of instances where it will start to become inaccurate. One of the disadvantages of using the Euler’s Method is that it can lead to some inaccuracies the longer it needs to calculate. The bigger the steps you take the less accurate this method becomes [5]. It should not be used if you want very specific accuracy as there are other methods which will provide much better accuracy. The bigger each interval is when using this method, the less accurate it will be [6]. 
Verlet Method

What is Verlet Method?
The Verlet Method was created by the French physicist Loup Verlet in the 1960s and later popularized in 1967 [7]. This method is used to simulate how particles move in a molecular system in simulations as well as in video games [7]. It can be used to show how energy is saved to further help with simulations that require energy so it can show what will happen if it doesn’t immediately stop and has the passage of time as well as velocity to show how movement works [8].
Advantages
The advantages of Verlet are how energy can be saved and show movement. This is something that compared to Euler’s Method it can do and is one of the biggest reasons why it is more advantageous to use over Euler’s Method [8]. Another great advantage is that Verlet does not lose nearly as much accuracy over time as Euler’s Method does, meaning that it can be used for more intervals and be considerably more accurate [9], this is called Second-Order Accuracy.

Disadvantages
There are still many disadvantages to suing Verlet and that even extends to accuracy, while Verlet is more accurate than Euler’s Method, it is still worth noting that if you wanted even more accuracy [9] there are better options for that. Because it is more accurate this also means that the expressions are more complex [10] and make it so you must calculate more, however the additional cost is not major therefore should be around the same as Euler’s Method.
Other Common numerical integration methods used in gaming.

Runge-Kutta Methods
The Runge-Kutta Methods are used a lot in gaming for varies different things. The main one used is the Fourth Order Runge-Kutta and is used mainly for physics-based stuff [4]. This can range from anything that requires physics including the characters, clothing, anything. Because of how stable it is this means that it can be used for complex physical interactions [11].
Leapfrog Integration
Leapfrog Integration is a form of Verlet Method. Leapfrog integration is used for a particle system. It does this by creating an electromagnetic field while having the particles have their own density [12]. These particles can be anything from sparks to rain to dust, anything that would be required to be a particle effect.
Heun’s Method
Heun’s Method is an extended version of Runge-Kutta Method. Heun’s Method is a second-order method [13]. When using this method, it calculates an estimation at the start of the time step then it uses the estimation it just created to calculate a value that is then used to calculate the end of the time step. After doing this it repeats this process for an even greater estimation.
Discussion
After seeing these other common numerical integration methods used in gaming, some are more useful than others. Runge-Kutta is a very helpful method and can clearly be used for an enhanced view into Euler’s Method as it can provide more benefits, however that does come at the extra cost [11].
With Leapfrog Integration this method is actually very good as it does provide any sort of particle you need, such as an explosion or rain. Knowing this it means you can create any particle effect you want [14].
With Heun’s Method this is a great alternative to Runge-Kutta Method. This method can create more accurate results than Euler’s Method, but without the cost of Runge-Kutta. It is worth noting that it is not as accurate as Runge-Kutta but is a great alternative	to use that will get you some nice results with accuracy [13].
Part 2
Euler and Verlet Comparison
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Euler’s Method
Using Euler’s Method to help with the coding. As seen in the results it seems that the coding worked correctly, and I was able to have the time, position, velocity and acceleration all be accurate and working. As it shows the velocity starts slow and the acceleration high and the further along it goes the acceleration starts to slow while the velocity gets much higher. Eventually it comes to a point where the velocity starts to slow down due to the acceleration also slowing down. This means that the car in the simulation is starting to slow down and come to an eventual stop as seen when the velocity hits the negative. While this is happening, the position is constantly getting updated and moving forward as the car is. The time is also ticking up to show how long it will take for the eventual slow down and stop of the car.
Verlet Method
In comparison to the Euler’s Method, when looking at the graphs it is visible to us that the Verlet Method goes on for a longer period. This is because of the velocity that keeps going in the Verlet Method past 5 time, whilst in the Euler graph, the velocity stops at 2 time. It was much more difficult to get the Verlet Method to work as it requires more set up for it to correctly work, using previous and new positions is different to the way Euler works. The velocity does go much further with this method, showing that it is more accurate than Euler’s because that one stops much quicker.
Results
Looking at the results its clear that Verlet Method is clearer and can continue, with higher accuracy, further than the Euler’s Method, however the set up for Euler’s Method is considerably easier as it requires fewer overall steps to set up correctly. With Euler’s Method the goal is to be as accurate as possible, but because it losses accuracy the more time steps, Euler’s Method can be used to see estimations as overall it won’t be insanely inaccurate.
After adjusting some of the constants in the coding, they did have some effects on varies different parts of the coding. With changing the time steps from 0.01 to 0.02 this just made it, so the program went on for less time essentially making the time steps twice the speed, therefore halving the amount of time it takes for the car to slow down. Changing the velocity from 0.00 to 1.0 showed that the acceleration had to work harder to slow down as the car is going faster.[image: ][image: ]
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