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SuMMARY

A method of estimating the parameters of an autoregressive time-series has been suggested and applied
to three series. The method is based on the independence properties of the disturbance function and
superposed variation which generate the series, and utilizes a number of serial correlations (or lagged
product-sums) of the series for estimation.

The results for the first two series (which are of known construction) are found to be satisfactory. As
regards the third (sunspot numbers), it is doubtful whether this series is properly represented by an auto-
regressive scheme of the type assumed.
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A test for the serial independence of residuals
By P. A. P. MORAN
Institute of Statistics, Ozford University

In economic problems we often wish to test the significance of a regression coefficient of one variate on
another. If (z;,y,) (¢ = 1,...,n) is a sample of n pairs of values we may test the significance of the regres-
sion of yonz if we have reason to believe that the values of y are serially independent. But the y’s are often
values of a time series which is serially correlated. To test whether this is so we may test the serial cor-
relation coefficient (for references to the relevant theory see Moran (1948)) or, what is practically equi-
valent, use von Neumann'’s ratio. However, the serial dependence in the y’s may be due solely to their
regression on the z’s if the latter are themselves serially correlated. The purpose of the present note is to
set up a test for the serial independence of the residuals from the regression line. If the series are suffi-
ciently long for the test to be reasonably sensitive, and if no serial dependence is indicated we may, with
some assurance, use the residuals to provide an estimate of the standard error of the regression coefficient.
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Miscellanea 179

The criterion used in the test is the first-order cyclic serial correlation coefficient of the observed
residuals, and we determine its first and second sampling moments under the assumption that the true
residuals are independently distributed in the same normal distribution.

Suppose that the true regression of the variate y on z is given by

Y =a+pX,
n
and suppose that in the sample nZ = Xz, = 0. By choosing the origin of measurements for y we can

arrange that a = 0. The true sample residuals, which we assume for simplicity to have unit variance,

are then
N = yt_ﬂzb
and the observed residuals are € =Yy —d—‘l\)x‘,
1n
where 4=y =-3y,
ng
n
R T2y,
b=1__
n
P
1
Also ¥ = fZ+7 = 7 because T = 0. Then »
=T ?11"11
€ =TMy— 7_2:; n
X

We now consider the moments of the cyclic serial correlation coefficient

n
Ze€n
R=1——, (M

Ze

1
n
where €,,,, is defined to be equal to €,. Now it is known that X €} is distributed as x? with n — 2 degrees of
1

freedom. R, is the ratio of a quadratic form in the €’s to another quadratic form which is distributed as x*.
n
It follows that (compare Koopmans, 1942) R, and X € are distributed independently of each other and so
1
n ?
E { Ze €(+1’

1

E(RY) = (2)

n ?
={E4)
1
for any integer p. From this we can obtain the moments of R,. For the denominator we have

E()’ie&} =n-2, (3)
1

n 3

E{Ze?} =n(n—2). (4)
1

Tz,

Sz’

where (and subsequently) the symbol T indicates a sum taken from 1 to n unless otherwise indicated.
We then have

Write B =

Zei€igy = TNy =N — 2 BY {741 — T — 24, B}
=Z(M =) My41—T7) — BEz(9441, —7)
—BXz,,,(9,—7) + B'Zz,zy,.
Taking expectations find that Xz
8 oo TR BEaen = -1-58,
f

13-2
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180 Miscellanea

since it may be easily verified that

Emi=7) (M4a =7 == (6

E(BY) = ()71, (6)

E{B(7,—7)} = E(By,) = z(Zx})7", (7
and therefore E(Z€;6i41) = =1 =710

where 7y, is the first-order cyclic serial correlation coefficient of the observed z’s, namely,

_ PRI
Ty = =2
We thus have E(R)) = __l:_r,;,.. (8)

We now find the variance of R,. The awkwardness of the following calculations arises from the fact that
unlike the situation in the corresponding argument used in a previous paper (Moran, 1948) the ¢, are not
all on the same footing but have variances and covariances which depend on their suffixes. It is con-
venient to write

2¢=1¢~7.
Then the 2’s and B are distributed normally and we have
var(z) =221, )
n
|
cov (2;zy) = —n if <%y, (10)
cov (Bz;) = z(Z2?)-1. (11)

Using (6), (9), (10) and (11), and remembering that B and the z, are normally distributed about zero
we have, from the consideration of the characteristic function of their joint distribution

B(BY = s
E(B%,) = (_2%‘)’ :
BB = :—;—;ﬁ(%?),
e
E(BA) = ?i’;—;—;’—’”‘
E(Bzlz,) = (";zi)g”-:;;?, i i%j,
E(Bz2s2) = i T J» k are unequal.

nXzl
We must now evaluate

E(Zei6,,)'=EZ Zj‘.(z‘ — Bz,) (244, — Bz,,) (2,— Bz;) (24, — Bz,,,)
1

=EX ? (2201252000 + B0 24 %500 + B202,%041 %544
1

+ B%2041 2041225 + 2B%2424, 2,24 — 2B2(2i41 2544y
3.

—2B2,2,,125,1%,— 2B, 2., 74,y

—2B%2 X Zi 1 Ty + 2B%22441 T 41 %4}

=A;+ A+ A, + A+ A+ Ag+ A, + A+ 4y + 4,,, say.
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Marscellanea 181

We evaluate each of these terms separately.
n 2.2 n
(4,) 4, = zl:z( Zia+2 zl:z(z?n Zpa+ X' 20200122500,

where the last sum is over all values of 7 and j such that the suffixes are unequal. Now

ni4+ 1
E(zi2},,) = TR
n—3
E(2,2] 1 2i40) = — pral

E(2,2,,125244,) = byl

There are n(n — 3) terms of the type z,2,,,2,2,,,, and adding the various terms together we get

-1 2
E(Al) = (n )n'(n+ ')o

In a similar manner we can prove by straightforward algebra the following results:
E(4,) = 3ria»
E(4,) = 14 2n,),
E(A,) = 1+ 27,
E(4;) = —2ryn + 478
E(Aq) = —24 271y — 2190
where 7y, is the second-order serial correlation coefficient of the z’s, namely,
n
% TeTite

n
Za
1

’

E(A;) = =24 21y — 2y,
E(A,) = —6riay

E(4,) = —6ri,

E(Ay0) = 2ryn+ 478

Adding the above we obtain finally
_(n—=2)(n+1)

E(numerator)? = — + 2710+ 7% — 27
1 ((n—2)(n+1)
We therefore have E(R}) = a2 { " + 27y + 370 — 27
n+1
= tam-) {2ry2 + 3780 — 2} (12)
and var(R,) = E(R}) —{E(R,)}}, (13)

and is more easily calculated using this formula since E(R,) will have to be found in any case. By lengthy
but elementary methods, the distribution of R, can be shown to tend to normality.

The same method could be applied to the non-circular serial correlation coefficient, but it appears that
this would result in rather more complicated formulae.
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