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[bookmark: _Toc170418741]Introduction to the problem under consideration
This reports overall aim is to look into a numerical simulation model designed to analyse heat transfer and thermal equilibrium within a two-dimensional plane. Thermal equilibrium, a key focus, is replicated using a variety of different methods within the academic spec and industry. 

This report delves into the method's merits and constraints, underscoring the crucial need for precision, stability, and adaptability in portraying heat transfer dynamics. Validating the 2D model against an analytical solution for thermal equilibrium is a primary goal, aimed at pinpointing areas for enhancement and future progress. Through the investigation of advanced numerical techniques and alternative modelling approaches, this study seeks to elevate the versatility and accuracy of the simulation model for future uses. 

[bookmark: _Toc170418742]1.1. Report Roadmap:
The following report is organised into several key sections, each contributing to the understanding of the heat diffusion model:

1. Introduction - Introduces the governing heat equation; Establishes the foundation of the model.
2. Governing Equation - Defines the heat equation mathematically in the context of 2D geometry; Explains the significance of the equation in describing heat distribution over time.
3. Numerical Method - Explores the numerical method for discretising the heat equation; Details the derivation process; Considers the stability of the numerical method.
4. Initial and Boundary Conditions - Presents the initial and boundary conditions necessary for numerical solution; Provides the analytical solution for validation purposes.
5. Codes details and Explanation - Detailed explanation of the code produced for this problem at each critical phase.
6. Validation of the code produced – comparison of results obtained from the analytical solution to those obtained from the resulting temperature map at thermal equilibrium; appropriate conclusions made. 
7. Sensitivity analysis of the code – gaining an understanding of the effect different parameters impact the overall behaviour of the code. 
8. Discussion of the man models limitations – limitations of utilising the Numerical method and Coding.
9. Suggested Improvements and Future developments – how stability issues could be overcome by the utilisation of different tools and techniques in order to increase the accuracy. 
10. Conclusion – providing a brief overview of the reports findings and results. 

By structuring the report in this manner, each section builds upon the previous one, leading to a comprehensive understanding of the heat diffusion model and its applications.















[bookmark: _Toc170418743]The constitutive equation of the problem  
A constitutive equation is a relation that defines the response of a material to external influences. It characterises how a material responds to forces, deformations, and other physical phenomena, essentially linking cause (such as stress or temperature gradient) to effect (such as strain or heat flux).

In heat transfer, The constitutive equation relates heat flux to the temperature gradient. Fourier's Law of Heat Conduction is a typical example, which states that the heat flux is proportional to the negative gradient of the temperature (Incropera et al., 2007) .

[bookmark: _Toc170418744]2.1. Heat Equation 
The heat equation stands as a fundamental tool for comprehending heat distribution and changes within materials over time. Its derivation from key thermodynamic principles and its diverse range of engineering applications underscore its significance as a foundational concept in heat transfer studies (Çengel & Ghajar, 2015) . 

The heat transfer equation is a fundamental tool for understanding and calculating the temporal rate of temperature change in various physical systems. Temporal refers to how temperature evolves over time, a critical aspect of the heat transfer equation. This equation is derived from the second law of thermodynamics and finds applications in many fields, including engineering, environmental science, and material science (Incropera et al., 2007; Çengel & Ghajar, 2015).

The heat equation is employed to determine heat distribution in a specific region as a function of both space and time. Its significance lies in providing insights into the temperature profile behaviours of materials, enabling the analysis of systems where heat propagation is crucial (Toppr, 2024) .

[bookmark: _Toc170418745]2.2. The Heat Transfer Equation for a 2D Geometry
The heat transfer equation for a two-dimensional geometry without a heat source is given by:



Equation 1 – Heat Transfer Equation for 2D Geometry (Croft & Lilley, 1977)









[bookmark: _Toc170418746]2.2.1. Interpreting the Evolution of Temperature
The heat transfer equation describes how temperature changes over time, indicating that the rate of temperature change is proportional to the Laplacian of the temperature distribution. The Laplacian operator accounts for the variation of temperature in both the  and axes in space, providing information on how scalar quantities such as temperature change across different spatial directions. This concept is fundamental in various fields, including physics and mathematics (LibreTexts Mathematics, 2024; Strauss, 2008).

2.2.2. To break down Equation 1 further:
The Temporal rate of change in the system is represented as: 


Equation 1.1

The Spatial second derivatives in the system is represented as:

  and  
Equation 1.2
These spatial second derivatives refer to the second-order partial derivatives of the temperature function with respect to the spatial coordinates (TECS, 2020).


[bookmark: _Toc170418747]2.2.3. Solving The Equation 

Solving the heat equation involves determining the temperature that satisfies the equation under specified boundary conditions. Simple geometries and conditions often permit the use of analytical solutions, but when faced with more intricate scenarios, numerical methods such as finite difference or finite element techniques become necessary (Kreyszig, 2011) . In the realm of the heat equation, both of these numerical methods serve as invaluable tools, each suited for different types of problems. The Finite Difference Method (FDM) is particularly well-suited for simpler geometries with cardinal coordinates (Smith, 1985). On the other hand, the Finite Element Method (FEM) shines in handling complex geometries and boundary conditions that might pose challenges for Finite Difference Method's effectiveness (Reddy, 2006).























[bookmark: _Toc170418748]Explicit finite difference form of the constitutive equation
Discretisation is a numerical method that allows the solving of partial differential equations (PDEs) by converting continuous problems into discrete ones (Smith, 1985). Throughout this section of the report, and in depth explanation of the discretisation procedure, with the incorporation of the Taylor series expansions and explicit finite difference approximations, with a particular application to solving the heat transfer equation will be covered (Morton & Mayers, 2005) .

[bookmark: _Toc170418749]3.1. Taylor Series Expansions
The first step of this process is to apply the Taylor series expansions to generate the multiple approximations for the first and second derivatives. Before delving into the mathematical explanation, it is important to understand the what the Taylor series is. The Taylor series is a mathematical equation that expresses a function as an infinite sum of terms (Corliss, 1982). Named after Brook Taylor, is a method for approximating functions by polynomials. Its development can be traced back to the early advancements in calculus and mathematical analysis in the 17th century. Formally introduced the general form of the series in his 1715 work Methodus Incrementorum Directa et Inversa (O’Connor & Robertson, 2000).Through the utilisation of the Taylor series, different approximations can be derived effectively, serving as a foundation for discretising the differential equations required. 

The Taylor series of a  function  around point  can be represented as an infinite sum of functions as follows:[image: ]
Equation 2.0
The Taylor series that connects the value of a function at a point x0 to the value of the function at a nearby point (x0 + h) is:
[image: ]
Equation 2.1
This can be rearranged as:
[image: ]
Equation 2.2
[bookmark: _Toc157156367][bookmark: _Toc170418750]3.2. Forward Difference Approximation
In addition to equation (2.2), this can be used to derive the forward difference approximation , which is:
[image: ]
Equation 3.0
As previously highlighted, this is only an approximation; however, the accuracy of the equation improves as the value for  decreases. The impact of the  value on the accuracy of equation (3.1) can be understood by letting  represent the error incurred using this forward difference approximation:
[image: ]
Equation 3.1

[image: ]
Equation 3.2
This approximation is of order , indicating that as  decreases, the error of the forward difference approximation also decreases linearly. To achieve a more accurate approximation, we can examine how the function changes as we further reduce.
[bookmark: _Toc157156368][bookmark: _Toc170418751]3.3. Backward Difference Approximation
Utilising the Taylor Series, we can show:
[image: ]
Equation 4.0
Transposition of yields:
[image: ]
Equation 4.1
Then using equation (4.1) the backward difference approximation can be given as:
[image: ]
Equation 4.2
Again, this is an approximation. The accuracy of the approximation improves as decreases. To quantify how the error depends on, the resulting equation needs to be analysed. 
[image: ]
Equation 4.3
[image: ]
Equation 4.4

[bookmark: _Toc157156369][bookmark: _Toc170418752]3.4. Central Difference Approximation
This approximation is of order . As  decreases, the error also decreases in a linearly. However, this does not improve upon the forward difference approximation. To enhance the accuracy of the equation, we can combine the forward and backward difference approximations, this can be expressed mathematically as:
[image: ]
Equation 5.0
Finalised as:
[image: ]
Equation 5.1
From equation (5.1) the central difference approximation can be generated:
[image: ]
Equation 5.2
[bookmark: _Toc157156370]This equation is accurate to order , meaning that for small values of , it will generally be more precise than the forward and backward difference approximations. 

[bookmark: _Toc170418753]3.4.1 Second Order Derivatives
Both approximations can be combined to get higher-order derivatives:
[image: ]
Equation 6.0
+
[image: ]
Equation 6.1
[image: ]
Equation 6.2
This can be expressed as:
[image: ]
Equation 6.3
No, the central difference approximation for the second derivative can be constructed as follows::
[image: ]
Equation 6.4
The error is of order  and is shown by the equation:
[image: ]
Equation 6.5

[image: ]
Equation 6.6



To summarise this section of the paper:
Forward Difference Approximation (2.0)
[image: A black background with a black square

Description automatically generated with medium confidence]

Backward Difference Approximation (4.0) 
[image: A black background with a black square

Description automatically generated with medium confidence]

Central Difference Approximation (5.0)
[image: A black background with a black square

Description automatically generated with medium confidence]

Central Difference Approximation to the 2nd Derivative (6.0)
[image: A black background with a black square
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[bookmark: _Toc170418754]3.5. Discretisation of the Heat Equation
[image: A diagram of a grid

Description automatically generated][bookmark: _Toc170418825]Figure 1 - Grid's node under consideration


Considering point P as the current temperature Tp​, we look at the heat transfer in both the x and y directions. Using cardinal notation, the neighbouring temperatures are labelled as follows: as illustrated in Figure 1.

The finite difference method involves approximating the derivatives in the heat equation using numerical techniques. Here, we discretise time and space using the forward and central difference approximations, respectively, to transform the continuous partial differential equation into a discrete form that can be solved iteratively.


[bookmark: _Toc170418755]3.6. Discretised Form Of The Heat Equation


Equation 1
[bookmark: _Toc170418756]Discretise the time 
Using the Forward Difference Approximation for the first derivative:

[image: A black background with a black square

Description automatically generated with medium confidence]

Equation 7 – Discretise the time 

This approximation replaces the continuous time derivative with a discrete difference between the current and next time steps.

[bookmark: _Toc170418757]3.6.1. Discretise the space 

Using the Central Difference Approximation for the Second Derivative:

[image: A black background with a black square

Description automatically generated with medium confidence]

Heat Transfer in the X axis (as shown the in schematic above):


Equation 8 – Discretise Space – X Axis

Heat Transfer in the Y axis (as shown the in schematic above):



Equation 9 – Discretise Space – Y Axis

Here, ​ represent the temperatures at the neighbouring grid points East, West, North, and South of point  at time , respectively.

[bookmark: _Toc170418758]3.6.2. Explicit finite difference form of the heat equation

The heat equation in two dimensions, in its explicit finite difference form, combines these approximations:


Equation 1

Substituting the discrete approximations:


Equation 10.0

Rearranging to Solve :


Equation 10.1


Equation 10.2


Introduction of the Fourier Number and rearranging for clarity:


Equation 11 – Fourier Number



Equation 10.3

[bookmark: _Toc170418759]3.6.3. Stability issues 
A crucial aspect of the explicit finite difference method is ensuring numerical stability. The Courant-Friedrichs-Lewy (CFL) condition for the heat equation is given by:



Equation 11.1 – Stability issue

This criterion ensures that the time step and grid spacing  are chosen appropriately to prevent numerical instability (Smith, 1985).














[bookmark: _Toc170418760]The initial and boundary conditions implemented 

To accurately model the heat transfer process, initial and boundary conditions must be defined for the system. This section details these conditions for a 6m x 6m aluminium plate.
[bookmark: _Toc170418761]4.1. Initial Domain Condition

This condition outlines the initial temperature distribution at time point t=o is 0 within the domain of the 6m by 6m plate. 

[bookmark: _Toc170418762]Condition:

[image: ]
[image: A diagram of a rectangular object with arrows

Description automatically generated]Equation 1 - Initial Domain Condition
[bookmark: _Toc170418826]Figure 2 - Boundary Condition



[bookmark: _Toc170418763]4.2. Constant Boundary Condition 

Both of the conditions detailed below depict the constant temperature boundaries for both sides and the bottom of the aluminium plate. These boundaries specifically being kept at zero during the model. 

[bookmark: _Toc170418764]Condition 1: 
[image: ]

Equation 2 - Condition 1


[bookmark: _Toc170418765]Condition 2:

[image: ]Equation 3 - Condition 2




[bookmark: _Toc170418766]4.3. North Boundary Condition 
The below boundaries conditions are applied to the only to the North Boundary of the plate. With the temperature distribution being  which changes linearly within the specified ranges. Applying  to values between 0 meters and 4 meters, along with  to values from 4 meters to 6 meters. 

[image: ]Equation 4 - North Boundary Condition Equation




Whereby is given as:
[image: A number and letters on a white background

Description automatically generated]Equation 5 – f (x) Equation






[image: A graph with a red line

Description automatically generated][bookmark: _Toc170418827]Figure 3 - North Boundary Condition

















[bookmark: _Toc170418767]4.4.Justification of the Initial and Boundary Condition requirements 

The use of these specific initial and boundary condition outlined above is due to the fact that, these are specifically outlined to work with the analytical solution (as supplied with the brief).  These are essential to develop and accurate model of the heat transfer process within the aluminium plate. By utilising these requirements, continuity is maintained, ensuring the code simulation is a reflection of the physical reality of the system under analysis. 

[bookmark: _Toc170418768]4.5. Analytical Solution 

Equation 6 - Analytical Solution (Daileda R.C.,2012)

[image: A mathematical equation with numbers and symbols

Description automatically generated]


Equation 4 is the mathematical solution for the heat equation. The solution provided in the brief is a representation of the temperature distribution at thermal equilibrium for the aluminium plate, subjected to the conditions outlined above. Involving an infinite series, this equation is based around mathematical analysis used in solving partial differential equations (Kreyszig, 2011). The analytical solution is integrated into the model code to serve as a benchmark for the explicit finite difference method. As previously touched upon, by comparing the numerical results with the analytical solution, we can identify any discrepancies or limitations in the code or model. Using the boundary conditions defined in the brief as this can significantly impact the stability and convergence of a numerical method. By using defined boundary conditions, you can better assess the performance of the numerical method under known conditions. 



































[bookmark: _Toc170418769]Codes details and explanations
Throughout this section of the report the code will be broken down into its relevant sections and explained. 

[bookmark: _Toc170418770]5.1. Initialisation and Materials Thermal Properties

[image: A white background with black text
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This section clears any existing variables (clear), closes all figures (close all), and clears the command window (clc). It then defines the material properties of the aluminum plate, including thermal conductivity (k), density (p), and specific heat capacity (c). The thermal diffusivity (a) is calculated from these properties.

[bookmark: _Toc170418771]5.2. Plate Dimensions and Grid Spacing 
[image: A screenshot of a computer code

Description automatically generated][bookmark: _Toc170418828]Figure 4 - Plate Dimensions and Grid Spacing














This section sets the dimensions of the plate along the X and Y axes. It prompts the user to enter a valid grid spacing (h) which must be a factor of 6 (i.e., it must evenly divide both x and y). The grid spacing ensures that the computational grid is appropriately discretized.

[bookmark: _Toc170418772]Time Step Input and Validation
[image: A white screen with purple text

Description automatically generated][bookmark: _Toc170418829]Figure 5 - Time Step Input and validation

This section prompts the user to input the time step (dt) for the simulation. It ensures that the chosen time step is positive and small enough to maintain the stability of the numerical solution. The stability condition is checked using the criterion dt < h^2 / (4 * a), derived from the Courant-Friedrichs-Lewy (CFL) condition.

[bookmark: _Toc170418773]5.3. Initial Temperature Distribution
[image: A white background with black text

Description automatically generated][bookmark: _Toc170418830]Figure 6 - Initial Temperature Distribution











This section initializes the temperature distribution matrix (T1) based on given boundary conditions. The temperature distribution along the top boundary of the plate is set to linearly vary based on specified conditions, which involve heating for the first portion and cooling for the remaining portion.






[bookmark: _Toc170418774]5.4. Numerical Solution Using The Finite Difference Method

[image: A screenshot of a computer

Description automatically generated]
[bookmark: _Toc170418831]Figure 7 - Numerical Solution Using Finite Difference Method

This section iteratively calculates the temperature distribution using the finite difference method. The method updates the temperature matrix (T2) based on the values from the previous iteration (T1) until thermal equilibrium is reached. Thermal equilibrium is determined when the maximum change in temperature between successive iterations is less than a specified threshold.

[bookmark: _Toc170418775]5.5. Display Time To Reach Thermal Equilibrium
[image: A screenshot of a computer

Description automatically generated][bookmark: _Toc170418832]Figure 8 - Display time to reach Thermal Equilibrium


This section calculates the total simulation time taken to reach thermal equilibrium and displays it in appropriate units (seconds, minutes, hours, or days).



[bookmark: _Toc170418776]5.6. Analytical Solution Calculation

[image: A screenshot of a computer program

Description automatically generated][bookmark: _Toc170418833]Figure 9 - Analytical Solution Calculation

This section calculates the analytical solution of the temperature distribution for the plate using a series solution with a specified number of terms (num_terms). The resulting matrix (T3) is then rotated to match the orientation of the numerical solution.


[bookmark: _Toc170418777]5.7. Validation and Comparison
[image: A screenshot of a computer
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[bookmark: _Toc170418834]Figure 10 - Validation and Comparison

This section calculates the difference (D) between the numerical and analytical solutions and visualizes it. The resulting plot (Figure 3) helps to validate the accuracy of the numerical method by comparing it against the analytical solution.

[bookmark: _Toc170418778]5.8. Analytical Solution Function
[image: A computer code with black and white text

Description automatically generated][bookmark: _Toc170418835]Figure 11 - Analytical Solution Function


This section defines the function analytical_solution used to calculate the analytical temperature distribution. The function uses a series solution to compute the temperature at a given point (x, y) based on the specified number of terms.

[bookmark: _Toc170418779]Validation of the model
Both solutions to the simulation have been run alongside one another to analyse the thermal behaviour of an aluminium plate. By examining the plots, we can visually and numerically compare the temperature distributions and identify any significant differences, ensuring that the numerical solution is accurate and reliable. The provided images show the temperature distribution matrices obtained from both the EFDM and the analytical solution at thermal equilibrium, and these will be compared with their difference to ensure accuracy. The test simulations were run using the following parameters:

Grid Spacing (h) = 1
Timestep (dt) = 200
Tolerance Criterion = 0.001

[bookmark: _Toc170418780]6.1. Resulting Temperature Matrix from EFDM

[bookmark: _Toc170418843]Table 2 - Resulting Temperature Matrix For EFDM


[image: A screenshot of a computer screen
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[image: A diagram of a temperature distribution

Description automatically generated][bookmark: _Toc170418836]Figure 12 - Resulting Temperature Matrix from EFDM

[bookmark: _Toc170418781]6.2. Resulting Analytical Matrix 
[bookmark: _Toc170418844]Table 3 - Resulting Analytical Matrix


[image: A screenshot of a computer screen
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[image: A diagram of a temperature distribution
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[bookmark: _Toc170418782]6.3. Difference Between The Numerical and Analytical Matrix 

[bookmark: _Toc170418845]Table 4 - Difference between the analytical and numerical method
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Description automatically generated with medium confidence][bookmark: _Toc170418838]Figure 14 - Difference between the analytical and numerical method


















The results, encapsulated in the provided matrices, highlight the differences and similarities between the numerical simulation (T2 Matrix) and the analytical model (Analytical Temperature Distribution). A detailed analysis of what these results indicate when comparing the two methods as outlined below:
[bookmark: _Toc170418783]6.4. Key Observations
[bookmark: _Toc170418784]6.4.1. General Agreement:

Both the T2 Matrix and the Analytical Temperature Distribution display a general pattern of decreasing values from the center towards the edges. This indicates that both methods are capturing the overall trend of temperature distribution accurately.

The small values in the Code Validation matrix for most entries suggest that the numerical simulation closely approximates the analytical solution in many regions.

[bookmark: _Toc170418785]6.4.2. Discrepancies:
Certain entries in the Code Validation matrix, such as 1.9311 (second row, fourth column), indicate significant discrepancies between the T2 Matrix and the Analytical Temperature Distribution. These errors suggest areas where the numerical simulation diverges more noticeably from the theoretical model.
The discrepancies might arise due to various factors:
1. Numerical Precision: Numerical methods may introduce discretization errors, especially in regions with steep gradients or complex boundary conditions.
2. Model Assumptions: The analytical model may rely on simplifying assumptions that do not hold in the actual simulation scenario, leading to differences.
[bookmark: _Toc170418786]6.4.3. Boundary Effects:

Both methods show values tapering to zero at the edges, indicating that boundary conditions are likely being handled similarly. However, slight differences at the boundaries can lead to cumulative errors, as shown in the Code Validation matrix.

[bookmark: _Toc170418787]6.4.4. Implications:
6.4.4.1. Accuracy of Numerical Simulation:
1. The numerical simulation (T2 Matrix) is generally accurate, as evidenced by the small discrepancies in most regions. This suggests that the numerical method used is robust and effective for this problem.
2. However, the larger errors in specific areas highlight the need for careful handling of regions with high gradients or complex boundary conditions.
6.4.4.2. Reliability of Analytical Model:
1. The analytical model provides a close approximation to the actual temperature distribution. It is particularly useful for understanding the overall trend and for initial design and analysis.
2. The slight deviations in specific regions underscore the limitations of the assumptions made in the analytical model. These need to be considered when applying the model to real-world scenarios.
6.4.4.3. Complementary Use:
Both methods complement each other. The analytical model provides quick insights and helps in validating the numerical model. The numerical simulation, on the other hand, provides detailed, high-fidelity results necessary for precise applications.
[bookmark: _Toc170418788]6.4.4.4. Row-wise Analysis:
6.4.4.4.1. First Row:
Minimal discrepancies (e.g., 0.0004, 0.0000, 0.0010), indicating close agreement at the top boundary.
6.4.4.4.2. Second Row:
Noticeable error at the fourth column (0.3484) and a significant error at the fifth column (1.9311), suggesting the numerical model may need refinement in these regions.
6.4.4.4.3. Third Row:
Moderate discrepancies (e.g., 0.0904, 0.4169), again indicating areas where the simulation could be improved.
6.4.4.4.4.Fourth to Sixth Rows:
Generally small errors with a few moderately higher values (e.g., 0.0958, 0.2818), indicating overall good agreement with some specific regions needing attention.

[bookmark: _Toc170418789]6.5. Conclusion:
The comparison between the T2 Matrix and the Analytical Temperature Distribution shows that while the numerical simulation is generally accurate, certain regions exhibit significant discrepancies. This comparison emphasises the need for ongoing validation and potential refinement of the numerical methods, particularly in areas with larger errors (Chapra & Canale, 2015) . Both methods are valuable, with the analytical model providing theoretical insights and the numerical simulation delivering detailed, practical results. By reducing the Grid spacing and Time step the accuracy between the 2 methods could be heavily improved, as shown below:
[image: A blue and green concentric circles

Description automatically generated]Grid Spacing = 0.1[bookmark: _Toc170418839]Figure 15 - Recommended values result

Time Step = 30
























[bookmark: _Toc170418790]Sensitivity analysis of the model
With the model now validated against the analytical solution, a sensitivity analysis will be performed on the model. By making observations on how the code reacts to different inputs, we will gain and insight as to how the accuracy of the approximations are impacted. The following tests were conducted for the plate dimension 6 X 6. Parameters such as Time Step, Grid Spacing and Tolerance Threshold were varied to look at the Time to Reach Thermal Equilibrium (the output). 

[bookmark: _Toc170418791]7.1. Influence of the Grid Spacing
[bookmark: _Toc170418846] Table 5 - Influence Of Grid Spacing
	Influence of Grid Spacing 

	Grid Spacing h
	Time Step (Fixed)
	Tolerance (Fixed)
	Thermal Equilibrium Time (Code Output) 
	Thermal Equilibrium Time (Seconds)

	3
	150
	0.001
	1.49653
	129300.192

	2
	150
	0.001
	1.38194
	119399.616

	1.5
	150
	0.001
	1.40625
	121500

	1.2
	150
	0.001
	1.36632
	118050.048

	1
	150
	0.001
	1.40104
	121049.856

	0.75
	150
	0.001
	1.38542
	119700.288

	0.5
	150
	0.001
	1.38368
	119549.952

	0.25
	150
	0.001
	1.37847
	119099.808

	0.2
	150
	0.001
	1.37847
	119099.808



[bookmark: _Toc170418840]Figure 16 - Influence of the Grid Spacing


















The analysis of grid spacing effects on thermal equilibrium times reveals the intricate balance required between accuracy and computational efficiency in numerical simulations. By delving deeper into the specific factors influencing result accuracy and computational efficiency, we can draw more comprehensive conclusions about optimal modelling practices (Chapra & Canale, 2015).

[bookmark: _Toc170418792]7.1.1. Influence on Result Accuracy
7.1.1.1. Round-off Error:
The oscillatory behaviour observed in the graph for smaller grid spacings (below 1 unit) highlights the presence of round-off errors. These errors disrupt the accuracy of the simulation, making it difficult to achieve a stable solution. Round-off error, caused by the finite precision of computer arithmetic, becomes significant as grid spacing decreases. The subtraction of nearly equal values in finite difference calculations leads to a loss of significant figures, introducing errors that can destabilize the solution. To minimize round-off errors, an optimal grid spacing must be chosen that balances the precision limitations of the computing system with the need for detailed spatial resolution (Hoffman & Frankel, 2001).

7.1.1.2. Truncation Error:
For grid spacings above 1 unit, the increased thermal equilibrium times suggest higher truncation errors, indicating that the numerical solution deviates significantly from the true behaviour of the system. Truncation error arises from approximating continuous differential equations using discrete numerical methods. Larger grid spacings increase truncation error, as they provide a coarser approximation of the actual physical process. The stabilization of thermal equilibrium times for grid spacings between 0.25 and 0.2 units suggests that truncation errors are minimised in this range, providing an accurate representation of the temperature distribution without being overshadowed by round-off errors (Smith, 1985).

[bookmark: _Toc170418793]7.1.1.3.Comprehensive Examination and Conclusion
The thorough examination of grid spacing effects, as illustrated by the graph, underscores the necessity of balancing accuracy and computational efficiency in numerical simulations of heat transfer:
Accuracy: Optimal grid spacing minimizes both round-off and truncation errors, ensuring that the numerical solution closely approximates the physical reality. For this model, a grid spacing between 0.25 and 0.2 units achieves this balance.
Efficiency: The chosen grid spacing must also consider computational resource constraints. The stabilization in thermal equilibrium times within the optimal grid spacing range indicates that computational efficiency is maximized without compromising accuracy (Press et al., 2007).











[bookmark: _Toc170418794]7.2. Influence of Time Step 

[bookmark: _Toc170418847]Table 6 - Influence of Time Step

	Influence of Time Step 

	Grid Spacing h (Fixed) 
	Time Step 
	Tolerance (Fixed)
	Thermal Equilibrium Time (Code Output)
	Thermal Equilibrium Time (Seconds)

	0.75
	2000
	0.0001
	2.93981
	253999.584

	0.75
	1500
	0.0001
	2.86458
	247499.712

	0.75
	1000
	0.0001
	2.75463
	238000.032

	0.75
	800
	0.0001
	2.68519
	232000.416

	0.75
	600
	0.0001
	2.59722
	224399.808

	0.75
	400
	0.0001
	2.46759
	213199.776

	0.75
	200
	0.0001
	2.24537
	193999.968

	0.75
	100
	0.0001
	2.0162
	174199.68

	0.75
	50
	0.0001
	1.78646
	154350.144

	0.75
	25
	0.0001
	1.55642
	134474.688



[bookmark: _Toc170418841]Figure 17 - Influence Of Time Step



















The code will be run with varying time steps to analyse their influence on the time taken to reach thermal equilibrium, with a fixed grid spacing of 0.75 and a tolerance of 0.0001. The time step size is directly linked to the stability of the equation (Trefethen & Bau, 1997); too large a time step can lead to inaccurate simulations, while too small a step can be computationally expensive. The time step needs to be less than ∆t ≤ h²/(4α), where 'h' is the grid spacing and 'α' is the thermal diffusivity, to avoid instability.
[bookmark: _Toc170418795]7.2.1. Influence on Result Accuracy
As expected, the time taken to reach thermal equilibrium decreases with increasing time step size. This trend is due to the balance between numerical stability and accuracy. Smaller time steps yield more accurate results but require more computing power, and they increase the risk of round-off errors due to the larger number of computational steps (Mitchell & Griffiths, 1980; Higham, 2002). The graph illustrating this relationship (Figure 7) shows that smaller time steps, while increasing accuracy, significantly prolong computational time, whereas larger time steps expedite the process but risk numerical instability.
[bookmark: _Toc170418796]7.2.2. Comprehensive Examination and Conclusion
The thorough examination of time step effects, as illustrated by the graph, underscores the necessity of balancing accuracy and computational efficiency in numerical simulations of heat transfer. Smaller time steps yield more precise results but require significantly more computational resources and increase the risk of round-off errors due to the larger number of computational steps. Conversely, larger time steps reduce computational time but can compromise the stability and accuracy of the model. Achieving an optimal balance is essential for effective and efficient thermal simulations in practical applications.
Accuracy: Selecting the appropriate time step size enhances simulation accuracy by capturing the intricacies of thermal dynamics more precisely. Advanced numerical methods and stability criteria are essential to maintaining this accuracy in simulations (Trefethen & Bau, 1997; Mitchell & Griffiths, 1980).
Efficiency: Efficiency is achieved by balancing accuracy with computational resource constraints. The optimal time step range reduces computational time while maintaining stability and accuracy, crucial for effective thermal management in various applications (Higham, 2002; Zienkiewicz, 2005; Versteeg & Malalasekera, 2007)

[bookmark: _Toc170418797]7.3. Influence of the Tolerance Condition 

[bookmark: _Toc170418848]Table 7 - Influence of the Tolerance Condition

	Influence of the Tolerance Condition 

	Grid Spacing h
	Time Step (Fixed)
	Tolerance
	Thermal Equilibrium Time (Code Output)
	Thermal Equilibrium Time (Seconds)

	1
	500
	0.1
	0.335648333
	29000.016

	1
	500
	0.01
	1.03588
	89500.032

	1
	500
	0.001
	1.7997
	155494.08

	1
	500
	0.0001
	2.56944
	221999.616

	1
	500
	0.00001
	3.33333
	287999.712

	1
	500
	0.000001
	4.10301
	354500.064




[bookmark: _Toc170418842]Figure 18 - Influence of the tolerance condition








Analysing the influence of tolerance conditions on the time taken to reach thermal equilibrium is crucial for understanding how numerical precision affects the performance and results of simulations. By examining various tolerance values, we can assess their impact on both the accuracy and computational efficiency of the simulation process.

[bookmark: _Toc170418798]7.3.1. Influence on Result Accuracy
Lower tolerance values result in a more stringent criterion for equilibrium, requiring the temperature maps to be nearly identical before the simulation stops. This enhances the accuracy of the simulation by ensuring that the system has truly reached equilibrium. The graph shows that at very low tolerance values (near 0), the time taken to reach equilibrium is significantly higher, as the simulation requires more iterations to meet the strict criterion. This increased accuracy is important in applications where precise thermal behavior predictions are necessary (Trefethen & Bau, 1997).

[bookmark: _Toc170418799]7.3.2. Comprehensive Examination and Conclusion
The graph illustrating the influence of tolerance condition on thermal equilibrium time reveals that tolerance significantly affects the time required to reach equilibrium. The tolerance condition defines the minimum acceptable difference between two successive temperature maps, determining when thermal equilibrium is considered achieved.
Accuracy: Lower tolerance values enhance the accuracy of the simulation by imposing stricter convergence criteria, requiring more iterations to satisfy the equilibrium condition. This ensures that the simulation captures the true thermal behavior of the system. As shown in the graph, the time taken to reach equilibrium increases significantly at lower tolerance values, indicating more computational steps are required (Mitchell & Griffiths, 1980).
Efficiency: Higher tolerance values improve computational efficiency by reducing the number of iterations needed to declare equilibrium. This decreases the computational time, making simulations more feasible for larger systems or longer timescales. The graph indicates a sharp decline in equilibrium time with increasing tolerance from very low values to about 0.02, after which the reduction in time continues at a slower rate. This suggests that most computational savings are realized with initial increases in tolerance, beyond which further increases offer diminishing returns.
This behaviour underscores the importance of selecting an optimal tolerance value that balances accuracy and computational efficiency. The steep decline in computational time with increasing tolerance highlights the potential for significant efficiency gains, especially in the early stages of increasing tolerance (Zienkiewicz, 2005).





































[bookmark: _Toc170418800]Main Models limitations
[bookmark: _Toc170418801]8.1. Numerical Method Limitations 
The numerical method for solving differential equations, such as the one used to analyse thermal diffusion in a material, comes with several limitations. Understanding these limitations is crucial for interpreting the results correctly and for improving the numerical model. The key limitations for this method are listed below.

[bookmark: _Toc170418802]8.1.1. Round-off Error
Round-off errors stem from the finite precision of computer arithmetic, impacting numerical simulations where continuous variables are represented by finite-precision floating-point numbers.

Accumulation: Over successive computations, round-off errors accumulate due to discrepancies between exact mathematical values and their floating-point approximations (Kahan, 1965).

Mitigation: Techniques such as error analysis, use of higher precision data types (e.g., double precision), and careful algorithm design help mitigate the impact of round-off errors (Higham, 2002).

[bookmark: _Toc170418803]8.1.2. Truncation Error
Truncation errors arise from approximating infinite series or continuous functions by finite sums or difference approximations in numerical methods.

Effect of Step Sizes: Truncation errors decrease as step sizes (grid spacing  and time step  ) decrease. Larger step sizes lead to larger truncation errors, affecting the accuracy of numerical solutions (LeVeque, 2007).

Trade-off: Balancing truncation errors with computational efficiency is critical in numerical simulations (Chapra & Canale, 2015).

[bookmark: _Toc170418804]8.1.3. Stability in Numerical Methods
Stability concerns the ability of numerical methods to produce accurate results without excessive oscillations or divergence.

CFL Condition: Stability of methods like explicit finite difference schemes depends on satisfying the CFL condition (Courant et al., 1967). Violating this condition can lead to numerical instability.

Complex Geometries: Irregular boundaries and variations in material properties challenge the stability of numerical methods. Adaptive mesh refinement and higher-order schemes are used to enhance stability and accuracy in complex geometries (Tannehill et al., 1997).

[bookmark: _Toc170418805]8.1.4. Complex Geometries
In simulations involving complex geometries, challenges arise due to non-uniform grid spacing, irregular boundaries, and abrupt changes in physical properties.
Mesh Generation: Proper mesh generation strategies are crucial to accurately capture temperature gradients and heat transfer phenomena (Thompson et al., 1999).

Numerical Accuracy: Truncation errors near geometric features can significantly impact the accuracy of simulations (Patankar, 1980).

Stability Challenges: Methods like adaptive mesh refinement and hybrid grids are employed to maintain stability and accuracy in simulations of complex geometries (Ferziger & Perić, 2002).

[bookmark: _Toc170418806]8.2. Coding Limitations
The challenges in accurately depicting complex heat transfer dynamics in numerical simulations highlight the limitations of current coding approaches for modelling thermal equilibrium. Overcoming these challenges involves using more sophisticated numerical algorithms, realistic criteria for defining equilibrium, and validating simulations against real-world experimental data. Improving computational methods and refining modelling techniques are crucial steps toward making simulations more reliable and predictive in studying heat transfer and related phenomena. Ongoing research aims to enhance the accuracy of these models to better reflect the complexities of thermal equilibrium across various practical applications.

Defining Thermal Equilibrium through a minimum difference value between two successive temperature maps is not necessarily a good representation of physics, below we will detail why this is the case:

[bookmark: _Toc170418807]8.2.1. Simplistic Representation of Equilibrium:
Defining thermal equilibrium based on a minimum difference between successive temperature maps oversimplifies the complex dynamics of heat transfer. Real-world systems often exhibit persistent small-scale variations due to environmental fluctuations, dynamic boundary conditions, or intrinsic system variability (Patankar, 1980). In fluid dynamics and heat transfer, equilibrium is often described as a dynamic balance rather than a static condition. Batchelor (2000) discusses how small-scale fluctuations persist even in equilibrium states, highlighting the limitations of simplistic equilibrium criteria based on numerical differences.
[bookmark: _Toc170418808]8.2.2. Physics Considerations:

Thermal equilibrium involves a state where heat input equals heat loss over time, leading to stable temperature distributions. However, small variations around this equilibrium can persist due to factors like thermal inertia, transient heat sources, or natural convection currents that are not captured by a static minimum difference criterion (Incropera & DeWitt, 2007).

[bookmark: _Toc170418809]Numerical Convergence Challenges:
Using a stringent minimum difference criterion can lead to premature termination of simulations or unnecessary computational iterations. This approach may fail to account for gradual convergence towards a stable temperature profile, especially in systems with complex geometries or non-uniform material properties (LeVeque, 2007). Patankar (1980) emphasizes the importance of numerical methods that accurately capture transient heat transfer phenomena without prematurely terminating simulations based on overly strict equilibrium criteria. This ensures robustness and reliability in computational fluid dynamics simulations.



































[bookmark: _Toc170418810]Suggested improvement and future developments
Enhancing numerical simulations in heat transfer involves incorporating advanced numerical methods, exploring alternatives like FEM, FVM, and BEM, and adopting robust thermal equilibrium modelling techniques. These improvements will significantly benefit and manifest in various ways when modelling complex heat transfer phenomena.

[bookmark: _Toc170418811]9.1. Advanced Numerical Methods to Overcome Stability Issues and Increase Accuracy
[bookmark: _Toc170418812]9.1.1. Alternating Direction Implicit (ADI) Method:
The ADI method is a powerful technique for solving multi-dimensional heat equations. It enhances stability by breaking down multi-dimensional problems into a series of one-dimensional problems, which are solved implicitly. This method significantly improves the stability and accuracy of numerical simulations, especially for large time steps (Peaceman & Rachford, 1955). This allows for the use of larger time steps without compromising accuracy, leading to faster simulations with less computational cost. In practical modelling scenarios, the ADI method will enable more stable and efficient simulations of heat transfer in large systems, such as heat exchangers or geothermal reservoirs, where multidimensional analysis is crucial (Peaceman & Rachford, 1955).

[bookmark: _Toc170418813]9.1.2. Implicit Finite Difference Method (FDM):
Unlike the explicit FDM, the implicit FDM solves equations in a way that inherently increases stability, allowing for larger time steps without the risk of numerical instability. This approach can handle stiff problems where rapid changes in temperature occur (Mitchell & Griffiths, 1980). By implicitly solving the equation, this method allowing a large time step and reduces the likelihood of numerical oscillations and divergence. This method is particularly beneficial for stiff problems where rapid temperature changes occur. When applied to modelling thermal processes in materials with high thermal conductivity, such as metals during welding, the implicit FDM ensures accurate temperature predictions over long simulation times (Mitchell & Griffiths, 1980).

[bookmark: _Toc170418814]9.2. Numerical Alternatives to FDM for Handling Complex Geometries

[bookmark: _Toc170418815]9.2.1. Finite Element Method (FEM):
FEM is particularly effective for solving heat transfer problems in complex geometries. It divides the domain into smaller, simpler parts (finite elements) and formulates the problem as a set of algebraic equations, which can be solved with high accuracy (Zienkiewicz & Taylor, 2000). FEM's ability to handle complex geometries and boundary conditions by dividing the domain into smaller elements leads to highly accurate solutions. It is particularly adept at modelling irregular shapes and varying material properties. In modelling the heat distribution in complex structures like aircraft components or biomedical implants, FEM provides detailed insights into temperature variations, stress distributions, and potential points of failure (Zienkiewicz & Taylor, 2000).
[bookmark: _Toc170418816]9.2.2. Finite Volume Method (FVM):
FVM conserves quantities like heat flux by integrating over control volumes. This method is widely used in computational fluid dynamics and is well-suited for irregular geometries and complex boundary conditions (Versteeg & Malalasekera, 2007). It handles irregular geometries well and ensures the conservation of mass, momentum, and energy. FVM is ideal for simulating heat transfer in systems like cooling channels in electronics or fluid flow in environmental applications, providing accurate predictions of thermal behaviour and fluid dynamics (Versteeg & Malalasekera, 2007).

[bookmark: _Toc170418817]9.2.3. Boundary Element Method (BEM):
BEM reduces the dimensionality of the problem by focusing on boundaries rather than the entire domain, making it highly efficient for problems with complex boundaries. It is particularly useful in cases where the domain extends to infinity or involves complex interactions at the boundaries (Brebbia, 1978). BEM is particularly useful in modelling heat transfer in systems with intricate boundaries, such as heat dissipation in microelectronic devices or thermal interactions in porous media (Brebbia, 1978).

[bookmark: _Toc170418818]9.3. Investigating More Robust Ways Of Modelling Thermal Equilibrium
[bookmark: _Toc170418819]9.3.1. Dynamic Equilibrium Modelling:
Moving beyond static minimum difference criteria, dynamic models consider the statistical nature of thermal equilibrium. This approach accounts for persistent small-scale fluctuations and transient effects, providing a more accurate representation of real-world thermal behaviour (Batchelor, 2000).
[bookmark: _Toc170418820]9.3.2. Machine Learning and Data-Driven Models:
Leveraging machine learning algorithms to predict thermal equilibrium based on large datasets can offer new insights. These models can learn complex patterns and behaviours from experimental data, enhancing the accuracy of thermal equilibrium predictions (Brunton et al., 2020).
[bookmark: _Toc170418821]9.3.3. Improved Convergence Criteria:
Developing convergence criteria that consider the physical properties of the system, such as energy conservation and entropy, can lead to more accurate and realistic modelling of thermal equilibrium. These criteria should reflect the true dynamic nature of thermal processes rather than relying solely on numerical differences (Higham, 2002).









[bookmark: _Toc170418822]Conclusion 
This report has examined the strengths and limitations of the current numerical simulation model for studying thermal equilibrium. The key findings are summarised as follows:

Validation Against Analytical Solutions: The explicit finite difference method (FDM) was validated against analytical solutions for simple heat conduction problems, demonstrating good agreement under specific conditions. The accuracy depends on careful selection of grid spacing and time step.

Sensitivity Analysis: Smaller grid spacing and time steps improve accuracy but increase computational cost, highlighting a necessary trade-off.

Stability Considerations: Stability issues, significant limitations of the explicit FDM, underscore the importance of adhering to stability constraints such as the Courant-Friedrichs-Lewy (CFL) condition. Advanced numerical methods like Alternating Direction Implicit (ADI) or Implicit FDM are recommended to address these concerns.

Model Limitations and Improvements: The current model's limitations in handling complex geometries and boundary conditions were discussed. Alternative methods such as Finite Element Method (FEM), Finite Volume Method (FVM), and Boundary Element Method (BEM) were suggested to enhance versatility and accuracy.

Recommendations for Future Research: Future research should focus on refining the model by integrating robust numerical methods and conducting comparative studies. Exploring adaptive grid techniques and multi-scale modeling approaches will further improve accuracy and efficiency.

Continuous Improvement in Heat Transfer Simulations: Emphasis was placed on the need for continuous improvement through iterative refinement and validation against experimental data.

Summary of Objectives and Contributions
The objectives were to evaluate the explicit FDM for thermal equilibrium simulations, identify its limitations, and suggest improvements. The contributions include a detailed analysis of numerical stability, validation against analytical solutions, and recommendations for adopting advanced numerical methods to enhance the model’s versatility, accuracy, and adaptability.
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[bookmark: _Toc170418824]Appendix (Script) 
 clc
clear
close all

% Material Properties
k = 143; % Thermal Conductivity ( W / m.C )
p = 2.8 * 10^3; % Density ( Kg / m^3 )
c = 795; % Specific Heat ( J / kg.C )

% Thermal Diffusivity
a = k / (p * c); % ( m^2 / s )

% Plate Dimensions
x = 6; % Dimension along the X axis
y = 6; % Dimension along the Y axis

% User Input - Grid Spacing
msg = "Grid spacing is not valid. Enter a value that is a factor of 6: ";
h = input('Choose the grid spacing: ');

while (h >= x || h >= y || rem(x, h) ~= 0 || rem(y, h) ~= 0 || h <= 0)
    h = input(msg);
end

NR = (y / h) + 1; % Number of rows
NC = (x / h) + 1; % Number of columns

% User Input - Time Step
dt = input("Input time step (seconds): ");

while dt <= 0 || dt >= h^2 / (4 * a)
    if dt <= 0
        fprintf('Time step must be greater than zero.\n');
    else
        fprintf('The solution is unstable. Please choose a time step less than: %g\n', h^2 / (4 * a));
    end
    dt = input('Enter the desired time step: ');
end

% Fourier Number
F0 = a * dt / h^2;

% Initial Temperature Matrix T1
T1 = zeros(NR, NC);
for c = 1:NC
    if c < 4 / h + 1
        T1(1, c) = 12.5 * (c - 1) * h;
    else
        T1(1, c) = -25 * (c - 1) * h + 150;
    end
end
T2 = T1;

% Start Count
Count = 0;

% While Loop for Calculation Between T1 and T2
while true
    Count = Count + 1;
    T1 = T2;
    for r = 2:NR-1
        for c = 2:NC-1
            % Temperature Equation
            T2(r, c) = F0 * (T1(r, c+1) + T1(r, c-1) + T1(r-1, c) + T1(r+1, c) - (4 - 1 / F0) * T1(r, c));
        end
    end

    % Thermal Equilibrium
    if max(max(abs(T2 - T1))) <= 0.001 % Thermal equilibrium is reached when T2 - T1 is < 0.001
        break;
    end

    % Define Graph
    figure(1)
    contourf(flip(T2), 20)
    clim([0 50]) % Set color bar limits
    grid on

    % Add labels and adjust font size
    xlabel('Number of Columns')
    ylabel('Number of Rows')
    title('Aluminium Plate Temperature Distribution - °C', 'FontSize', 14)
    colormap('Jet')
    c = colorbar;
    c.Label.String = 'Temperature (°C)';
    c.Label.FontSize = 12;
end

% Time Taken to Reach Thermal Equilibrium
eq = Count * dt;
if eq < 60
    fprintf('The time taken to reach Thermal Equilibrium is %g seconds\n', eq)
elseif eq >= 60 && eq < 60^2
    fprintf('The time taken to reach Thermal Equilibrium is %g minutes\n', eq / 60)
elseif eq >= 60^2 && eq < 24 * 60^2
    fprintf('The time taken to reach Thermal Equilibrium is %g hours\n', eq / 3600)
else
    fprintf('The time taken to reach Thermal Equilibrium is %g days\n', eq / (24 * 3600))
end

% Analytical Solution Calculation
num_terms = 200; % Number of terms in the series to include
T3 = zeros(NR, NC);
for i = 1:NR
    for j = 1:NC
        x_coord = (i - 1) * h;
        y_coord = (j - 1) * h;
        T3(i, j) = analytical_solution(x_coord, y_coord, num_terms);
    end
end
T3 = rot90(T3); % Rotate matrix

% Visualization of the Analytical Solution (Figure 2)
figure(2)
contourf(flip(T3), 20)
clim([0 50]) % Set color bar limits
grid on

% Add labels and adjust font size
xlabel('Number of Columns')
ylabel('Number of Rows')
title('Analytical Temperature Distribution - °C', 'FontSize', 14)
colormap('Jet')
c = colorbar;
c.Label.String = 'Temperature (°C)';
c.Label.FontSize = 12;


% Difference Between Numerical and Analytical Solutions
D = abs(T3 - T2);

% Display Code Validation Results (Figure 3)
figure(3)
contourf(flip(D), 20)
clim([0 2]) % Set color bar limits
grid on

% Add labels and adjust font size
xlabel('Number of Columns')
ylabel('Number of Rows')
title('Validation Results - Difference Between Numerical and Analytical Solutions', 'FontSize', 14)
colormap('Jet')
c = colorbar;
c.Label.String = 'Temperature Difference (°C)';
c.Label.FontSize = 12;

% Display Code
disp('T2 Matrix At Thermal Equilibrium:');
disp(T2);
disp('Analytical Temperature Distribution at Thermal Equilibrium:');
disp(T3);
disp('Code Validation:');
disp(D);

% Function to Calculate the Analytical Temperature Distribution
function T3 = analytical_solution(x, y, num_terms)
    T3 = 0;
    for n = 1:num_terms
        term = (sin(2 * n * pi / 3) / (n^2 * sinh(n * pi))) * sin(n * pi * x / 6) * sinh(n * pi * y / 6);
        T3 = T3 + term;
    end
    T3 = (450 / pi^2) * T3;
end

Influence of the Grid Spacing (Seconds)

Thermal Equilibrium Time (Seconds)	3	2	1.5	1.2	1	0.75	0.5	0.25	0.2	129300.192	119399.61599999999	121500	118050.048	121049.856	119700.28800000002	119549.952	119099.808	119099.808	Grid Spacing (h)


Time tasken to reach Thermal Equilibrium (S)



Influence of Time Step(Seconds)

Thermal Equilibrium Time (Seconds)	2000	1500	1000	800	600	400	200	100	50	25	253999.584	247499.712	238000.03200000001	232000.416	224399.80800000002	213199.77599999998	193999.96799999999	174199.67999999999	154350.144	134474.68799999999	Time Step


Time taken to reach Thermal Equilibrium (S)



Influence of the Tolerance Condition

Thermal Equilibrium Time (Seconds)	0.1	0.01	1E-3	1E-4	1.0000000000000001E-5	9.9999999999999995E-7	29000.016	89500.031999999992	155494.08000000002	221999.61600000001	287999.712	354500.06400000001	Tolerance


Time taken to reach Thermal Equilibrium (S)



2

image3.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image4.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ሺ 𝑥 0 ሻ ℎ = 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image5.emf
𝒇 ′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 + 𝒉 ሻ − 𝒇 ( 𝒙 𝟎 ) 𝒉  


image6.emf
𝜖 𝑓   ≡ 𝑓 ′ ሺ 𝑥 0 ሻ −   𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ( 𝑥 0 ) ℎ  


image7.emf
=   −   ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ −   ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image8.emf
𝑓 ሺ 𝑥 0 − ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ − ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image9.emf
𝑓 ሺ 𝑥 0 − ℎ ሻ − 𝑓 ሺ 𝑥 0 ሻ ℎ = − 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image10.emf
𝒇 ′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 ሻ − 𝒇 ሺ 𝒙 𝟎 − 𝒉 ሻ 𝒉  


image11.emf
∈ 𝑏 ≡ 𝑓 ′ ሺ 𝑥 0 ሻ − 𝑓 ሺ 𝑥 0 ሻ − 𝑓 ሺ 𝑥 0 − ℎ ሻ ℎ  


image12.emf
= ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image13.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯   −   𝑓 ሺ 𝑥 0 − ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯   𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ሺ 𝑥 0 − ℎ ሻ = 2   . ቈ ℎ   . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 3 3 !   𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯ ቉  


image14.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ሺ 𝑥 0 − ℎ ሻ 2   . ℎ = 𝑓 ′ ሺ 𝑥 0 ሻ +   ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image15.emf
𝒇 ′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 + 𝒉 ሻ − 𝒇 ( 𝒙 𝟎 − 𝒉 ) 𝟐   . 𝒉  


image16.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ =    ቈ 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯ ቉  


image17.emf
𝑓 ሺ 𝑥 0 − ℎ ሻ = ቈ 𝑓 ሺ 𝑥 0 ሻ − ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯   ቉  


image18.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ + 𝑓 ሺ 𝑥 0 − ℎ ሻ = 2 . ቈ 𝑓 ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 4 4 ! 𝑓 ( 4 ) ሺ 𝑥 0 ሻ + ⋯ ቉  


image19.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ − 2 . 𝑓 ሺ 𝑥 0 ሻ + 𝑓 ሺ 𝑥 0 − ℎ ሻ ℎ 2 = 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 2 12 𝑓 ( 4 ) ሺ 𝑥 0 ሻ + ⋯  


image20.emf
𝒇 ′′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 + 𝒉 ሻ − 𝟐 . 𝒇 ሺ 𝒙 𝟎 ሻ + 𝒇 ሺ 𝒙 𝟎 − 𝒉 ሻ 𝒉 𝟐  


image21.emf
∈ 𝑐 ≡ 𝑓 ′′ ሺ 𝑥 0 ሻ − 𝑓 ሺ 𝑥 0 + ℎ ሻ − 2 . 𝑓 ሺ 𝑥 0 ሻ + 𝑓 ሺ 𝑥 0 − ℎ ሻ ℎ 2  


image22.emf
= − ℎ 2 12 𝑓 ( 4 ) ሺ 𝑥 0 ሻ + ⋯  


image23.png
(o) = fxo + h}z —f(x0)




image24.png
f gy < (BT 2 1)




image25.png
, h) — —h
gy LB G0 =)




image26.png
£ = L&
ot+h
),
2
-f(x0)
& + f(x,
0~
L)





image27.png
. g5 s node under consderstion.
N, North's node of P
S, Souh's node of P
W, West's node of P

B Bat’snode of P




image28.png
T(x,y,0) 0<x<6 0<y<6




image29.png
T(x6,8) = f(x)

T80 =0 TGy =0

T(x,0,0=0





image30.png
T(0,y,t) =

vy ] for 0<y<6 and 0<t< thermal equilibrium





image31.png
T(x,0,t) = f(x);

[ } for 0<x<6 and 0<t< thermal equilibrium





image32.png
o :{12.51 ifosxs(ixs)

2z

2
—25x+150  if (§x6)<156




image33.png
North Boundary condition.

g9 a8 AN T

ammdue)




image34.png
of ) .,,.,)
T(x,)'):4;“'2(":5“(;(3"_”)-5:“(" AL PR )

=1




image35.png
cle
clear
Close 211

% vaterial Properties
103 % Thersal Conductivity (W / m.C )
2.8 % 10°3; % density (xg/m3)

[
°
- 75 % specific weat (37 k)

% Thermal piffusivity
ask/(prO; R(M2/s)
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% Plate Dimensions
X = & % Dinension along the X axis
¥ = 6} % Dinension along the Y axis

% User Tnput - Grid spacing
msg = "Grid spacing is not valid. Enter a value that is a factor of 51 '
h = input(*choose the grid spacing: ');

wnile (n>=x || h
h = input(msg);
end

¥ 1l rent, by ~= e || ren(y, h) ~= o || h <= @)

(v / h) + 15 % umber of rous
X /W) +1; % wmber of colums
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% User Input - Time Step
Gt = input("Tnput tine step (seconds):

wnile ot <o || dt>=ho2 / (2% 2)
it

#printf('Tine step nust be greater than zero.\n');
else

fprintf(*The solution is unstable. Please choose a tire step less than: %g\n', W2 / (4 % 2));

en
dt = input(‘Enter the desired tine ste
end

% Fourder umber
o=t/ ng;
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% Initial Temperature matrix TL
2eros(iE, 10);
e
Fecasne
T, 0 =125t (-1 Ty
else
T, ©) = 25 % (€ 1) *he1se;
en
end
Y

i
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% Start Count
Count = 05

% unile Loop for Calculation Between T1 and T2
uhile true
Count = Count + 1;
1-72;
for R-1
for ¢ = 2:MC-1
% Temperature Equation
T2(r, ) = FB * (TL(r, €+1) + TU(r, €-1) + TA(r-1, ©) + TL(r+1, ) - (4 - 1/ F@) * TA(r, ©));

end
ena

% Thernal Equilibrium

% max(max(a05(12 - T1)))
break;

ena

©0.001 % Thermal equilibrium is reached when T2 - T1 is < 0.801

% Define Graph
Figure(1)

contourf (£1ip(T2), 20)

clin((8 50]) % Set color bar lLimits
grid on

% Add labels and adjust font size
xlabel(*Nunber of Columns’)
ylabel(*Nuber of Rows')
title(*Aluniniun Plate Temperature Distribution - °C, ‘FontSize’, 14)
colormap('Jet’)
< = colorbar;
c.Label.String = ‘Temperature (°C)';
c.Label.FontSize = 12;
end
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% Time Taken to Reach Thermal Equilibrium
2q = count * at;
if eq < 60

Fprintf(*The tine taken to reach Thermal Equilibriu is %g seconds\n’, £q)
elsei eq >= 68 8 eg < 502

Fprintf(*The tine taken to reach Thermal Equilibriun is % minutes\n', eq / 60)
elseif eq = 682 Bk eg < 24 * 602

Fprintf(The tine taken to reach Thermal Equilibriun is % hours\n', eq / 368)
else

Fprintf(*The tine taken to reach Thermal Equilibriun is % days\n', eg / (24 * 3608))
end
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% Analytical Solution Calculation
nun_terms = 200; % Number of terms in the series to include

T3 = zeros(iR, NO);
for = LR
for 3 = LinC
x_coord = (i - 1) * h;
y_coord = (3 - 1) * h;
T3(i, 3) = analytical_solution(x_coord, y_coord, num_terms);
ena
end
T3 = rot98(13); % Rotate matrix

% Visualization of the Analytical Solution (Figure 2)
*igure(2)

contourf(£1ip(13), 20)

clin([@ 50]) % Set color bar limits

grid on

% Add labels and agjust font size
Xlabel(*Nunber of Colums')

ylabel(*Number of Rous')

title(*Analytical Temperature Distribution - °C, 'FontSize’, 14)
colormap(*Jet’)

¢ = colorbar;

c.Label.String = Temperature (°C)';

c.Label.FontSize = 12;
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% Difference Between Numerical and Analytical Solutions
D = abs(T3 - 12);

% Display Code Validation Results (Figure 3)
igure(3)

contour£(£1ip(D), 20)

clin([e 2]) % Set color bar Linits

grid on

% Add labels and agjust font size
Xlabel(*Nunber of Colums')

ylabel(*Number of Rous')

title('Validation Results - Difference Betueen Numerical and Analytical Solutions’, 'FontSize’, 14)
colormap(*Jet’)

¢ = colorbar;

C.Label.String = Temperature Difference (°C)';

C.Label.FontSize = 12;

% Display Code
isp('T2 Matrix At Thermal Equilibrium
aisp(12);

aisp("Analytical Temperature Distribution at Thermal Equilibrium:
isp(T3);

aisp("Code Validation:
disp(D);

%
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% Function to Calculate the Analytical Temperature Distribution
function T3 = analytical_solution(x, y, nun_terns)
o
for n - Linun_terns
ferm = (sin(2 * n * pi /3) / (12  sinn(n * p1))) * sin(n * pi* k/ 6) * simh(n * pL*y / 6);
-T2 term;

en
ke
end

8 / pi2) = T3;
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Validation Results - Difference Between Numerical and Analytical Solutions
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