Differential Equations Example

The rate of decay of a radioactive material is proportional to the mass, m kg, at time t years.

a) find a differential equation for m.

b)  given that m  =  50 when t = 0, show that m = 50e-kt where k is a positive constant.

c)  given that the mass of this material halves every 5 years, find the value of k.

a)
rate of change of mass m at time t is dm/dt.  This is negative (mass decaying) and propotional to the mass.

Therefore dm/dt = -km.  where k is a constant of proportionality.

b) dm/dt = -km, therefore  1/m*dm/dt = -k.
   Integrate both sides:
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Therefore ln m = -kt + c

Express using exponentials (without logarithms):

m= e-kt +c

m= ec x e-kt  

m=A e-kt where A =  ec
 m = 50 when t = 0.  Therefore 50=A e-0t 

and so 50 = A.1

Therefore A = 50 and m=50 e-kt
c)  When t = 5 year m = 25kg, therefore 25 = 50 e-k5

Therefore 0.5 = e-k5

ln 0.5 = -5k or ln2 = 5k.  Therefore k = 1/5* ln2 =  0.13863
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