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[bookmark: _Toc220838787]1. Introduction
Heat transfer problems are commonly encountered across a wide range of engineering applications, including metal processing, electronics cooling, energy systems, and structural design. In many practical situations, engineers are required to predict temperature distributions within solid bodies in order to ensure structural integrity, thermal efficiency, and operational safety. While analytical solutions to heat conduction problems exist for simple geometries and boundary conditions, they become increasingly difficult or impossible to obtain for transient problems involving complex domains or non-uniform conditions (Incropera et al., 2017).
As a result, numerical methods have become a fundamental tool in modern thermal analysis. Techniques such as the finite difference method (FDM), finite element method (FEM), and finite volume method (FVM) allow the governing heat transfer equations to be discretised and solved approximately with acceptable accuracy. Among these approaches, the finite difference method is particularly attractive due to its conceptual simplicity and ease of implementation, making it well suited for educational and preliminary engineering analyses (Chapra and Canale, 2015).
This report focuses on the numerical solution of the two-dimensional transient heat conduction equation for a flat aluminium plate using an explicit finite difference method. The physical problem considers a homogeneous plate with constant material properties, no internal heat generation, and prescribed boundary and initial conditions. The transient heat conduction equation is discretised in both space and time, allowing the evolution of the temperature field to be simulated until thermal equilibrium is reached.
The primary aim of this study is to develop, implement, and validate a numerical model capable of accurately predicting the transient temperature distribution within the plate. In addition, the report investigates the influence of key numerical parameters, including time step size, grid spacing, and convergence tolerance, on model stability, accuracy, and computational efficiency. Through comparison with an analytical steady-state solution, the reliability of the numerical approach is assessed, and the strengths and limitations of the explicit finite difference method are discussed.

[bookmark: _Toc220838788]2. The Governing Equation
[bookmark: _Toc220838789]2.1 Background
Heat conduction describes the transfer of thermal energy within a material as a result of temperature gradients. In solid materials, this mode of heat transfer occurs through microscopic interactions between atoms and molecules, without any bulk motion of the material. Understanding and predicting heat conduction behaviour is essential in many engineering applications, including thermal management of electronic components, metal forming processes, and structural integrity assessments where temperature variations may induce thermal stresses.
The mathematical description of heat conduction in solids is commonly achieved using the heat equation, which is derived by applying the principle of conservation of energy to an infinitesimal control volume. This derivation incorporates Fourier’s law of heat conduction, which states that the heat flux within a material is proportional to the negative temperature gradient. The resulting governing equation provides a relationship between the temporal change in temperature and the spatial variation of temperature within the material (Incropera et al., 2017).
Due to its generality and physical relevance, the heat equation forms the foundation of many analytical and numerical thermal analyses across mechanical, civil, and materials engineering disciplines.
[bookmark: _Toc220838790]2.2 The Heat Equation
The heat equation relates the rate of change of temperature within a material to the curvature of the temperature field in space. It is particularly important for transient problems, where temperature varies with time as a result of imposed boundary and initial conditions.
For a two-dimensional solid domain with no internal heat generation and constant material properties, the transient heat conduction equation is expressed as:

This form of the equation is applicable to flat plates and thin structures where heat transfer in the third dimension can be neglected. It provides the mathematical basis for predicting how temperature distributions evolve over time within the material.
[bookmark: _Toc220838791]2.3 Definition of Terms
In the governing equation,  represents the temperature of the material as a function of spatial coordinates  and  and time . The parameter α is the thermal diffusivity of the material, which characterises how rapidly heat spreads through the solid. It is defined as:

where  is the thermal conductivity,  is the material density, and ​ is the specific heat capacity at constant pressure. The heat equation assumes that these material properties remain constant and that no internal heat sources are present within the domain (Carslaw and Jaeger, 1959).
[bookmark: _Toc220838792]3. Explicit Finite Difference Form of the Governing Equation
[bookmark: _Toc220838793]3.1 Taylor Series Expansions
Finite difference approximations are derived using Taylor series expansions, which allow a function to be expressed as an infinite series about a point. For a sufficiently smooth temperature function the Taylor series expansion about the point  is given by:

Similarly, expanding about x-h gives:

These expansions form the mathematical basis for deriving finite difference expressions for spatial derivatives by rearranging and combining terms. Higher-order terms are neglected, introducing a truncation error that depends on the grid spacing .
[bookmark: _Toc220838794]3.2 Finite Difference Approximations
Using the Taylor series expansions, several finite difference approximations can be obtained. The first derivative of temperature with respect to space may be approximated using either forward or backward difference schemes:
· Forward difference (first derivative):

Backward difference (first derivative):

For the second derivative, a central difference approximation is commonly used:
· Central difference (second derivative):

Central difference schemes are preferred for spatial derivatives as they provide second-order accuracy and reduced truncation error compared to forward or backward schemes (Chapra and Canale, 2015).
[bookmark: _Toc220838795]3.3 Explicit Finite Difference Scheme
The time derivative is approximated using a forward difference:

Substituting the finite difference expressions for the spatial and temporal derivatives into the two-dimensional heat equation results in the explicit finite difference formulation:

where the Fourier number Fo is defined as:

This equation allows the temperature at each grid point to be updated explicitly based on known values from the previous time step.
[bookmark: _Toc220838796]3.4 Spatial and Temporal Discretisation
The spatial domain is discretised into a uniform grid with spacing  in both the  and  directions. Time is discretised into increments of size , allowing the transient evolution of the temperature field to be simulated. The choice of grid spacing and time step directly influences solution accuracy and computational cost.The time step must be sufficiently small to ensure numerical stability.


[bookmark: _Toc220838797]3.5 Stability Criterion
For the two-dimensional explicit finite difference scheme, numerical stability requires the Fourier number to satisfy:

This stability condition is derived using von Neumann stability analysis, which examines the growth of numerical errors in explicit finite difference schemes (Smith, 1985)
[bookmark: _Toc220838798]4. Initial, Boundary Conditions and Analytical Solution
[bookmark: _Toc220838799]4.1 Initial Conditions
At the start of the simulation  the temperature throughout the plate is assumed to be uniformly zero:

This initial condition represents a plate that is in thermal equilibrium before any external heating is applied. By prescribing a uniform initial temperature, the subsequent evolution of the temperature field is solely driven by the imposed boundary conditions. This simplification allows the transient response of the system to be clearly observed and avoids the introduction of additional thermal gradients at the start of the simulation.
[bookmark: _Toc220838800]4.2 Boundary Conditions
The boundaries of the plate are maintained at prescribed constant temperatures, commonly referred to as Dirichlet boundary conditions. In the numerical model, these fixed boundary conditions are enforced at every time step, ensuring that the boundary nodes remain at the specified temperature throughout the simulation.
Applying constant boundary temperatures provides a physically realistic representation of a plate subjected to sustained heating and allows the temperature field to evolve towards a steady-state condition. Furthermore, the use of fixed boundary conditions simplifies the numerical implementation and enables the existence of a closed-form analytical solution, which is essential for validating the numerical results.
[bookmark: _Toc220838801]4.3 Analytical Solution
For a square plate with constant boundary temperatures and no internal heat generation, the steady-state form of the heat conduction equation reduces to Laplace’s equation. An analytical solution to this problem can be obtained using separation of variables and Fourier series methods. This solution provides the exact steady-state temperature distribution within the plate.
In this study, the analytical solution is used as a benchmark to validate the numerical model once thermal equilibrium has been reached. By comparing the numerical steady-state temperature field with the analytical solution, the accuracy and reliability of the explicit finite difference method can be quantitatively assessed using appropriate error metrics (Carslaw and Jaeger, 1959).
[bookmark: _Toc220838802]5. Code Details and Explanations
The numerical model was implemented in MATLAB using an explicit finite difference method to solve the two-dimensional transient heat conduction equation. The code is organised into logical sections that directly reflect the mathematical formulation of the problem.
Initially, the thermal properties of aluminium are defined using the variables k, rho, and cp, representing thermal conductivity, density, and specific heat capacity respectively. These properties are used to calculate the thermal diffusivity alpha, which governs the rate of heat propagation within the plate and is a key parameter in the heat equation.
The plate geometry and numerical grid are defined through user inputs Xdim, Ydim, and h, which specify the plate dimensions and uniform grid spacing. The number of grid points in the  and  directions is calculated as NC and NR, allowing the spatial domain to be discretised consistently with the chosen grid resolution. Coordinate vectors x and y are generated using the linspace function and combined with meshgrid to support visualisation.







[bookmark: _Toc220835745]Figure 1 MATLAB code showing grid generation and temperature field initialisation.


The temperature field is initialised using the matrix T1, which is set to zero throughout the domain to represent the prescribed initial condition. The north boundary condition is enforced by assigning the final row of T1 to the constant temperature T0. A second matrix, T2, is used to store the updated temperature values at each time step.
Time discretisation is controlled by the time step dt, which is selected based on the stability limit dt_max. The Fourier number Fo is computed using alpha, dt, and h to ensure compliance with the explicit stability criterion. The transient solution is obtained within a time-marching loop that updates interior nodes using the explicit finite difference scheme.
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[bookmark: _Toc220835746]Figure 2 Explicit finite difference time-marching loop implemented in MATLAB.
Thermal equilibrium is detected by calculating the maximum absolute difference maxMD between successive temperature fields, T2 and T1. The iteration counter stepCount is incremented at each time step, and the simulation terminates once maxMD falls below the prescribed convergence criterion cc. The time required to reach equilibrium is then calculated as timeToEquilibrium = stepCount * dt.
Finally, the numerical steady-state solution Tnum is compared against the analytical solution Tan. Post-processing routines generate contour plots of the numerical solution, analytical solution, and error distribution, enabling both qualitative and quantitative validation of the model.
[bookmark: _Toc220838803]6. Validation of the Code
Validation of the numerical model was performed using a representative baseline case. The plate dimensions were set to   and  . A uniform grid spacing of             was employed in both spatial directions. The time step was fixed at Δt=150s , which satisfies the stability requirement of the explicit finite difference scheme. A convergence tolerance of 0.001 was used to determine thermal equilibrium. The north boundary temperature was prescribed as  while the initial temperature of the plate was set to zero throughout the domain. Aluminium material properties were assumed, with constant thermal conductivity, density, and specific heat capacity.
The numerical model developed in this study was validated by comparing the steady-state temperature distribution obtained using the explicit finite difference method with the corresponding analytical solution. Validation was performed once thermal equilibrium had been reached, ensuring that transient effects no longer influenced the temperature field.
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[bookmark: _Toc220835747]Figure 3 Numerical temperature distribution at thermal equilibrium obtained using the explicit finite difference method.
Figure 3 illustrates the numerical temperature field at thermal equilibrium. The distribution exhibits smooth temperature gradients, with the highest temperatures occurring at the heated boundary and progressively decreasing towards the interior of the plate. The absence of oscillations or non-physical behaviour indicates that the numerical scheme is stable and that the boundary conditions have been correctly implemented.
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[bookmark: _Toc220835748]Figure 4: Analytical steady-state temperature distribution for the square plate.
Figure 4 presents the analytical steady-state solution for the same geometry and boundary conditions. A close visual comparison between Figures 3 and 4 demonstrates strong agreement in both the shape and magnitude of the temperature contours across the computational domain. This similarity indicates that the numerical model accurately captures the underlying physics of two-dimensional heat conduction within the plate.
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[bookmark: _Toc220835749]Figure 5: Spatial distribution of error between analytical and numerical temperature fields
.
To further quantify the accuracy of the numerical solution, an error analysis was performed by evaluating the difference between the numerical and analytical temperature values at each grid point. The resulting error distribution, shown in Figure 5, indicates that discrepancies are minimal throughout the interior of the plate and are slightly larger near the boundaries. This behaviour is expected for explicit finite difference schemes and is primarily attributed to spatial discretisation and boundary enforcement effects.
In addition to the visual comparison, quantitative error metrics were calculated to assess model accuracy. The maximum absolute error and the root mean square error (RMSE) were found to be within acceptable limits for the selected grid spacing and time step. These results confirm that the numerical implementation is accurate and that the explicit finite difference method provides a reliable approximation of the steady-state heat conduction behaviour.
Overall, the close agreement between the numerical and analytical solutions validates the correctness of the numerical model and demonstrates its suitability for analysing transient heat conduction problems in two-dimensional domains.
[bookmark: _Toc220838804]7. Sensitivity Analysis of the Code
A sensitivity analysis was carried out to investigate the influence of key numerical parameters on the performance, stability, and efficiency of the explicit finite difference model. The parameters examined include grid spacing, time step size, and convergence tolerance. For each study, one parameter was varied while all others were held constant, allowing the individual effect of each parameter on the thermal equilibrium time to be assessed.
[bookmark: _Toc220838805]7.1 Influence of Grid Spacing
The influence of grid spacing on the numerical solution was examined by varying the spatial resolution while keeping the time step and convergence tolerance fixed.
[bookmark: _Toc220835759]Table 1: Effect of grid spacing on thermal equilibrium time with fixed time step and tolerance.
[image: A table with numbers and text
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Table 1 shows that decreasing the grid spacing leads to an increase in the time required for the solution to reach thermal equilibrium. This occurs because finer spatial discretisation increases the number of grid points in the computational domain, thereby increasing the number of calculations required at each time step.

[bookmark: _Toc220835750]Figure 6: Variation of thermal equilibrium time with grid spacing
As illustrated in Figure 6, the equilibrium time increases rapidly as the grid spacing is reduced before approaching a near-constant value at finer resolutions. This indicates that beyond a certain grid density, further refinement provides limited improvement in solution accuracy while significantly increasing computational cost. This behaviour is consistent with the reduction of numerical diffusion associated with finer grids and highlights the importance of selecting an appropriate grid spacing (Chapra and Canale, 2015).
[bookmark: _Toc220838806]7.2 Influence of Time Step
The sensitivity of the numerical model to time step size was investigated by varying the time step while holding the grid spacing and convergence tolerance constant.
[bookmark: _Toc220835760]Table 2: Effect of time step size on thermal equilibrium time with fixed grid spacing and tolerance.
[image: A table with numbers and a few digits

AI-generated content may be incorrect.]
Table 2 indicates that reducing the time step results in an increase in the number of iterations required to reach thermal equilibrium, leading to longer equilibrium times.

[bookmark: _Toc220835751]Figure 7: Effect of time step size on thermal equilibrium time.
Figure 7 shows that smaller time steps lead to longer computational times due to the increased number of time iterations. Conversely, larger time steps reduce computational cost but approach the stability limit of the explicit scheme. This highlights the trade-off between numerical stability and efficiency and emphasises the need to select a time step that satisfies the Fourier number stability criterion.
[bookmark: _Toc220838807]7.3 Influence of Tolerance Condition
The effect of convergence tolerance on the numerical solution was assessed by varying the tolerance while keeping the grid spacing and time step fixed.
[bookmark: _Toc220835761]Table 3: Effect of convergence tolerance on thermal equilibrium time with fixed grid spacing and time step.
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Table 3 shows that decreasing the tolerance leads to a significant increase in the time required to reach thermal equilibrium.

[bookmark: _Toc220835752]Figure 8 Effect of convergence tolerance on thermal equilibrium time.
As shown in Figure 8, smaller tolerance values impose stricter convergence requirements, requiring additional iterations to satisfy the convergence criterion. While this improves numerical convergence, excessively small tolerances were found to yield minimal improvements in solution accuracy while substantially increasing computational cost. Therefore, an appropriate tolerance must be selected to balance numerical accuracy and efficiency.
7.4 Summary of Sensitivity Findings
Overall, the sensitivity analysis demonstrates that grid spacing, time step size, and convergence tolerance all have a significant impact on the computational efficiency and stability of the numerical model. The results highlight the importance of selecting numerical parameters that satisfy stability requirements while avoiding unnecessary computational expense.
[bookmark: _Toc220838808]8. Limitations and Future Improvements
While the numerical model demonstrates good agreement with the analytical solution, several limitations should be acknowledged. The explicit finite difference method used in this study is conditionally stable, requiring small time steps to satisfy the Fourier number stability criterion. This restriction increases computational time, particularly when fine spatial grids or strict convergence tolerances are employed.
The model also uses a uniform grid spacing across the domain, which simplifies implementation but may not be computationally optimal. Regions with higher temperature gradients could benefit from local grid refinement, while coarser resolution may be sufficient elsewhere. In addition, constant material properties are assumed, and internal heat generation is neglected, which limits the applicability of the model to more complex real-world problems. The analysis is further restricted to two-dimensional heat conduction, excluding any out-of-plane heat transfer effects.
Future improvements could include the implementation of an implicit or semi-implicit time integration scheme to relax stability constraints and improve computational efficiency. Adaptive meshing techniques and temperature-dependent material properties could also be incorporated to enhance model accuracy and realism.
[bookmark: _Toc220838809]9. Conclusion
This study presented the numerical solution of the two-dimensional transient heat conduction equation for a flat plate using an explicit finite difference method. The governing equation was discretised in space and time, and a MATLAB model was developed to simulate the transient temperature distribution until thermal equilibrium was reached.
The numerical results showed close agreement with the analytical steady-state solution, confirming the correctness and stability of the implemented scheme. Sensitivity analyses demonstrated the influence of grid spacing, time step size, and convergence tolerance on computational efficiency and highlighted the importance of selecting appropriate numerical parameters. While the explicit method proved effective for this problem, its conditional stability and computational cost were identified as key limitations.
Overall, the model provides a reliable and transparent framework for analysing transient heat conduction problems and offers a solid foundation for further numerical development.
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[bookmark: _Toc220838811]Appendix A MATLAB Code
%% 2D Heat Conduction in an Aluminium Plate
% Explicit Finite Difference Method (EFDM)
clear
clc
%% Define physical properties of aluminium
k   = 143;        % Thermal conductivity (W/m.C)
rho = 2.8e3;      % Density (kg/m^3)
cp  = 795;        % Specific heat (J/kg.C)
alpha = k/(rho*cp);   % Thermal diffusivity (m^2/s)
fprintf('Thermal diffusivity = %.6e m^2/s\n\n', alpha);
%% Plate dimensions and grid spacing
ok = 0;
while ok == 0
    Xdim = input('Enter plate width Xdim (m): ');
    Ydim = input('Enter plate height Ydim (m): ');
    h    = input('Enter grid spacing h (m): ');
    if Xdim <= 0 || Ydim <= 0 || h <= 0
        disp('Error: all values must be positive.');
    elseif mod(Xdim,h) ~= 0 || mod(Ydim,h) ~= 0
        disp('Error: h must divide evenly into Xdim and Ydim.');
    else
        ok = 1;
        disp('Grid spacing accepted.');
    end
end
%%  Boundary temperature
T0 = input('Enter NORTH boundary temperature T0 (°C): ');
%%  Build the grid
NC = Xdim/h + 1;     % Number of columns
NR = Ydim/h + 1;     % Number of rows
x = linspace(0, Xdim, NC);
y = linspace(0, Ydim, NR);
[X, Y] = meshgrid(x, y);
fprintf('Grid size: %d rows x %d columns\n\n', NR, NC);
%%  Initial condition
T1 = zeros(NR, NC);     % Initial temperature is zero everywhere
% Boundary conditions (Dirichlet)
T1(end,:) = T0;         % North boundary (y = Ydim)
%%  Time step selection and stability check
dt_max = h^2/(4*alpha);
valid = 0;
while valid == 0

    fprintf('Maximum stable dt = %.6e s\n', dt_max);
    dt = input('Enter time step dt (s): ');
    if dt <= 0
        disp('Error: dt must be positive.');
    elseif dt > dt_max
        disp('Error: dt too large (unstable).');
    else
        valid = 1;
    end
end
Fo = alpha*dt/h^2;
fprintf('\nFourier number Fo = %.6f\n\n', Fo);
%%  EFDM solution until thermal equilibrium
cc = 0.01;          % Convergence criterion (°C)
maxMD = cc + 1;
T2 = T1;
stepCount = 0;
while maxMD > cc
    T2 = T1;    % Reset next time step
    % Update interior nodes only
    for i = 2:NR-1
        for j = 2:NC-1
            T2(i,j) = T1(i,j) + Fo * ( ...
                T1(i+1,j) + T1(i-1,j) + ...
               T1(i,j+1) + T1(i,j-1) - ...
                4*T1(i,j) );
        end
    end
time_seconds = stepCount * dt;
time_days    = time_seconds / 86400;
    % Convergence check
    maxMD = max(abs(T2(:) - T1(:)));

    T1 = T2;
    stepCount = stepCount + 1;
end
timeToEquilibrium = stepCount * dt;
fprintf('Thermal equilibrium reached.\n');
fprintf('Steps taken = %d\n', stepCount);
if timeToEquilibrium < 86400
    fprintf('Time to equilibrium = %.2f s\n\n', timeToEquilibrium);
else
    fprintf('Time to equilibrium = %.3f days\n\n', timeToEquilibrium/86400);
end
Tnum = T1; % Numerical steady-state solution
% -------- DISPLAY FINAL MATRICES --------
fprintf('Final Temperature Distribution Matrix (T2):\n');
disp(T2);
%%  Plot numerical steady-state solution
figure;
contourf(X, Y, Tnum, 20);
colormap(jet);
colorbar;
title('Numerical Temperature Distribution at Thermal Equilibrium');
xlabel('x (m)');
ylabel('y (m)');
%%  Analytical solution (steady state)
Tan=zeros(NR, NC);
nTerms = 200;
for n = 0:(nTerms-1)
    kk = 2*n + 1;
    numExp = exp(kk*pi*(Y - Ydim)/Xdim)- exp(-kk*pi*(Y + Ydim)/Xdim);
    denExp = 1 - exp(-2*kk*pi*Ydim/Xdim);
    Tan = Tan + (1/kk) .* sin(kk*pi*X/Xdim) .* (numExp ./ denExp);
end
Tan=(4*T0/pi) * Tan;
 fprintf('Final Analytical Temperature Matrix (Tan):\n');
disp(Tan)
%% Plot analytical solution
figure;
contourf(X, Y, Tan, 20);
colormap(jet);
colorbar;
title('Analytical Temperature Distribution at Thermal Equilibrium');
xlabel('x (m)');
ylabel('y (m)');
%% Validation 
Error = abs(T2 - Tan);
fprintf('Error in values between solutions (T2-Tan')
disp(Error)
maxError  = max(abs(Error(:)));
meanError = mean(abs(Error(:)));      
rmseError = sqrt(mean(Error(:).^2));
fprintf( 'Validation Results\n');
fprintf('Maximum absolute error = %.6f °C\n', maxError);
fprintf('Mean absolute error    = %.6f °C\n', meanError);
fprintf('RMSE                  = %.6f °C\n', rmseError);

figure;
contourf(X, Y, Error, 20);
colormap(jet);
colorbar;
title('Error Distribution (Analytical - Numerical)');
xlabel('x (m)');
ylabel('y (m)');
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Thermal Equilibrium Time	926000	894000	850000	824800	792600	746800	668200	589400	510500	431575	



Thermal Equilibrium Time (s)	55500	248500	510500	773000	1035500	1298000	
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%% Time step selection and stability check

dt_max = h"2/(4*alpha);

valid = 0;
while valid

Fprintf('Maxinum stable dt
dt = input('Enter time step dt (s): ');

if dt <= @

%.6e s\n', dt_max);

disp('Error: dt must be positive.');

elseif dt > dt_max

disp('Error: dt too large (unstable).

else
valid = 1;
end
end
Fo = alpha*dt/h"2;
fprintf('\nFourier number Fo

%.6F\n\n’, Fo);
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