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Abstract - This report investigates the response of a 7 degree of freedom mass spring damper model against simulation data for a lane change manoeuvre. 3 different setups were tested with varying roll stiffnesses, and their response is analysed. A further investigation was conducted altering damping coefficients with comments on the model’s response. 
1. INTRODUCTION 

Constructing a precise model of vehicle dynamics is crucial for accurately depicting the real behaviour of a vehicle. This model should undergo validation using vehicle dynamics simulation software and a real experimental car equipped with instruments. Failure to predict the vehicle's behaviour during the design phase may result in compromised handling and risky manoeuvres, like rollovers, excessive under or oversteer and poor driver feedback. Utilizing mathematical models enables the exploration of dynamic behaviour and safety aspects of the vehicle. Additionally, computer simulation tools provide a cost-effective means to investigate vehicle dynamics and safety without the expense and effort of building and testing an actual vehicle [1].
For this test a lane change manoeuvre is used to assess a vehicles ability to change lanes quickly and safely. this causes the vehicle to laterally accelerate in one direction then accelerate back in the opposite direction. This change in lateral acceleration causes a roll moment that acts on the sprung mass.  This test can be modelled to simulate real data without having to complete the test through the use of a mass spring damper model. 
2. Derivation of Mass Spring Damper Models  

2.1 1 Degree of Freedom Model
A 1 degree of freedom model consists of a mass suspended by a spring and damper. The spring resists the displacement of the mass in either the positive or negative direction. These displacements are caused by either road inputs i.e. speed bumps or dynamic movements of the sprung mass like heave, pitch and roll. The stiffness of a spring is called the spring rate and is defined by hooks law. If a spring has a high rate, it will require a greater force to displace the mass the same distance that at of a lower spring rate. The dampers job is controlling the rate of change of these inputs. Dampers can have multiple different setting that change how the damper works. In this simulation the damper will have fast bump, slow bump, slow rebound and fast rebound. [2] The damping coefficient is selected based on the speed and direction that the damper is travelling.  The following system can be depicted in the equation below. 
[image: image34.png]



· Z = Displacement of the mass 

· Y = Road input 

· K = Spring rate

· C = Damping coefficient 

The equation above is modelled in Simulink below.
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Figure 1 - 1 Degree of Freedom Model in Simulink
2.2 2 Degree of Freedom Model 
A 2 degree of freedom model takes the vehicles sprung and unsprung masses into the equation. The movement of the sprung mass is a reaction to that of the unsprung mass. In this model both spring and damper for the unsprung mass comes from the tyre. Tyres behave as springs and dampers within these systems. A tyre will have a high spring rate and a low damping coefficient opposite to the spring and damper fitted to the sprung mass. The following system can be modelled in the equations below. [3]
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· u = unsprung values 

· s = sprung values 

The equation above is modelled in Simulink below.
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Figure 2 - 2 Degree of Freedom Model in Simulink
2.3 4 Degree of Freedom Model

The 4 degree of freedom model consists of two wheels. This can either be front and rear and simulate pitch or left and right and simulate roll. For either of these scenarios heave can also be simulated. To simulate pitch the pitch centre needs to be found. the pitch centre will be the point that the sprung mass rotates around. Forces act on the centre of gravity of the vehicle, due to there being a distance between the pitch centre and the centre of gravity a moment is created. The angle between the front and rear suspension arms to the centre of gravity will dictate the pitch centre. This is the same for roll using the front and rear roll centre to find the roll axis.  The following system can be modelled in the equations below. 

[image: image5.emf]− 𝑀 𝑍𝑠 ሷ = 𝐾𝑓 ሺ 𝑍𝑠 − 𝑎 𝜃 − 𝑍𝑓 ሻ + 𝐶𝑓 ( 𝑍𝑠 ሶ − 𝑎 𝜃 ሶ − 𝑍𝑓 )   ሶ + 𝐾𝑟 ሺ 𝑍𝑠 + 𝑏 𝜃 − 𝑍𝑟 ሻ + 𝐶𝑟 ( 𝑍𝑠 ሶ − 𝑏 𝜃 ሶ − 𝑍 𝑟 )   ሶ   − 𝐼 ∅ ሷ = 𝑏𝐾𝑟 ሺ 𝑍𝑠 + 𝑏 𝜃 − 𝑍𝑟 ሻ + 𝑏𝐶𝑓 ( 𝑍𝑠 ሶ − 𝑏 𝜃 ሶ − 𝑍 𝑟 )   ሶ − 𝑎𝐾𝑓 ሺ 𝑍𝑠 − 𝑎 𝜃 − 𝑧𝑓 ሻ − 𝑎𝐶𝑓 ( 𝑍𝑠 ሶ − 𝑎 𝜃 ሶ − 𝑍𝑓 )   ሶ   − 𝑀𝑓 𝑍𝑓 ሷ = 𝐾𝑡𝑓 ሺ 𝑍𝑓 − 𝑌𝑓 ሻ + 𝐶𝑡𝑓 ൫ 𝑍 𝑓 ሶ − 𝑌𝑓 ሶ ൯ − 𝐾𝑓 ሺ 𝑍𝑠 − 𝑎 𝜃 − 𝑍𝑓 ሻ − 𝐶𝑓 ( 𝑍𝑠 ሶ − 𝑎 𝜃 ሶ − 𝑍𝑓 )   ሶ   − 𝑀𝑟 𝑍𝑟 ሷ = 𝐾𝑡𝑟 ሺ 𝑍𝑟 − 𝑌𝑟 ሻ + 𝐶 𝑡𝑓 ൫ 𝑍 𝑓 ሶ − 𝑌𝑓 ሶ ൯ − 𝐾𝑟 ሺ 𝑍𝑠 + 𝑏 𝜃 − 𝑍𝑟 ሻ − 𝐶 𝑟 ( 𝑍𝑠 ሶ − 𝑎 𝜃 ሶ − 𝑍𝑓 )   ሶ  


· a = distance from the front of the vehicle to the pitch centre 

· b = distance from the rear of the vehicle to the pitch centre

· [image: image7.png]


 = Pitch/Roll Angle 
The equations above are modelled in Simulink below.
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Figure 3 - 4 Degree of Freedom Model in Simulink
2.3 7 Degree of Freedom Model

The 7 degree of freedom model is a full car model. The model can individually simulate the motion at each corner of the vehicle for both the sprung and unsprung masses. This model allows for an insight into how each variable will affect the vehicles response characteristics. The following simulation is given in the equations below. 

[image: image9.emf]− 𝑀 𝑍𝑠 ሷ = 𝐾𝑓 1 ሺ 𝑍 − 𝑍𝑓 1 − 𝑎 𝜃 − 𝛽 ∅ ሻ + 𝐶𝑓 1 ൫ 𝑍 ሶ + 𝑍𝑓 1 ሶ − 𝛼𝜃 ሶ − 𝛽 ∅ ሶ ൯ + 𝐾𝑓 2 ሺ 𝑍 − 𝑍𝑓 2 − 𝛼𝜃 + 𝛼 ∅ ሻ + 𝐶𝑓 2 ( 𝑍 ሶ − 𝑍 𝑓 2 ሶ − 𝑎 𝜃 ሶ + 𝛼 ∅ ) ሶ + 𝐾𝑟 1 ሺ 𝑍 + 𝑍𝑟 1 + 𝑏 𝜃 − 𝛽 ∅ ሻ + 𝐶𝑟 1 ( 𝑍 ሶ − 𝑍𝑟 1 ሶ + 𝑏 𝜃 ሶ − 𝛽 ∅ ) ሶ + 𝐾𝑟 2 ሺ 𝑍 − 𝑍𝑟 2 + 𝑏 𝜃 + 𝛼 ∅ ሻ + 𝐶𝑟 2 ( 𝑍 ሶ − 𝑍𝑟 1 ሶ + 𝑏 𝜃 ሶ + 𝛼 ∅ ) ሶ   − 𝐼𝑥𝑥 𝜃 ሷ = 𝑏𝐾𝑟 1 ሺ 𝑍 + 𝑍𝑟 1 + 𝑏 𝜃 − 𝛽 ∅ ሻ + 𝑏 𝐶𝑟 1 ( 𝑍 ሶ − 𝑍𝑟 1 ሶ + 𝑏 𝜃 ሶ − 𝛽 ∅ ) ሶ + 𝑏𝐾𝑟 2 ሺ 𝑍 − 𝑍𝑟 2 + 𝑏 𝜃 + 𝛼 ∅ ሻ + 𝑏𝐶𝑟 2 ( 𝑍 ሶ − 𝑍𝑟 1 ሶ + 𝑏 𝜃 ሶ + 𝛼 ∅ ) ሶ − 𝑎 𝐾𝑓 1 ሺ 𝑍 − 𝑍𝑓 1 − 𝑎 𝜃 − 𝛽 ∅ ሻ − 𝑎𝐶𝑓 1 ൫ 𝑍 ሶ + 𝑍𝑓 1 ሶ − 𝛼𝜃 ሶ − 𝛽 ∅ ሶ ൯ − 𝑎𝑘𝑓 2 ሺ 𝑍 − 𝑍𝑓 2 − 𝛼𝜃 + 𝛼 ∅ ሻ − 𝑎 𝐶𝑓 2 ( 𝑍 ሶ − 𝑍 𝑓 2 ሶ − 𝑎 𝜃 ሶ + 𝛼 ∅ ) ሶ   − 𝐼 𝑦𝑦 ∅ ሷ = 𝛼 𝐾𝑓 2 ሺ 𝑍 − 𝑍𝑓 2 − 𝛼𝜃 + 𝛼 ∅ ሻ + 𝛼 𝐶𝑓 2 ( 𝑍 ሶ − 𝑍 𝑓 2 ሶ − 𝑎 𝜃 ሶ + 𝛼 ∅ ) ሶ + 𝛼 𝐾𝑟 2 ሺ 𝑍 − 𝑍𝑟 2 + 𝑏 𝜃 + 𝛼 ∅ ሻ + 𝛼 𝐶 𝑟 2 ( 𝑍 ሶ − 𝑍 𝑓 2 ሶ − 𝑎 𝜃 ሶ + 𝛼 ∅ ) ሶ − 𝛽 𝐾𝑓 1 ሺ 𝑍 − 𝑍𝑓 1 − 𝑎 𝜃 − 𝛽 ∅ ሻ − 𝛽 𝐶𝑓 1 ൫ 𝑍 ሶ + 𝑍𝑓 1 ሶ − 𝛼𝜃 ሶ − 𝛽 ∅ ሶ ൯ − 𝛽 𝐾𝑟 1 ሺ 𝑍 + 𝑍𝑟 1 + 𝑏 𝜃 − 𝛽 ∅ ሻ − 𝛽 𝐶𝑟 1 ( 𝑍 ሶ − 𝑍𝑟 1 ሶ + 𝑏 𝜃 ሶ − 𝛽 ∅ ) ሶ   − 𝑀 𝑓 1 𝑍𝑓 1 ሷ = 𝐾𝑡𝑓 1 ሺ 𝑍𝑓 1 − 𝑌𝑓 1 ሻ − 𝐾𝑓 1 ሺ 𝑍 − 𝑍𝑓 1 − 𝑎 𝜃 − 𝛽 ∅ ሻ − 𝐶𝑓 1 ൫ 𝑍 ሶ + 𝑍𝑓 1 ሶ − 𝛼𝜃 ሶ − 𝛽 ∅ ሶ ൯ + 𝐶 𝑡𝑓 1 ൫ 𝑍𝑓 1 ሶ − 𝑌𝑓 1 ሶ ൯   − 𝑀 𝑓 2 𝑍𝑓 2 ሷ = 𝐾𝑡𝑓 2 ሺ 𝑍𝑓 2 − 𝑌𝑓 2 ሻ − 𝐾𝑓 2 ሺ 𝑍 − 𝑍𝑓 2 − 𝛼𝜃 + 𝛼 ∅ ሻ − 𝐶𝑓 2 ( 𝑍 ሶ − 𝑍 𝑓 2 ሶ − 𝑎 𝜃 ሶ + 𝛼 ∅ ) ሶ + 𝐶𝑡𝑓 2 ൫ 𝑍𝑓 2 ሶ − 𝑌𝑓 2 ሶ ൯   − 𝑀 𝑟 1 𝑍𝑟 1 ሷ = 𝐾𝑡𝑟 1 ሺ 𝑍 𝑟 1 − 𝑌 𝑟 1 ሻ − 𝐾 𝑟 1 ሺ 𝑍 + 𝑍𝑟 1 + 𝑏 𝜃 − 𝛽 ∅ ሻ − 𝐶𝑟 1 ( 𝑍 ሶ − 𝑍𝑟 1 ሶ + 𝑏 𝜃 ሶ − 𝛽 ∅ ) ሶ + 𝐶𝑡 𝑟 1 ൫ 𝑍 𝑟 1 ሶ − 𝑌 𝑟 1 ሶ ൯   − 𝑀 𝑟 2 𝑍𝑟 2 ሷ = 𝐾𝑡𝑟 2 ሺ 𝑍𝑟 2 − 𝑌𝑟 2 ሻ − 𝐾𝑟 2 ሺ 𝑍 − 𝑍𝑟 2 + 𝑏 𝜃 + 𝛼 ∅ ሻ − 𝐶𝑟 2 ( 𝑍 ሶ − 𝑍 𝑓 2 ሶ − 𝑎 𝜃 ሶ + 𝛼 ∅ ) ሶ + 𝐶𝑡𝑟 2 ൫ 𝑍 𝑟 2 ሶ − 𝑌 𝑟 2 ሶ ൯  


The equations above is modelled in Simulink below.
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Figure 4 - 7 Degree of Freedom Model in Simulink
3. Calculations for Formula Ford
When configuring the 7 degree of freedom model to simulate the formula ford some parameters need to be calculated. Having been given the later force from the motec data the roll effect can be measured. Due to the lateral force acting upon the centre of gravity, there is a distance between the centre of gravity and the roll centre where the motion is portrayed. This distance can be calculated by knowing the front and rear roll centre hights to find the roll axis. Thus, defining the moment arm. In the given data for the formula ford there are values for front roll centre high (0.9mm) and rear roll centre hight (59.0mm).
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This value will be multiplied by the sprung mass of the vehicle and then multiplied by the motec data to create the roll moment applied. [4]
4. DIFFERENCES IN THE DATA
Having created the 7 degree of freedom model for the formula ford the model can be compared against the motec data gathered from the sim. Upon analysing the data errors within the model can be seen and the accuracy of the model can be commented upon. The figure below displays actual roll (in blue) from the simulation against the calculated roll (in yellow) from the model. 


[image: image12]
Figure 5 – Simulated Roll Vs Actual Roll
Upon inspection of the figure above there is similarity to the contours of the graphs however the greatest difference is in the magnitude of the graphs. The Motec data for roll has greater values for roll compared to the model. 
The model’s unsprung masses are only connected to the sprung mass by the springs and dampers. In the actual formula ford, there are wishbones that are also connected between the sprung and unsprung masses. When a vehicle experiences load transfer, there is geometric load transfer and elastic load transfer. Elastic weight transfer occurs through the springs leading to a slower transfer of load than that of geometric load transfer as it compresses the spring to transfer the load. In geometric weight transfer, the weight transferred travels through the solid chassis and wishbones that have minimal compression allowing the weight transfer to be almost instantaneous. The lack of this dynamic response within the model will lead to a delayed response compared the actual roll because of the rate of loading and unloading of each corner. Potential causing the offset in the model. 
The peaks within the model appear to be that of a smaller magnitude than that of the actual roll. This may partly be due to the dampers behaving stiffer in the model than that of the simulation. With limited data on how the damper responds for given loads. to improve the accuracy of the model it would be beneficial to have the formula ford dampers dynode. This would lead to a full bump and rebound response for any speed. This could then be used within the Simulink model using a 2d look up table and produce the exact data, reducing errors. It should also be noted that temperature will influence the damping coefficient as the viscosity of the fluid will change. Although not a problem for a simple lane change mauver that was simulated. Larger simulations should take this into consideration.
The figure below displays the simulated tyre force against the actual tyre force from the motec data for the front left corner of the vehicle.


[image: image13]
Figure 6 - Simulated Tire Force Vs Actual Tire Force
Upon inspection of the figure the peak value for both the simulated force and the actual force are similar are and comparable with an average error of 20 newtons. However, when the front left corner enters rebound there is a dissimilarity between the values of approximately 150 newtons. This error could possibly be caused by the dampers value in rebound being too low. This will allow the acceleration of the corner to increase inter increasing the velocity leading to a greater drop off in force, increasing load on the opposite side.
5. LACKING AREAS WITHIN THE MODEL
This section breaks down why there are differences between the motec data and the model data. For the model to run assumptions have had to be made. The first assumption is that the road within the motec data is completely smooth with zero input. Due to the data being used in this model being gathered from a simulator, the gradient of the road can be accurately controlled allowing for minimal error. However, if the data was being applied from experimental data the road input would be unknow. 
In the formula ford championship, the tyres used are Avon branded. There is limited data outputted from Avon for both tyres damping coefficient and tyre spring rate. For this simulation these coefficient values have been estimated leading to possible errors within the results 
The dampers within the simulation have been created using fast bump, slow bump, fast rebound and slow rebound. Due to their only being dapper coefficients provided, there is no known point at what damper velocity that the damper transition from fast to slow. Therefore, these values have been assumed. 
When the vehicle is cornering the suspension arms will move leading to the roll centre of the vehicle to migrate. The change in roll centre high will change this distance of the moment arm effecting the values. This has not been simulated within the model. When altering the roll centre of the vehicle the simulation will increase the roll moment however the effect on the kinematics of the vehicle is not studied within the simulation.
6. ANALYSIS ON FORMULA FORD SETUPS
From the simulator 3 different setups with varying spring rates have been tested in a lane change test. These 3 setups are input into the model and their responses are compared. Altering the spring rates from each setup will change the roll stiffness of both the front and rear of the vehicle and effect the roll motion. The roll motion is analysed for each setup in the section below. The table above displays the varying setups that will be simulated.  
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Table 1 – Spring Rates for Each Setup

[image: image15]
Figure 7 - Roll Angle for Each Setup
The figure above displays how each setup responded within the model. Circled in red are possible moments of under/oversteer as the vehicle returns to its lane.
Setup 1 has soft springs at the front and hard at the rear. This will make the vehicle prone to understeer due to the slow weight transfer on the front. This can be seen as the vehicle struggles to return to its lane and overshoots meaning the driver must make a large correction recentring the vehicle causing the final roll angle as the vehicle returns to its lane. In a road use application where drivers aren’t trained to deal with oversteer this spring setup would be safest.
Setup 2 generates the smallest peak roll angle. Although in this setup neither of the springs are in the stiffest setting, the overall roll stiffness of the vehicle is the stiffest. Harder springs at the front allow for the load transfer to occur quicker allowing the outer corner of the car to build vertical load as it corners. As the vehicle returns to its equilibrium the vehicle begins to roll again. This extra roll moment could be caused by the vehicle oversteering as the rear tyres break traction and the driver must make a correction. A secondary factor the potentially causing this moment is damper settings. In the model there are only to settings for damper settings in bump. this roll moment may occur as the model selects a softer setting allowing the rate of roll to increase. This setup may be favoured within a motorsport application where more rotation is beneficial as drivers are trained to control over steer.
In setup 3 the rear springs are softened. Due to the larger distribution of weight being towards the rear of the car softening the springs at the rear should lead to the greatest peak roll occurring. This is proven correct in the model as setup 3 produces the largest angle of roll. When the vehicle returns to equilibrium there is no extra roll moment leading to a neutral handling style.  

6. DAMPING COEFFICENT EXSPERIMENTS ON FORMULA FORD

In this experiment of the model setup 3 is used from the experiment above, while altering damper coefficients. The model will be analysed to see if the correct response is simulated. The table below details the new damper coefficients that will be tested.
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Table 2 - Damper Coefficients for Each Setup
Runing the different setup configurations produces the following results. The figure below shows roll angle for each of the setups. 

[image: image17]
Figure 8 - Roll Angle for Each Setup
The Setup that produces the greatest amount of roll is setup 2. Setup 2 has the softest settings in Fast bump and rebound. This creates the largest roll angle as expected. Subsequently Setup 4 with the stiffest values for fast bump and rebound produces the smallest roll angle. Setup 4 damper coefficients are on average 150 (N/m/s) stiffer than that of setup 3. However, there is only a small difference in roll angle potentially causing the system to be over damped. An overdamped ride will cause a harsh ride for on road use. To reduce the roll angle further, changes to the spring stiffness will have to be made. [5]
The figure below displays the tire loads for each setup compared to the actual tire load. 


[image: image18]
Figure 8 - Setup 1 Tire Loads Vs Actual Tire Loads
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Figure 9 - Setup 2 Tire Loads Vs Actual Tire Loads

[image: image20]
Figure 10 - Setup 3 Tire Loads Vs Actual Tire Loads

[image: image21]
Figure 11 - Setup 4 Tire Loads Vs Actual Tire Loads
Upon inspection of the Setups, it seems that setup 4 with the stiffest damper settings best matches the tire force from the simulation. However, the peak load values are still greater that that of the actual data.  This maybe due to the springs for this setup being too stiff transferring load too quickly as they compress less.  Setup 2 with the softer settings has a greater peak tire force. To allow this, the softer damper transfers weight quicker. However, there is a large drop off in tire force when the vehicle rolls in the opposite direction. To fully extract which damper settings are optimal for this setup tire data would be needed.
7. FINAL SETUP

To best replicate the roll motion within the setup the following parameters have been used. 
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Table 3 - Final Setup
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Figure 9 - Final Setup Roll Motion

Although the Graph Produces the same Roll angle values there is still discrepancy when the vehicle does not fully roll. The mass spring damper model creates a small positive roll angle while the simulations roll angle is still negative. 
8. CONCLUSIONS

Through the use of mass spring damper modelling, vehicle response regarding roll angle has been modelled and compared against a simulator session. For defining initial vehicle parameters to understand the ride performance mass spring damper models create a close estimation. However, fine tuning of details for exact performance characteristics, further equations and forces need to be considered. [6]
· 4 mass spring damper models have been derived and simulated within Simulink. Comments have been given on the effectiveness of each model and reasons on when they are used.  

· Errors within the model have been commented upon leading to discrepancies within the results. 
· Upon inspection both graphs produce the same response characteristics however the magnitude of roll is slightly lower in the model. 

· In the model tyre loads where calculated. When compared to the simulator data there were similar trends between the loads. However, when the system enters rebound there were errors of 150 Newtons. 

· the model responds correctly when tested with 3 different setups of varying roll stiffness. Assumptions have been made to the vehicle response that can be seen. 

· Different damper coefficients were experimented with to simulate the vehicle's response. The findings indicated that increasing the damper values had a minimal impact, only slightly reducing the vehicle's roll. On the other hand, decreasing the damper coefficients resulted in a more significant change, allowing the system to roll to greater extents.

· The model’s effectiveness has been commented on and reasons for application given. 
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