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1.0 Introduction

Fig1.0; Image containing basic aluminium plate geometry to provide reader with a demonstration of initial start point 
The aim of this report is to understand the behaviour and temperature distribution within the aluminium plate as seen in figure 1. The material properties of the plate will remain constant throughout. By using the two-dimensional parabolic heat equation seen in figure 2.1  to solve the temperature though time, solving differential equations to independent variables as time and space can be lengthy and complicated. By using explicit finite difference method (EDFM), and transforming the derivatives into Taylor series approximations, and using special discretisation similar as seen below in figure 1.3. Then by dividing the plate into a grid structure, therefore solving temperature distribution at given nodes. 


Fig1.3: Example of nodal network and finite difference approximation 
Using EFDM in MATLAB will convey visual representation of the temperature with respect to time.  Carrying out sensitivity analysis of the code is important, to assess the grid spacing (h), time step (△t) and thermal equilibrium’s responses. The numerical results computed from MATLAB will be compared to analytical results using the equation below: 
𝑇 (𝑥, 𝑦) = 450 𝜋 2 ∙ ∑( sin ( 2∙𝑛∙𝜋 3 ) 𝑛 2 ∙ sinh(𝑛 ∙ 𝜋) ∙ sin ( 𝑛 ∙ 𝜋 ∙ 𝑥 6 ) ∙ sinh ( 𝑛 ∙ 𝜋 ∙ 𝑦 6 ))
This will validate the results, ensuring the code is correctly coded and set parameters are valid.
Aims and Objectives

Aims
The development and implementation of the numerical model for simulation of the heat diffusion within the two-dimensional Aluminium plate.
This will be done via the use of EFDM, in conjunction with the specified initial boundary conditions.
Objectives
Implementation of EFDM for discretization of the governing heat equation.
Creating a MATLAB code that solves the discretized equation and allow visual representation of the temperature distribution with respect to time.
Carry out sensitivity analysis, for the assessment of grid spacing (h), time step (△t) and thermal equilibrium endurance. 
The comparison of numerical and analytical results, initially through the MATLAB code that includes all functions and parameters needed. 
The identification of weaknesses, errors and improvement for further correction of codes.

2.0 The governing equation of the problem
[bookmark: _Toc170668418][bookmark: _Toc178012045][bookmark: _Toc178518136][bookmark: _Toc178518414]2.1 Heat equation Introduction
The Heat Equation is fundamental to equations in engineering, A partial differential equation (PDE), it describes the distribution of heat through an object of a particular region over a specific time, the equation looks like the following:
Two-dimensional Heat equation:

· T = Temperature (°C)
· α = Thermal Diffusivity ( / s) , 
· t = Time with respect to seconds (s)
·  = Partial derivative with respect to time
·  = These are second order partial derivatives within the spatial domain in x & y planes. 
Fig 2.1 Two-dimensional Heat equation (Croft D.R, 1977).

The left-hand side of the equation represents the change of temperature with respect to time, the right-hand side of the equation represents heat conduction in the x and y spatially (Evans, 1997). The thermal diffusivity (α) is a measurement of the speed heat can travel through the material. Factors that affect α are material composition, the specific heat capacity and the density of the material (R Byron Bird, 2002). 

[bookmark: _Toc170668420][bookmark: _Toc178012046][bookmark: _Toc178518137][bookmark: _Toc178518415]3.0 Explicit finite difference methods (EFDM)

EFDM is a numerical tool used in the approximation of solutions for a PDE. The ability to solve the heat equation systematically can be difficult due to the complexity of the geometries requiring understanding and input to solve (Seetharamu, 2004). EFDM can help in such scenarios, where objects with simple “square” geometries can be categorised into grid points and the heat equation can be solved at each point. 

[bookmark: _Toc178012047][bookmark: _Toc178518138][bookmark: _Toc178518416]4.0 Taylor series
[bookmark: _Toc170668421][bookmark: _Toc178012048][bookmark: _Toc178518139][bookmark: _Toc178518417] 4.1 Taylor series
Taylor series expansion is a mathematical tool used in numerical methods for such examples as finite difference methods and Explicit finite difference methods. By expanding and replacing derivates from the heat equation, we arrive at approximate discrete derivates using spatial discretisation from Fig 1.3 as below:
From the 2d Heat equation: 


We can approximate to: 
  1st order derivative
 2nd order derivative (horizontal “x” plane)
  2nd order derivative (vertical “y” plane)

[bookmark: _Toc178012049][bookmark: _Toc178518140][bookmark: _Toc178518418]4.2 Forwards, backwards and central differences 

Using Taylor series expansions, provides the numerical analysis through the approximation of functions by derivatives of the functions. The forwards, backwards difference approximations, allow for estimates of derivatives of functions at current point and future and past points. Finding both difference approximations demonstrates the discrepancy and errors with the nearest intersection points. 



Forwards difference approximation ‘FDA’
Used for Approximations of the derivates at current local point in addition to the next “forward” point, and backwards ‘BDA’ the “previous point”. It’s used in scenarios where estimations are required of rates of change such as acceleration and velocity, and rates of change occurred in the past (Anderson, Computational Fluid Dynamics The basics with Applications, 1995)
f’(x0) =   (FDA Which is h > 0)
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Fig 4.1: Image demonstrating the forward difference approximation (Gerald, 2022)

f (x0 - h) = f (x0) - f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …


f (x0 - h) - f (x0) = f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …


 = 

Transforms to:
 = f’(x0) + f’’(x0) ·  - f’’’(x0) · + …

By re-arranging to traditional format, ‘BDA’ is achieved

f’(x0) =  + ‘0’ ← 0(h) is the error / disturbance term containing remaining offline terms


Central difference approximation 
f (x0 + h) = f (x0) + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + … (A)
f (x0 - h) = f (x0) - f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …  (B)

Subtract ‘B’ from ‘A’ to produce the following
f (x0 + h) - f (x0 - h) = 2f’(x0) · - 2f’’’(x0) · +2 (x0) ·

 = 


 = f’(x0) - f’’’(x0) · + (x0) ·
Re-arranging:
f’(x0)  =  +  ←  is the error / disturbance term terms to the first derivative.
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Fig 4.2: Image demonstrating the central difference approximation (Gerald, 2022)


[bookmark: _Toc178012050][bookmark: _Toc178518141][bookmark: _Toc178518419]4.3 Central difference Approximation ‘CDA' to the 2nd order Derivative
Through the addition of approximations, we get:

f (x0 + h) = f (x0) + f’(x0) · + f’’(x0) ·  + f’’’(x0) · + … (A)
f (x0 - h) = f (x0) - f’(x0) · + f’’(x0) ·  - f’’’(x0) · + …  (B)

We express the following:
f (x0 + h) + f (x0 - h) = 2f (x0) + 2f’’(x0) ·  + (x0) · +..

f (x0 + h) -2f(x0) + f (x0 - h) = f’’(x0) · + (x0) · +..

Dividing by  to get f’’ on its own:
 = 

‘CDA’ to the 2nd order derivative is achieved
f’’(x0) =  +0 (
Inputting our second order derivative approximations into the heat equation, this concludes our final equation to be used.

 + =  .   Two-Dimensional Heat Equation

We apply ‘CDA’ to the 2nd order derivatives on the LHS.

  = f’’(x0),    =  (For horizontal x plane)

 = f’’(x0),     =  (For vertical y plane)
· p =Replaces node location (X0) with point ‘p’
· X0 = Current node location on grid structure.
· +h/-h = Denotes location of co-ordinates on grid structure (left, right, up, down) That have been replaced by North, East, South, West.
·   = Grid spacing ^2
·   =     Thermal Diffusivity


   = f’(X0) =    =   FDA (Time domain)

The FDA is used for the first order derivative of the equation (explicitly) when transformed into a linear equation, it provides one unknown seen below. Although the error accumulation maybe larger in comparison to other approximations of choice, in comparison in linear conversion, the BDA when transformed leaves us with multiple of unknowns, that require more time and effort to solve. The final equation is displayed below.
 +  = 

Factoring and mathematical modelling can be applied to the heat equation in its current form.
Fo (

Where Fo is substituted into the equation, with  transferred over to the LHS matching its order.  transfer within the inside of the brackets we must multiply and divide by the Fo:
Fo (

The final arrangement of the fully Discretised equation below:
= Fo (

For two-dimensional steady flow heat equations, a heat problem in an area considered R on the x-y plane with boundary conditions, is termed a Dirichlet boundary value problem. This is applicable to rectangle formations where one side has an input heat source and the remainder sides remain at zero (Kreyszig, Advanced Engineering Mathematics, 1999)




[bookmark: _Toc170668424][bookmark: _Toc178012051][bookmark: _Toc178518142][bookmark: _Toc178518420]4.4 Stability Criterion 
It’s important when using EFDM here that numerical solutions do not grow uncontrollably and remain bounded (Adrienne S lavine, 2007). The Von Neuman analysis is used to determine stability criteria due to its simplicity in applying for conditions that have numerical stability and linear initial value problems (Fletcher., 1991). Ensuring stability of the solutions ensures reliability of results. In physical behaviours, errors begin small, they will amplify with each increment of time step. Courant Friedrichs Lewy (CFL) condition is a stability criterion used for ‘EFDM’ in the solving of PDE’s for the heat equation also (J H .Ferziger, 2002). 
CFL Stability Criterion 

 Time step
h = Grid spacing in x, y spacing.
 Thermal diffusivity of the plate 
Stability criterion:
 Fo = (alpha*dt) / ( h^2);

A large time step allows for greater travelling distance of information within a simulation. A small h value will subsequently lead to information travelling shorter distances, preventing the equation hopping over neighbouring grid points. This leads to instability within the solution (J.H Ferziger, 2002). The user must select a time step that satisfies the condition, preventing any violation of codes.

[bookmark: _Toc170668426][bookmark: _Toc178012052][bookmark: _Toc178518143][bookmark: _Toc178518421]5.0 Boundary conditions

Boundary conditions set, must specify how the system interacts with its external environment (Kiharalnjogu, 2009).  Without additional conditions the arbitrariness in the solutions make it useless in writing down the general solution (Walet, 2024). By including additional conditions this reduces the freedom and infinite number of solutions with given parameters. The aluminium boundary conditions describe how the system is behaving at its north, east, south and west boundaries.
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Fig 5.0: Diagram including boundary conditions of Aluminium plate used in report  (UWTSD, 2023).

East and West boundary 
As the East and West boundaries of the plate are at a constant temperature of 0°C this is known as the Dirichlet boundary condition (Kreyszig, Advanced Engineering Mathematics, 1997). In Dirichlet the above f(x) is the constant temperature at the top edge with relation to position y and time t.  
T (0, y, t) = 0 West Boundary
T (6, y, t) = 0 East Boundary
South boundary 
As with the East and West the south boundary is also maintained at 0°C.
T (x, 0, t) = 0 South Boundary
North boundary 
This requires more complex Dirichlet boundary conditions. At this region the temperature is defined by f(x), and it is along this edge of the plate that the temperature will vary until it reaches the east of west edge where it will return to 0°C.
T( x, 6, t) = f(x) North Boundary
Where the function of f(x) is given by:
𝑓(𝑥) =	 	{12.5𝑥 𝑖𝑓 0 ≤ 𝑥 ≤ (2 3 × 6)
· 25𝑥 + 150 𝑖𝑓 (2 3 × 6) < 𝑥 ≤ 6


[bookmark: _Toc178012053][bookmark: _Toc178518144][bookmark: _Toc178518422]5.1 Initial Boundary conditions
Initial boundary conditions refer to the initial temperature at a particular point for time step t=0, therefore time based.

[bookmark: _Toc178012054][bookmark: _Toc178518145][bookmark: _Toc178518423]6.0 Codes’ details and explanations
The following chapter contains snap shots and explanations of coding.

[bookmark: _Toc178012055][bookmark: _Toc178518146][bookmark: _Toc178518424]6.1 Initialization
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The above commands are commonly used at the beginning of MATLAB scripts as:
· (clc) used to remove texts from command window, providing improved readability with previous outputs.
· (clear) This command removes all variables from workspace, helpful especially when programming multiple scripts.
· (close all) Will close all open figure windows and plots. 
The above keeps the workspace organised and improves user readability.
[image: A computer screen with a computer screen and a computer screen with a computer screen
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Further the initialization of code, the input parameters of the plate and its properties are input:
· (x=6), (y=6) Are the dimensions of the Aluminium plate in metres and define the physical dimension of the plate.
The shape of the plate has influence on the boundary condition and information to be applied further in the coding. 
[image: A computer screen with a computer screen and a computer screen with a computer screen
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The plates material properties are given:
· K = Thermal conductivity of the Aluminium plate and has a value of 143W/m·C.
· Ρ = Density of the aluminium plate and its value is 2.8xkg/.
· C = Specific heat capacity of the aluminium plate and has a value of 795J/kg·C.
These values are critical for the accuracy purposes of the model and are critical variables within the heat equation for providing meaningful results.

[bookmark: _Toc178012056][bookmark: _Toc178518147][bookmark: _Toc178518425]6.2 User input: Grid spacing ‘h’ and time step ‘dt’
[image: A computer screen with a computer screen and a computer screen with a computer screen

Description automatically generated]The above code is a crucial component affecting the user input for gird spacing. 
· The code requires h = input that must fall within the parameter spacing of the aluminium plate, the user is prompted to enter their h value with the command ‘Enter grid spacing here’. This also stores the users input variable ‘h’.
· By using the while loop in MATLAB this allows for repeated execution of a block code until the specific condition remains true and these conditions will follow below. It is important to use when the number of iterative repetitions is unknown  (Chapman, 2008).
· The while command is followed by the condition which for this is mod(6,h) ~=0 ||h<0|| h>6  and is broken down as follows
· mod(6,h) ~= 0 ; Ensures and checks that the remainder of the division of 6 by @h@ input is not equal to zero. If it is true, this states that h doesn’t even divide 6.
· h<0 ; This checks if ‘h’ has a value less than zero.
· h>6 ; This checks and confirms if ‘h’ has a greater value than that of 6.
· fprintf('Invalid h input \n'); This ensures that if any of the conditions in the ‘while’ loop are true, this line will be executed. If the ‘h’ value is incorrect the error message will follow “invalid h input”.
· h = input('enter chosen grid spacing here - '); This will prompt the user to input a new value of “h”, and the loop will continue until the value satisfied.
[image: A computer screen with a computer screen and a computer screen with a computer screen
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This segment is responsible for prompting the user to input a time step, the time step in the heat equation is important as it determines the temporal resolution of the solution, controlling how frequent the temperature distribution is being updated. 
· Using the while loop for the time step ensures the stability criterion is met; the Fo is a dimensionless number relating the time step to grid spacing in addition to the Aluminium properties. Fo = (alpha * dt) / (h^2) where alpha is the thermal diffusivity, dt is the time step and h is the grid spacing.
· By checking the stability criterion for this EFDM we use Fo <= ¼, the code will check if the Fourier number is less of equal to ¼. If its greater it is invalid and prompts the user to re-enter time step using:  fprintf ('Invalid time step entered. Make sure it is less than %f.2 seconds \n',h^2/(4*alpha))
· dt = input ('enter chosen time step in seconds -'); Appears where the loop will continue until the user has entered a satisfactory time step.

[bookmark: _Toc178012057][bookmark: _Toc178518148][bookmark: _Toc178518426]6.3 Matrix dimensions
[image: A computer screen shot of a computer screen
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The matrix dimensions in this heat equation simulation are defined by the size of the grid used during the discretization of the spatial domain. The plate is divided into rows and columns where they represent the number of grid points along the x and y axis. The 
· The matrix rows are inputted as the following: rows = (y / h) + 1;
· The matrix columns are inputted as the following: columns = (x / h) + 1;
· The initiation of the matrix sets the starting point for the temperature distribution within the aluminium plate:
% Matrix initialisation
· T = zeros(rows, columns); % T is the Temp matrix, beginning with zeros
· The code includes the boundary conditions through setting the values in the first row of the  ‘T’ matrix. Where this ensures that the values in the north Boundary of the plate (y=6) are consistent with the function of f (x)
[bookmark: _Toc178012058][bookmark: _Toc178518149][bookmark: _Toc178518427]6.4 Thermal Equilibrium
This next snippet of the code is responsible for the calculation of the temperature distribution within the aluminium plate, until the thermal equilibrium is reached. Thermal equilibrium refers to where there is no longer a gain in internal or heat energy, and the plate has reached its maximum temperature (Libretexts, 2024). 
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· [image: A computer screen shot of a computer screen

Description automatically generated]T_new = T; Creates a new matrix to store any updated temperature value, within the current time step. This is done for the prevention of any over ridding of previous temperature values. 
· Equilibrium_reached = false; Will track and identify whether thermal equilibrium has been reached
· Figure (1); creates a new figure window for ease and usefulness in plotting temperature distribution at varied time steps.
· n=0; Is used to initialize a counter for keeping track of the number of iterations.
· While equilibrium _reached~=true: A while loop is used to allow for the continuation of execution and inputs as long as the equilibirium_reached is false.
· T=T_new; This line is added to assign the new and updated temperature values of T_Tnew to the T matrix and ensures the next values for the following iteration are updated from previous iteration.
· The nested for loops are used to iterate over each interior grid point, not including those of boundary points. The new temperature T_new(i, j) is calculated using EFDM, and this includes temperatures at neighbouring points and the Fo number.
· max(max(abs(T - T_new))) is used to calculate the max absolute temperature difference of the old and newer temperature values. If the max difference is less than the threshold of 0.001 as used, this demonstrates that the temperature distribution has converged, reaching equilibrium and is now true;  equilibrium_reached, true
· The 0.001 value assures the temperature distribution has stabilised within the code. This value effects the sensitivity, lesser the value the stricter the convergence, making more accurate in addition to computational cost. The greater the threshold value the quicker the simulation will end, leading to a less accurate solution.
[bookmark: _Toc178518428][bookmark: _Toc178012059][bookmark: _Toc178518150][image: A computer screen with a black screen

Description automatically generated]6.5 Visual representation of results

This segment is responsible for providing a visual representation of temperature distribution using a contour plot.
· contourf(flip(T_new)) This command flips the T_new matrix vertically, ensuring the y axis orientation plot is matching. Also, this creates a filled contour plot containing the temperature distribution, with colour ranges to match the temperature regions.
· The command title('Numerical Temperature distribution in Aluminium plate'); inserts the title into the plot, helping readability and improving information clarity. Further labels are included using xlabel('T(0,y,t) = 0 | T(6,Y,T)=0'); ylabel('T(x,6,t) = f(x) | T(x,0,t) = 0'); providing information on the boundary conditions.
· The command colormap("jet"), provides the suited colormap transitioning from blue to red depicting cold too warm temperature variations.
· clim([0 50]) sets the colobar range limit between 0 – 50, to ensure appropriate scaling.
· In order to help observe changes at a controlled rate pause(0.1) is used.



[bookmark: _Toc178012060][bookmark: _Toc178518151][bookmark: _Toc178518429][image: A computer screen with a black screen
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The snapshot above’s purpose is in the comparison between the analytical solution and the numerical solution of the temperature distribution in the Aluminium plate.
· Creating matrix AT that will hold analytical temperature values AT=zeros(rows, columns); is used.
· Representing the x – axis, for loop is used to iterate over the columns of the AT matrix for c = 1:columns
· d = (c - 1) * h; is used in the calculating of the x-coordinates within the current grid points.
· To ensure the x-coordinates are within range the f(x) function if d <= 2 / 3 * x.
· The temperature at the North boundary based on the linear function f(x) AT(1, c) = 12.5 * d; is used.
· AT(1, c) = -25 * d + 150; is used for the setting of the temperature at the North boundary f(x) with the remaining part of the boundary. 
· The for loop for n = 1:200 calculates the analytical temperature at current grid point using infinite series formula. Then the calculated value is added to the element function AT(r, c). Finally, the remaining value is multiplied by 450/pi^2 to complete the analytical solution.
· AT(2:r,2:c)=flip(AT(2:r,2:c)); Is required to flip the matrix vertically, correcting the y axis orientation.
· The display line is used in to display the calculated temperature distribution. 
· Temp_difference matrix is calculated using the absolute difference between the numerical and analytical solutions, where a contour plot is used for visualisation purposes, with labelling included as prior in the contour plots of temperature distribution.
[bookmark: _Toc178012061][bookmark: _Toc178518152][bookmark: _Toc178518430]7.0 Validation of the code
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Fig 7.0: Table displaying the T_new and analytical solution in conjunction with the temperature difference.
In the interpretation of the analytical and numerical comparison a small absolute difference and mean error shows that the numerical solution is accordance with the analytical solution. If the errors and results deviate excessively there may be issues with numerical methods, time step or the grid spacing. To assess the convergence of the numerical solution, running the simulation multiple times with variance in time steps and grid spacings. If the error margin decreases as a result this would suggest convergence to the correct result. 
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Fig 7.1:  Image depicting a screenshot of the numerical temperature distribution in the Aluminium plate, where the ‘colormap jet’ displays the temperature distribution in the conventional way.
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Fig 7.2: Image depicting distribution in the Aluminium plate.


[bookmark: _Toc178012063][bookmark: _Toc178518154][bookmark: _Toc178518432]8.0 Sensitivity analysis of code 

Carrying out a sensitivity analysis is important in the validation and comprehension of behaviour of numerical simulations in complex occurrence such as heat transfer. The objective is to evaluate the influence of input parameters on the model output of ascertaining which parameter is of more importance (D.A Zimmerman, 1995). To this report the variables of interest with regards to sensitivity analysis are grid spacing, time step and the influence of tolerance. The data in each table below was provided, and this information is to be used in the code to provide the results, thus examining in detail the influence on each parameter. Furthermore, it allows for assessing the robustness of the model, and its reliability and confidence through error analysis.


[bookmark: _Toc178012064][bookmark: _Toc178518155][bookmark: _Toc178518433]8.1 Grid spacing ‘h’
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Table 8.1: Excel document containing variance and effect of grid spacing on time taken to achieve thermal equilibrium in hours.
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Table 8.12: Graph providing visual representation on the influence of grid spacing on time taken to reach thermal equilibrium.
At 1.5m grid spacing the results have converged in 33.08hours, after this the time no longer increases. In research grid spacing has a more significant effect on the accuracy of the temperature distribution. Truncation errors arise in numerical methods when approximations are made, in EFDM these truncation errors are primarily due to discretization of the spatial domain. The order of accuracy within FDA determines the rate at which Truncation error decreases with reduction of grid spacing. The aim is to balance the accuracy and efficiency of grid spacing, that is small enough to achieve desired level of accuracy with minimization of computational cost (Hirsch C. , 2007) (Patankar, 1980).

[bookmark: _Toc178518434]8.2 Time step 
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Table 8.2: Excel document containing variance and effect of time step on time taken to achieve thermal equilibrium in hours.

Table 8.22: Graph providing visual representation on the influence of time step on time taken to reach thermal equilibrium.
The greater the time step the slower the convergence will be, this examples tolerence  of 0.0001also has an effect on determining thermal equilibrium time. As lesser tolerences require more itereations to reach eqbuilibrium. Truncation errors are reduced due to fixing the grid spacing at 0.75m, although the truncation errors associated with the time derivative may be influenced by the time step.Where the smaller the times step there is a faster convergence to the solution. With fixed tolerence of 0.0001 likely to aid in the controlling of round off errors, where the change of temperatures between two successive iterations falls betwwen this tolerence the simualtion is considered to have reached thermal equilibrium. When the number of arithmatic operations increase, this leads to more chance of round off errros to accumilate and for longer time steps the likelyhood of the increase in round off errors (Anderson, Computational Fluid Dynamics the basics with applications, 1995)

[bookmark: _Toc178518435]8.3 Influence of Tolerance
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Table 8.31: Excel document containing variance and effect of tolerence on time taken to achieve thermal equilibrium in hours.

Table 8.32 Graph providing visual representation on the influence of Tolerance on time taken to reach thermal equilibrium.
A smaller tolerance indicates a stricter convergence criterion, meaning that the simulation will persist until the deviation of temperatures between successive iterations is smaller than the specified tolerance. Though smaller tolerances may lead to higher degree of mathematical precision it may not relate to an accurate representation. This is due to there are many factors effecting the simulation such as the quality of the mathematical model. The quality of data groups, and the numerical method used. If the time step is too large or tolerance too strict this can cause the simulation to terminate prematurely. If too large of a time step this can cause “skipping” important phases of the simulation, causing inaccuracy and unreliable behaviour. An exceptionally strict tolerance can drastically increase the number of iterations to converge. Therefore, potentially resulting in early termination if the simulations maximum iteration limit is met (Steven C Chapra R. P., 2015)

[bookmark: _Toc178012065][bookmark: _Toc178518156][bookmark: _Toc178518436]9.0 Main model’s Limitations

· Round off error
In using computers and programmes they are not able to represent enormous values to the nth degree, instead they must do so with finite precision. This leads to rounding errors that accumulate over time (Yunus A Cengel, 2015). This accumulation affects accuracy of the solution, especially will complex and long simulations. 
· Truncation error
These arise due to the approximation of derivatives using Finite difference formulas, which can impact the accuracy of the results.
· Complex geometry and shape
For uses in complex geometries and chapes Meshing will prove difficult. Rounded or curved boundaries will prove difficult to apply a structured grid too, leading to distortion of element / nodal spacings. This may require other mesh shaped elements such as quadrilaterals to suit for accuracy purposes.
· Stability
Choosing the time step / grid spacing suitable is crucial for numerical stability. If the time steps are too large errors can be introduced more rapidly causing divergence of the system. This also applies to the selection of grid size.
· Limitations due to coding
There are many limitations when modelling such a system, an example is that ‘assumptions’ are made. Its common to idealise systems, we assume the material is of uniform thickness, its material properties are exactly those as indicated (there may variations in heat treatment and metallurgy make up) There are many different blends of aluminium therefore not all will have the same thermal conductivity or density. There is also the lack of considerations to external heat sources in the environment (Lienhard, 2020), (Yunus A Cenegal, 2015). There are additional coding limitations such as the implementation of numerical methods correctly, and accurately limiting the number of errors that may arise (Ivan Smolyanov, 2024).
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Using Alternating Direction Implicit methods (ADI) may prove more stable, allowing for greater time steps without effect on accuracy. They care also suites for larger scale problems / experiments (Norzilah Abdul Halif, 2019).
Numerical alternatives as FDM are suitable for use in simple grid and structures but limited in complex geometries. Using FEM is versatile with complex geometries in handling numerous boundary conditions. Meshing may be improved further by using adaptive mesh refinement techniques, and methods such as parallel processing may be used to help improve processing efficiency reducing computational time. Boundary element methods BEM are efficient for use in infinite domains, and simplistic geometries, however limitations lie with complex geometries. In future simulations it is suggested that by using various hybrid methods this could aid in tackling complex geometries that are difficult to mesh and grid space evenly. (Weerachai Sarakorn, 2018)

[bookmark: _Toc178012067][bookmark: _Toc178518158][bookmark: _Toc178518438]11.0 Conclusions
This report has demonstrated the effectiveness of using EFDM and its understanding for solving the heat equation numerically and providing effective simulation of heat transfer in the aluminium plate. This also includes its use of Taylor series expansions, discretization and stability criteria.  The realisation and effects of stability and its importance on the prevention on accelerated propagation of grid spacing per time step. This report has allowed for the evaluation of the limitations and areas for improvement which provide direction for similar engineering scenarios and research work. Being able to develop more efficient and accurate methods for solving the heat equation, exploring the potential for solving more complex geometries are all important for future work.
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clc
clear  
close all

% Input given parameters of Aluminium plate dimensions metres (m)
x = 6;                                                               % X parameter domain (width) in (m).     
y = 6;                                                               % y parameter domain (height) in (m).                                

% Aluminium Plate material properties 

k = 143;                                                             % Conductivity of Alu plate  W/m.c.        
c = 795;                                                             % Specific Heat Capacity Alu plate J/kg.C.
p = 2.8*10^3;                                                        % Desnity of Alu Plate kg/m^3.
alpha = k / (p*c);                                                    % Aplha represents Thermal diffusivity of Aluminium plate m^2/s.


% Input reuired for Grid spacing 'h', Value check required.
h = input('Enter chosen grid spacing here - ');                      % User input grid spacing for 'h', nodes.
while mod(6,h) ~= 0 || h<0 || h>6                                    % Grid spacing aitment into 6 divisions.                           
    fprintf('Invalid h input \n'  );                                 % User input invalid, enter again.                    
    h = input('enter chosen grid spacing here - ' );
end


% Input required for time step value 't', value check required.
dt = input('enter chosen time step in seconds -');                   %User input time step for 'dt', input must be in seconds

% Time step input must be less than Fo 'Fo<0 | Fo>0.25 for Stability Criterion to be fulfilled

Fo= (alpha*dt) / ( h^2);
while Fo<=0 || Fo>1/4
    fprintf('Invalid time step entered. Make sure it is less than %f.2 seconds \n',h^2/(4*alpha));
    dt = input('enter chosen time step in seconds -');
    Fo= (alpha*dt) / ( h^2);
end

%  Matrix dimensions
rows = (y / h) + 1;
columns = (x / h) + 1;

%  Matrix initialisation
T = zeros(rows, columns); % T is the Temp matrix, beginning with zeros.

% Inclusion of boundary conditions
for c = 1:columns
    d = (c - 1) * h;
    if d <= 2 / 3 * x
        T(1, c) = 12.5 * d;
    else
        T(1, c) = -25 * d + 150;
    end
end
T_new=T;
% Additional Matrices for achieving thermal equilibrium
equilibrium_reached = false;

figure(1)
n=0;
while equilibrium_reached~=true
    T = T_new; % Creates  new matrix for the new temperatures

    for i = 2:rows-1
        for j = 2:columns-1
            T_new(i, j) = Fo * ( T(i+1, j) + T(i-1, j) + T(i, j+1) + T(i, j-1)...
                -(4 - 1/Fo) * T(i, j));
        end
    end

    %Thermal equilbrium
    if (max(max(abs(T - T_new))) <0.001)
        equilibrium_reached = true;
    end
    
    n=n+1;
end 

    contourf(flip(T_new))
    title('Numerical Temperature distribution in Aluminium plate');
    xlabel('T(0,y,t) = 0 | T(6,Y,T)=0');
    ylabel('T(x,6,t) = f(x) | T(x,0,t) = 0');
    colormap("jet")
    colorbar;
    clim([0 50])
    pause(0.1)
% end

fprintf('Time to reach thermal equilibrium is: %.2f seconds\n',n*dt);
disp('The numerical solution is:')
T_new


%ANALYTICAL SOLUTION
AT=zeros(rows, columns);
for c = 1:columns
    d = (c - 1) * h;
    if d <= 2 / 3 * x
        AT(1, c) = 12.5 * d;
    else
        AT(1, c) = -25 * d + 150;
    end
end

for r=2:rows-1
    y = (r - 1) * h;
    for c=2:columns-1
        x = (c - 1) * h;
        for n = 1:200
            AT(r,c)= AT(r,c)+(( sin(2*n*pi/3)/(n^2*sinh(n*pi)) ) * sin(n*pi*x/6) * sinh(n*pi*y/6));
        end
        AT(r,c)=(450/pi^2)*AT(r,c);
    end
end
AT(2:r,2:c)=flip(AT(2:r,2:c));
disp('The analytical solution is:')
AT

%Comparison
figure(2)
disp('The difference of temp at each node between analytical and numerical:')
Temp_difference=abs(AT-T_new)
contourf(flip(Temp_difference))
title('Temperature distribution in Aluminium plate');
xlabel('T(0,y,t) = 0 | T(6,Y,T)=0');
ylabel('T(x,6,t) = f(x) | T(x,0,t) = 0');
colormap("jet")
colorbar;
clim([0 max(max(Temp_difference))])
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Under ideal assumptions (that is, uniform density p, uniform specific heat c,, uniform thermal conductivity k,
perfect insulation, no internal heat sources) one can show that T satisfies the two-dimensional parabolic heat
equation (Croft D.R, Lilley D.G, 1977),

‘The temperature calculations will be based on the Explicit Finite Difference Method (EFDM).

The calculations will be done considering the region of interest (that is, the 2-dimensional aluminium plate)
covered by a uniform structured grid, as shown in figure 1, where the grid spacing is h = Ax = Ay.

-

P, grid’s node under consideration
N N, North’s node of P

S, South’s node of P

W, West’s node of P

E, East’s node of P

Figure 1: spatial discretisation.

The Aluminium properties to be considered are:
© Conductivity: k=143 W/n.C
© Density: p=2.8x 10° kg/m’
© Specific Heat: ¢ =795 Jkg.C

Page 20f 11

The geometry to be considered is a square plate [0,6] x [0,6]. subject to the following initial and boundary
conditions,
« Initial domain condition:
Txy0)=0 0<x<6 0<y<6
« Constant boundary conditions:

T(0,y,t) =0 P
'I'(S,y,t):ﬂ} for 0<y<6 and 0<t< thermal equilibrium

T(x,0,t) = f(x), P
kvt } for 0<x<6 and 0<t< thermal equilibrium
‘Where,

2
12.5x ifOSZS(EXE)
f)= N
—25x + 150 if(§X6)<xSE

The graph of £ (x) is shown in figure 2,

North Boundary cone
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In general, a finite difference approximate to the value of some derivative of a funct
u(z) at a point z, in its dom: W/(2g) or u”(xy). relies on a suitable combination
of sampled function values at nearby points. The underlying formalism used to construct
these approximation formulae is known as the calculus of finite differences. Its development
has a long and influential history, dating back to Newton.

145 012 Peter J. Olver

rward Difference Central Difference

Figure 5.1.  Finite Difference Approximations.

We begin with the first order derivative. The simplest finite difference approx
s the ordinary difference quotient
u(z +h) — u(z)
T
that appears in the original calculus definition of the derivative. Indeed, if u is differentiable

< u'(z) (5.1)

at z, then o/(z) is, by definition, the limit, as h — 0 of the finite difference quotients.
lly, the difference quotient measures the slope of the secant line through the
two points (z,u(x)) and (z + h, u(z + h)) on the graph of the function. For small h, this
hould be a reasonably good approximation to the slope of the tangent line, u'(z), as
illustrated in the first picture in Figure 5.1. Throughout our discussion, h, the step s
which may be either positive or negative, is assumed to be small: | h| < 1. When h > 0,
(5.1) is referred to as a forwand difference, while h < 0 yields a backward difference
How close an approximation is the difference quotient? To answer this question, we
sume that u(z) is at least twice contimuously differentiable, and examine its first order
lor expansion
u(z + h) = u(z) + u'(x) h+ Ju"(€) h? (5.2)
at the point z. We have used the Cauchy form for the remainder term, [7,129], in which
€. which depends on both z and h, is a point lying between z and z + h. Rearranging
(5.2), we find
u(z +h) —u(x)
h
Thus, the error in the finite difference approximation (5.1) can be bounded by a multiple
of the step size:

u'(z) = §u"(€) h.

u(z +h) — u(z)
n

where ¢ u”(€) | depends on the magnitude of the second derivative of the function
over the interval in question. Since the error is proportional to the first power of h, we

¢ that the finite difference quotient (5.1) is a first order approximation to the derivative
u/(x). When the precise formula for the error is not so important, we will write

W (x)| < Chl.
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Figure 5.1.  Finite Difference Approximation:

We begin with the first order derivative. The simplest finite difference approxi
is the ordinary difference quotient

u(z +h) — u(z)
T
that appears i ginal calculus definition of the derivative. Indeed, if u is differentiable
at z, then v/(z) is, by definition, the limit, as h — 0 of the finite difference quotien
Geometrically, the difference quotient measures the slope of the secant line through the
two points (z, u(x)) and (z + h, u(z + h)) on the graph of the function. For small 4, t
should be a reasonably good approximation to the slope of the tangent line, u/(x), as
ated in the firs wre in Figure 5.1. Throughout our discussion, h, the step size,
which may be either positive or negative, is assumed to be small: | h| < 1. When h > 0,
(5.1) is referred to as a forward difference, while h < 0 yields a backward difference.
How close an approximation is the difference quotient? To answer this question, we
sume that u(z) is at least twice continuously differentiable, and examine its
Taylor expansion

u'(x)

u(z + h) = u(z) + o' (x) h+ Fu"(§) h*
at the point z. We have used the Cauchy form for the remainder term, [7,129], in which
€. which depends on both z and h, is a point lying between z and z + h. Rearranging

(5.2), we find

u(z +h) —u(z

— W(x) = 4" () h

Thus, the error in the finite difference approximation (5.1) can be bounded by a multiple
of the step size:
u(z + h) — u(z)
0

where ' = max 4 | u”(€) | depends on the magnitude of the second derivative of the function
over the interval in question. Since the error is proportional to the first power of h, we
ay that the finite difference quotient (5.1) is a first order approximation to the derivative
u/(x). When the precise formula for the error is not so important, we will write

- w(@)|<Clhl,
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%Thermal equilibrium
if max(max(abs(T - In))) <le-4
equilibriun reached - true;

end

% Temperature distribution of Aluminium plate

[XU,YN] = meshgrid(x,y);
7- %y
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colorbar;
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title('Temperature distribution in Aluminium plate’);
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MATLAB R202:

academic u

contourf (flip(T_new))
title(*Numerical Temperature distribution in Aluminium plate’);
xlabel(*T(0,y,t) = 0 | T(6,Y,T)=0");
ylabel (‘T(x,6,8) = F(x) | T(x,0,t) = @');
colormap(*jet”)
colorbar;
clim([o 50])
pause(e.1)

fprintf(‘Time to reach thermal equilibrium is: %.2f seconds\n’,n*dt);
disp('The numerical solution i

v
AT=zeros(rous, columns);
for ¢ = licolumns
d=(c-1) *h;
ifd<=2/3%x
AT(1, ©) = 12.5 * d;
else
AT(1, ©) = -25 * d + 150;
end

srows-1
-1 ch
c-2:columns 1
x-(c-1) % hs
For n - 1:200

AT(r, )= AT(r)+(( sin(2n%pi/3)/ (2% sinh(n*pi)) ) * sin(npil
end
AT(r,)=(450/pi2)*AT(r, )5
end

end

AT(2:r,2:0)<FLip(AT(2ir,2:0));

disp(“The snalytical solution is:

figure(2)

disp(‘The difference of temp at each node between analytical and numerical:
Temp_diFferencellabs (AT-T_new)

contourf (flip(Tenp_difference))

title('Temperature distribution in Aluminium plate’);

xlabel(*T(0,y,t) = @ | T(6,Y,T)=0");

Ylabel("T(x,6,t) = £(x) | T(x,0,) = 0');

colormap(*jet”)

colorbar;

clin([0 max(max(Temp_difference))])

x/6) * sinh(n*pi®y/6));

CRLF
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Figure 2: North boundary's temperature profile.

“The initial and boundary conditions are summarised in figure 3
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Figure 3 Intsl and boundary conditons schematic.

Page3or1t

“The grid spacing h and the ime step At should b the choice of the user of the model.

“The code will be tsted against the following analytial slution of the temperatue at thermal equilibrium (Daileda
RC.2012),

‘You must complete the computationsl model in Mailab based on the EFDM and considering the aforementioned
initial and boundary conditions.

“The code must achieve the following,
a. Definethe plate dimensions snd propertis.
b Ask the user to choose the gridspacing.
. The code should prevent the user 1o enter & grid spacing that does mot comply with the dimensions of the
plate.
4 Askthe user to choose a time stp.
. The code should make sure that the sabilty erierion is ulfilled.
£ Calculate and display the temperatures t every mode of the plate a cach time step.
& The programme should stop when thermal cquilibrium is reached and return th tme rsult.
b Compare the numerical result agains the anlytical solution,
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Finite-Difference Formulation of Differential Equation
example: 1-D steady-state heat conduction equation with internal heat generation
For a point m we approximate the 2nd derivative as
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