The Bending Equation	                                                                                                          Engineering Science		
Tensile and Compressive Stress and the Bending Equation
Consider the rectangular sectioned beam which is ‘sagging’ below. 
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The top part of the beam is in compression whilst the bottom part is in tension.  The greatest stresses will occur at the outer edges of the beam, the top having compressive stresses and the bottom having tensile stresses.  The stresses reduce uniformly to the centre of the material and where the stresses change from compressive to tensile there is considered to be zero direct stress.  This axis where there is zero stress is called the neutral axis.  For a rectangular section or any symmetrical section this is considered to be at mid depth.  As the greatest stress is at the outer fibres of the beam, a rectangular section is not always an economical use of the material.  An ‘I’ shaped sectioned beam is designed so that the top and bottom flanges resist the tensile and compressive stresses and all the cross section and all the cross section resists the shearing forces.  If the beam bends the other way (hogging) then the tensile stresses are at the top and the compressive stresses are at the bottom. The stress in the material is proportional to the distance from the neutral axis.  This is known as distance ‘y’, hence the stress at a distance y from the neutral axis is such that σy ∝ y.
Therefore σy =  y x constant
Or σy/y = constant
This constant is equal to the Young’s Modulus of Elasticity of the material of the beam divided by its radius of curvature.
E/R=constant
So the following can be written:


When the beam is loaded, the bending moment applied, represented by ‘M’, is resisted by an equal internal moment.
This can be written as M = (E/R)x I
Where I is the second moment of area of the beam section about the neutral axis.  

Hence: 
M =Maximum bending moment [Nm]
I = Second moment of area about the neutral axis [m4]
σ = Stress at outer fibres of the beam material [N/m2]
y = distance from the neutral fibres to the outer fibres [m]
E = Young’s modulus of elasticity of the beam material [N/m2]
R = Radius of Curvature to the neutral axis [m]
Assumptions for the Bending Moment Equation
The bending moment equation is based on certain relationships between different quantities such as stress, elasticity, curvature and dimensions.  For these relationships to be valid the following five assumptions are necessary:
1. The bending equation assumes that Hooke’s Law applies to each layer of the beam and Young’s modulus of elasticity has the same value in compression as in tension.
2. The beam material is uniform throughout its volume.
3. Each cross-section of the beam is symmetrical about the plane of bending and the loads are applied to the beam in the plane of bending.  If a horizontal beam supports vertical loads, then the plane of bending is vertical.
4. The beam must be initially straight and unstressed.
5. The resultant force perpendicular to any cross-section is zero.


Second Moment of Area
The amount of bending of a beam depends on the shape of the cross section.  This shape is expressed by the second moment of area about the natural axis.  The second moment of area is a measure of the distribution of an area relative to it’s axis.  
The moment of area about an axis is the area multiplied by the distance from the centre to the axis.  This is a difficult concept to visualise because it does not really physically exist, it’s just a convenient measure to assist in calculations 
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)Working out the second moment of area of some larger shapes can be complicated.  If any area is divided up into small bits, like the circle, and each bit multiplied by the distance to the axis squared, then all these products added up gives the second moment of area.  When calculating the second moment of area we consider the dimensions about the neutral axis. The neutral axis of a shape occurs at its geometric centroid.  In physics, the word centroid may mean the geometric center of the object's shape this can be at center of mass or the center of gravity, depending on the context.
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For a circular cross-section,
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For box section, ‘U’ section, or ‘I’ section,
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For a hollow circular section,
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Examples
1. An engine is supported by a hoist hung from an overhead beam.  The maximum bending moment of the beam is 72kNm.  The second moment of area is 176.68x10-6m4 and the beam is symmetrical.  The depth of the beam is 276.8mm.  Calculate the maximum tress of the beam and the radius of curvature if Young’s modulus of elasticity is 208GN/m2.



2. A beam has a rectangular cross-section 100mm x 25mm.  It is subjected to a maximum bending moment of 625Nm.  Compare the maximum stress in the material when the beam is positioned with the widest edge down and the narrowest edge down.
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3. Find the second moment of area about the neutral axis of the shape below:
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