Equilibrium condition of forces and moments

I. Definition of moment
A force of 500N, an area of 2m2 or a length of 1m can readily be visualized. A moment however, is quite different. It is a force multiplied by a distance. A moment is the tendency of a force to cause rotation about a certain point or axis. The moment of a force F with respect to a given point O is the magnitude of the force multiplied by the perpendicular distance from O to the line of action of F.
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Example:
Two forces are acting on a bar, which is supported at a point A:
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· The moment of force P1, about point A is:
MA = 450  3 = 1350 N.m
This force tends to produce clockwise rotation about point A, called positive moment.

· The other force P2 has a lever arm of 1.5 m with respect to point A, thus its moment is:
MA = 900  1.5 = 1350 N.m
P2 tends to rotate the bar in the opposite direction (counter-clockwise or anticlockwise rotation), and such a moment is called negative moment.



II. Conditions for static equilibrium


A system of force is in static equilibrium if:
1. The algebraic sum of forces is zero.
2. The sum of the anticlockwise moments about a point or axis equals the sum of the clockwise moments about the same point or axis.


The 1st of the above conditions can be written in terms of the components of the forces in 2 mutually perpendicular directions, i.e.:


and:




In the previous example, we could state that the bar is in equilibrium because:
· The sum of the downward forces equals the upward force:
950 N + 450 N = 1350 N
· And the anticlockwise moment equals the clockwise moment about the same point A:
1350 N.m = 1350 N.m



III. Examples

· Example a:
The following figure shows an object supported by two wires. If the object is in equilibrium what is the magnitude of the forces F1 and F2 in the two wires?
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Important note: In the particular example of 3 forces that are concurrent (i.e. their lines of action are all crossing at a same point), the moments of the 3 forces are zero. In such a case of concurrent forces only the 1st condition for static equilibrium as to be verified to conclude that a system is in equilibrium.

It exists 2 different ways to solve for the 1st condition of static equilibrium:
· Geometrical analysis: the triangle of forces
If the system is in equilibrium, the forces must form a triangle known as the triangle of forces which has to be solved.

· Algebraic analysis: simultaneous equations
We use the 1st condition of static equilibrium written in terms of the horizontal and vertical components of forces and solve the following system of simultaneous equations:
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The three forces F1, F2 and P are concurrent in A, therefore their moments about point A are zero. In this particular case only the first condition for static equilibrium has to be considered to determine the magnitude of the forces F1 and F2. These magnitude can be found through a geometrical analysis (the triangle of forces) or through a more analytical analysis (solution of simultaneous equations). Both methods are considered in what follows.


1. Geometrical analysis: the triangle of forces
If a system under the action of 3 forces is in static equilibrium, the forces must form a perfect triangle called the triangle of forces.
As the system considered in this example is said to be in static equilibrium, it must be assumed that the three forces F1, F2 and P make a triangle. The difficulty here lies in drawing this triangle properly, that is with the correct angles.










From the initial given figure:
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Hence the correct triangle of forces is
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This is a right-angled triangle that can be solved using the trigonometric ratios:


If we consider the angle of 60°:
· F2 is the opposite side
· F1 is the adjacent side
· P is the hypotenuse

Therefore:








And:










2. Algebraic analysis: simultaneous equations
Oblique forces can always be decomposed as the sum of a vertical and horizontal force.

 (
F
1x
) (
30°
F
1
) (
Where:
F
1x
 
= F
1
 . 
cos
 30°
F
1y
 = F
1
 . sin 30°
) (
Where:
F
2x
 
= F
2
 . 
cos
 60°
F
2y
 = F
2
 . sin 60°
) (
F
2
x
) (
F
2
y
) (
F
1y
) (
6
0°
F
2
)



 (
P
 = 25 N
)





	Now we use the 1st condition for static equilibrium written in terms of the horizontal and vertical components of forces and solve the following system of simultaneous equations:



The previous system of equations has to many unknown to be solvable. Therefore we rewrite the 4 unknowns F1x, F1y, F2x and F2y as functions of the only 2 unknowns F1 and F2 and replace P by its value.


From Equation (1):


Substituting F1 into Eq(2) gives:










Substituting F2 into Eq (3) gives:







· Example b:
The following figure shows an object supported by two wires. If the object is in equilibrium what is the magnitude of the forces F1 and F2 in the two wires?
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The three forces F1, F2 and P are concurrent, therefore their moments are zero. As seen in the previous example, in such a particular case only the first condition for static equilibrium has to be considered to determine the magnitude of the forces F1 and F2. Again these magnitudes can be found through a geometrical analysis (the triangle of forces) or through a more analytical analysis (solution of simultaneous equations). Both methods are considered in what follows.


1. Geometrical analysis: the triangle of forces
If a system under the action of 3 forces is in static equilibrium, the forces must form a perfect triangle called the triangle of forces.
As the system considered in this example is said to be in static equilibrium, it must be assumed that the three forces F1, F2 and P make a triangle. The difficulty here lies in drawing this triangle properly, that is with the correct angles.







From the initial given figure:





















Therefore:
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Hence the correct triangle of forces is
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This is a NON-right-angled triangle that can be solved using the sine rule:
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Reminder:
The sine rule states:





The sine rule applied to the given triangle of forces implies:



Therefore:



And:






2. Algebraic analysis: simultaneous equations
Oblique forces can always be decomposed as the sum of a vertical and horizontal force.
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	Now we use the 1st condition for static equilibrium written in terms of the horizontal and vertical components of forces and solve the following system of simultaneous equations:



The previous system of equations has to many unknown to be solvable. Therefore we rewrite the 4 unknowns F1x, F1y, F2x and F2y as functions of the only 2 unknowns F1 and F2 and replace P by its value.


From Equation (1):


Substituting F1 into Eq(2) gives:










Substituting F2 into Eq (3) gives:








· Example c:
The following bar has a length of 4m and two downward forces, 500N and 1000N. Knowing that the bar is in static equilibrium, evaluate the magnitude of the reaction R1 and R2.
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In this example we are dealing with 4 forces that are not concurrent. Therefore it does not exist a triangle of forces and the second condition for static equilibrium has to be considered.
1st condition for static equilibrium:




                    
The above Eq(1) is one equation with two unknowns which is not solvable. We therefore need another relationship between R1 and R2 to be able to find there magnitudes. This 2nd relationship will be given by the 2nd condition for static equilibrium.

2nd condition for static equilibrium:
	

It is up to us to choose the location of point A along the bar. Any location can be considered but choosing the point A where R1 or R2 acts will make the calculation simpler.
Let’s choose A where the force R1 acts: (
1000 N
)

 (
500 N
)
 (
1 m
) (
2 m
) (
1 m
) (
R
2
) (
R
1
)
 (
A
)







· The moment of R1 about A is zero.

· The moment of the 500 N force about A is a clockwise moment of value:
 500N  1m = 500 N.m

· The moment of the 1000 N force about A is a clockwise moment of value:
 1000N  2m = 2000 N.m

· The moment of R2 about A is an anticlockwise moment of value:
 R2  4m = 4.R2 N.m

Therefore, applying the 2nd condition for static equilibrium we have:







Substituting R2 into Eq(1) gives:






IV. Extra Problems

· Problem 1
[image: ]A shark of weight 10  103 N is supported by a cable attached to a 4 m rod that can pivot at the base. Calculate the tension in the tie-rope between the rod and the wall if it is holding the system in the position sown in the following figure. (Neglect the weight of the rod.)








· Problem 2
A bar, 8 m long, is simply-supported at its ends as shown in the following figure. The bar carries two concentrated loads P1 and P2. Knowing that the bar is in static equilibrium, evaluate the magnitude of the reaction R2 and the magnitude of the concentrated load P1.
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