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[bookmark: _Toc220767590]Introduction
This report has been written to document the modelling of a 2D transient heat transfer equation that has been approximated using the explicit finite difference method (EFDM). The 2D transient heat equation is a critical mathematical model for analysing heat distribution over time within two-dimensional domains, and is as follows (Croft & Lilley, 1977):

Its solution presents numerous complexities, which will be discussed within this report, and it can be approached through two primary methodologies: analytical and computational (or numerical) solutions. This paper will explore the differences between these two methods, emphasising their application, advantages and disadvantages, and accuracy. The code created in this report will be tested against the following steady state analytical solution of the temperature at thermal equilibrium (Özişik, et al., 2017):

Where,


[bookmark: _Toc220767591]Aim
The aim of this report is to investigate and compare the analytical and numerical solutions of the two-dimensional transient heat conduction equation. This report will also assess the accuracy, stability, convergence, and practical application of the EFDM relative to the analytical solution.

[bookmark: _Toc220767592]Objectives
· Derive a numerical solution to the 2D heat equation using the explicit finite difference method.
· Write a code to implement the analytical solution above.
· Compare the numerical and analytical results at selected points and times.
· Assess the numerical error and limitations of the numerical model.
· Evaluate the suitability of explicit methods for transient heat conduction problems.
· Consider suggested improvements and future developments that can more efficiently and effectively model thermal equilibrium.

[bookmark: _Toc220767593]Approach
The governing 2D transient heat will be solved numerically, using the EFDM, and analytically by using the steady state analytical solution of the temperature at thermal equilibrium (equation in Section 1 Introduction, above) and identical initial and boundary conditions will be applied to both solutions. The Fourier number will govern the stability criterion. The solutions will be compared using error metrics and then grid and time-step refinement studies will be utilised to evaluate accuracy and convergence.


[bookmark: _Toc220767594]Governing Equation
[bookmark: _Toc220767595]Background Information
Transient heat transfer problems describe situations where there are variations in temperature through both space and time. There are many applications within science and engineering where such problems can arise, such as heat conduction in solids, energy systems, and thermal material processing. Analytical solutions to transient heat conduction equations are generally restricted to simple geometries and boundary conditions, whereas, numerical methods have become essential for solving realistic problems involving such equations (Carslaw & Jaeger, 1986).

[bookmark: _Toc220767596]Analytical Solutions
Analytical solutions to the 2D transient heat equation typically provide exact solutions under specific conditions and geometries, which makes them valuable when benchmarking numerical methods, particularly for simple geometries or linear problems where boundary conditions permit analytical evaluations (Zhang, et al., 2023).
However, the applicability of analytical methods is limited in complex domains or non-linear scenarios due to geometric irregularities and temperature-dependant properties that challenge analytical approaches (Tahani, et al., 2015), which often requires the utilisation of numerical methods to address the complexities involved.

[bookmark: _Toc220767597]Numerical/Computational Solutions
Computational approaches encompass a range of numerical methods such as the Finite Element Method (FEM), Finite Difference Method (FDM), Meshless techniques. These methods allow for the approximation of the solution of the transient heat conduction equations for arbitrary boundary conditions and geometries (Ruan, et al., 2024). By discretising the complex domains, effectively breaking them down into repeatable and refinable nodes, numerical solutions can lead to more accurate and versatile approaches compared to purely analytical methods (Qin, 1994). 
Despite the many advantages of computational methods, they require refinement and meticulous coding, particularly in finer discretisation settings, as the solutions may introduce numerical errors and stability issues. For example, if the time-stepping methods or the numerical conditioning are insufficiently set then the finite difference techniques will suffer from instability and oscillations in results (Vujičić, 2006).
[bookmark: _Toc220767598]Accuracy and Validation
Analytical methods can be used to evaluate the accuracy of computational strategies and will be used to do so later in this report. Although numerical methods yield approximate results, they can converge to analytical solutions under appropriate conditions and thus offer a reliable approach for solving complex problems (Guillot & McCool, 2015). 

[bookmark: _Toc220767599]The Heat Equation and its Importance
The 2D transient heat equation plays a critical role in understanding heat transfer processes, especially in scenarios where temperature distribution within a medium change with time. It is fundamental to engineering applications where thermal behaviour must be accurately predicted (Jang, et al., 2008). As temperature variations occur in two spatial directions and with time, numerical approaches such as EFDM are particularly valuable when approaching two-dimensional transient problems (Patankar, 1980).
Derived from the principles of energy conservation and Fourier’s law of heat conduction, the heat equation governs the spatial and temporal variation of temperature in a medium under thermal gradients (Carslaw & Jaeger, 1986).

[bookmark: _Toc220767600]Mathematical Definition of the 2D Transient Heat Equation
For a homogenous and isotropic solid with constant thermophysical properties with no internal heat generation, the two-dimensional transient heat conduction equation is given by (Becker, 1986):

When applying the explicit finite difference method, this equation forms the governing model that is discretised in time and space (Incropera, et al., 1996).





[bookmark: _Toc220767601]Definition of terms 
· : Temporal rate of change of temperature
· : Second-order derivatives representing heat diffusion in the x and y directions
· : Thermal diffusivity of the material (m2/s), defined as:

where k is thermal conductivity (W/m.K),  is density (kg/m3), and  is the specific heat capacity at constant pressure (J/kg.K).

The equation can then be written simpler as:

When applying the explicit finite difference method, this equation forms the governing model that is discretised in time and space (Incropera, et al., 1996).



[bookmark: _Toc220767602]Finite Difference Method
[bookmark: _Toc220767603]Taylor Series as the Basis for Finite Difference Approximations
Taylor series expansions are the foundation of finite difference methods. The Taylor series is a powerful mathematical tool used to represent functions as infinite sums of terms calculated from the values of their derivative at a single point. For Taylor series expansion of function  about point , it is written as (Hardy, 1921):

and can also be written more concisely as:


[bookmark: _Toc220767604]Taylor Series Approximations to the First and Second Derivatives
The purpose of the first and second derivatives are to increase the accuracy of the approximation. First order derivatives provide a liner approximation by providing the slope of the tangent line at the point of expansion, which is critical to the approximation of the function’s value at the point’s vicinity (Grombein, et al., 2013). 
Second order derivative adds considerable depth to the Taylor series approximations by applying quadratic approximations, which capture more complex curvature behaviours than linear approximation, which fails to provide a sufficient representation of the function around the expansion point (Soroush & Farahmand, 2016).
They also serve a function conducting error analysis, but the main purpose of derivatives is to increase the accuracy of the approximation increases as the order increases, as shown in the following graph:

[image: ][bookmark: _Toc220771492]Figure 1 A graph of Taylor series expansions of 1/(1-x) (Zhang, 2024)

[bookmark: _Toc220767605]First-Order Derivatives
Taking the Taylor series of function  about point  from Section 3.1, we can shift the origin to the point of interest , we can define a new variable , where  represents the distance from the new origin. The function can now be described as:


Forward Difference Approximation
The function above can be rearranged to get:

We can then use this to make the forward difference approximation to :

Clearly, as  gets smaller the accuracy improves, but the approximation also incurs a truncation error that will be denoted as :


Therefore, this approximation is of order , and the truncation error of the forward difference decreases in a linear fashion, as the value of  decreases.

Backward Difference Approximation
By examining how the function varies as it decreases, thus creating the backward difference approximation, the Taylor series can be used to write:

And rearranging that gives:

Which is rearranged to form the backward difference approximation, which is written as:

This approximation also is more accurate as  decreases, so by investigating the truncation error it can be seen whether or not the approximation has been improved:


This approximation is also of order , thus there has been no improvement on the forward difference approximation.





Central Difference Approximation
These two approximations can be combined into an improved approximation called the central difference approximation:






And the central difference approximation can be rearranged to:

The truncation error of this approximation is given by:



Thus, the central difference approximation is accurate to order , and will be more accurate than the forward and backward approximations, for small values of 





[bookmark: _Toc220767606]Second-Order Derivatives
Higher order derivatives can be derived from following a similar procedure:






Thus, the central difference approximation to the second derivative can be constructed:

The error of this approximation is of order  and is given by:




[bookmark: _Toc220767607]Explicit Finite Difference Scheme for the Heat Equation
[bookmark: _Toc220767608]Discretising the Spatial Domain
[image: ]The process begins with the discretisation of the spatial domain, which means that the region of interest (the plate in the reports code) will consist of a uniform grid where the grid spacing is . This means that from any point on the grid, point P, the grid spacing will be ‘’ away from the nodes in the north, south, east, and west directions.[bookmark: _Toc220771493]Figure 2 Grid spacing diagram


[bookmark: _Toc220767609]Replacing Temporal First Derivative in the Heat Equation
Using forward difference approximations, the heat equation can be discretised as so:

At point P , the first order derivative is the temporal rate of change of temperature (, the current temperature at a given point is , and the grid spacing is now the future temperature . Time is linear so there are no cardinal directions, only past, present, and future. So  is used to represent the temperature at location P at the current time t, and  represents the temperature at the same location P but at the next time step.
So, reconstructing the forward difference approximation with the heat equation variables gives us:



[bookmark: _Toc220767610]Replacing Spatial Second Derivative in the Heat Equation
Using central difference approximations, the heat equation can be discretised as so:

At point P , the function is now the temperature at point P ,  the second order derivatives represent heat diffusion in the x and y directions , and  represents the path along the x-axis and y-axis in the cardinal directions (North, South, East & West). So, reconstructing the central difference approximation with the heat equation variables gives us:
In the x-axis,

And in the y-axis,


[bookmark: _Toc220767611]Heat Equation with Replaced Derivatives
The heat equation can be rearranged to the following:

And replacing the derivatives gives:



[bookmark: _Toc220767612]Explicit Finite Difference Scheme for Heat Equation
As the Fourier number,  = , the explicit finite difference scheme for the heat equation is given by:


[bookmark: _Toc220767613]Stability Criterion
In computational fluid dynamics and heat transfer, the numerical stability in the two-dimensional temperature fields will encounter convergence issues when the Fourier number exceeds ¼, resulting in divergence or oscillatory solutions rather than a steady state (Wang, et al., 2018).
Therefore, the stability criterion can be given as:


[bookmark: _Toc220767614]The Initial, Boundary Conditions and Analytical Solution. 
[bookmark: _Toc220767615]Initial Conditions
The geometry of the plate is input by the user so the rectangular aluminium plate will be of width  and of height .
The initial condition defines the temperature distribution at the beginning of the time interval  and, per the assignment, the starting temperature is uniform across the plate is  (apart from across the north boundary where the heat is introduced by user input) and can be given as:

For this model, as the initial temperature is uniform at , the initial conditions are:


[bookmark: _Toc220767616]Boundary Conditions
Boundary conditions are crucial as they influence how heat flows in or out of the domain. For a rectangular plate, the boundaries are defined at ,  ,  and y.
In this study, Dirichlet boundary conditions are considered, and they define how temperature is maintained at these boundaries over time (Hsu, et al., 2023):
· North Boundary:     
· East Boundary:      
· South Boundary:    
· West Boundary:     

[bookmark: _Toc220767617]Analytical Solution
The code created in this report will be tested against the following steady state analytical solution of the temperature at thermal equilibrium (Özişik, et al., 2017):

Where,


[bookmark: _Toc220767618]Boundary Rationale
The implementation of this closed-form analytical solution justifies the selection of a uniform initial temperature and constant boundary temperatures. It will be used as a benchmark for the accuracy and stability of the EFDM numerical results (Cichota, et al., 2004). These are widely employed in numerical heat-transfer studies to validate discretisation schemes, quantify numerical errors, and investigate stability limits (Smith, 1985).



[bookmark: _Toc220767619]Code Details and Explanations
[image: ]Part 1 consists of the workspace management commands that are used to make sure that the workspace is clear of any text (“clc”), clear of all variables (“clear”), releasing them from system memory, and that all figures are closed by MATLAB (“close all”) on start-up.[bookmark: _Toc220771494]Figure 3 Parts 1 and 2 of the numerical model / code

In part 2, the material properties are defined so that the thermal diffusivity of the material (aluminium) can be calculated by MATLAB for use later on in the code. “a” represents “” (alpha) which will be used in the Fourier number () and when setting the maximum time step  for the stability criterion.

[image: ]Part 3 of the code programs the user inputs for spatial considerations by using the “input” function to ask the user to input their values for  ,  and . A “while loop” has been used for each input as a way of restricting the user’s inputted values to values that will work in the code. For example, for  and   the function “while” has been used to force the user to only pick positive numbers by programming in an error correction “input” if the value the user inputs is less than or equal to zero. If a negative or zero value is selected, instead of running the code, the user will be asked to “Please enter a strictly positive value…” until the while loop is satisfied with a positive value and when that happens, the “end” function closes the while loop and allows the code to carry on.[bookmark: _Toc220771495]Figure 4 Part 3 of the numerical model / code

When considering time step  the same while loop utilised, but the restrictions have changed. While the method of restricting the input to only positive, non-zero numbers remains the same, new restrictions limiting  to not be greater than (>) than  and   have been added in conjunction with the “||” function which means “or”. That means that if any of the inputted values breach any one of those restrictions, they will required to enter another value before continuing. 
Another function has also been used to restrict the user input and that is the “rem” function, or the “remainder operation”, which returns the remainder of the division of  and , respectively, and it is a logical condition that checks if, e.g.   is not evenly divisible by . This will stop any non-whole values from being used, as they will not compute with the model.

[image: ]
[bookmark: _Toc220771496]Figure 5 Parts 4 and 5 of the numerical model / code
In part 4, the number of rows and columns are set by  and  to shape the size of the inputted matrix to represent the plate, which has nodes around the boundaries.
Part 5 creates the temperature matrix T1 which represents the initial temperature of . Using the function “zeros(NR,NC)”, the matrix will consist of a matrix of zeros “NC” wide and “NR” high.
The Dirichlet boundary conditions are then set with another user input.  represents the user input temperature at the north boundary, and the boundary temperature is then set using “T1(1,2:end-1) = T0”. That applies the input temperature  across the first row of the matrix, starting at the second column and continuing along until the penultimate column (end-1). This sets the boundary conditions as described in section 4.2.


[image: ]In part 6, the user is asked to set the time step which, again, is restricted to stop the code from breaking. This time, the maximum time step is calculated using the equation that is derived in section 8.1.4 to limit the time step to stabilise the numerical model. The function “num2str”, or “number to string”, is used to convert a numeric array into a character array and in this case, is used to provide a numeric response in the input statement so that the user can see that they cannot input a value larger than the calculated  value. The user’s inputted  value is also being restricted to being smaller than  and a positive, non-zero number.[bookmark: _Toc220771497]Figure 6 Parts 6 and 7 of the numerical model / code

Part 7 is the initialisation of temperature T2, which is equal to T1 (all zeros).

[image: ]
[bookmark: _Toc220771498]Figure 7 Parts 8 and 9 of the numerical model / code
Part 8 is where the convergence criterion (“cc”) threshold is set, which provides a tolerance between the values of the numerical solution and the true analytical solution. The maximum difference (“maxDiff) is set to be the value of the convergence criterion +1 to preserve the stability of the code.
In part 9 the Fourier number (“F0”) is coded, ready to be calculated in the EFDM scheme (see Section 3.3.5), and the loop counter is initialised at zero. The loop counter is used later in the code to determine the time taken. The function “figure” is used to create a new figure window (graph) using default property values.
Once again, a while loop is utilised to run the EFDM equation again and again for as long as the maximum difference is greater than the convergence criteria. When that threshold at each node is met, the plate has reached thermal equilibrium and the approximation ends, then reruns at the next node. The loop counter tracks how many cycles of this equation are completed until thermal equilibrium has been reached across the entirety of the plate.
Within the while loop lays two “for loops” which use the “for” function to execute a number of statements in a loop for a specified number of times. In this code, “R” and “C” represent the rows and columns, respectively, used in the EFDM equation and are utilised to apply the EFDM equation for every value of T2 from the second row/column until the penultimate row/column (e.g. “R = 2:NR-1”). This calculates the approximate heat distribution throughout the plate, dispersing from the north boundary and not including the east, south, or west boundaries.
When those for loops are satisfied, the loop counter finishes cycling, and the maximum difference is calculated by using the “max” and “abs” functions to return the maximum absolute value of , i.e. the true maximum difference value. The code “T1=T2” is used to update the matrix T1 for the next iteration of the while loop. A graph is included in the while loop to present an animation of the heat distribution per cycle for the user.

[image: ]
[bookmark: _Toc220771499]Figure 8 Part 10 of the numerical model / code
Part 10 is the analytical solution to the steady state analytical solution of the temperature at thermal equilibrium (see Section 4.3). It starts with the initialisation of the “SQS” (the square bracket sum from the analytical solution) at zero. Then for loops are utilised to set the values of the x and y coordinates of the Taylor series equation, given as “XC” and “YC”, which are the sum of the individual rows and columns subtracted from the number of rows and columns multiplied by  to give nodal points in the matrix. 
A value of 100,000 is set for  as infinity is a concept rather than a figure and would crash the code, whereas a sufficiently large number can keep the code stable and efficient. The equation is then broken down into functions that represent the sin variable and exponentials 1-3, to simplify the coding process to make the code more efficient and less likely to cause a bug. “SQS(R2,C2)” creates a matrix to be looped for every cycle until the calculation is complete.
The full analytical solution is then calculated by entering the “SQS” value into the steady state equation.

[image: ]
[bookmark: _Toc220771500]Figure 9 Parts 11-13 of the numerical model / code
In part 11, the code is validated by the finding the absolute difference between the numerical approximation and the analytical solution at every node.
The time taken (tt) to reach thermal equilibrium is calculated in part 12 by multiplying the loop counter from the EFDM equation by the time step . This was then converted into minutes by using the “floor” function to round down the value of  to give a whole value for minutes. This process was repeated for seconds, and later on in the code for hours and days too. 
Part 13 consists of the calculation of the maximum absolute error and the root mean square error (RMSE) of the numerical and analytical solutions. The maximum absolute error was derived by subtracting the two solutions, and using an empty square bracket followed by “all” to select all the absolute values within the matrices.
An error matrix was created to input all of the absolute values between the solutions into a function that could be input into the RMSE equation to calculate its value. 
[image: ]
[bookmark: _Toc220771501]Figure 10 Part 14 of the numerical model / code
Part 14 simply generates the graph of the EFDM solution, analytical solution, and the code validation/error (comparison of the two solutions), in one figure using the “subplot” function.

[image: ]
[bookmark: _Toc220771502]Figure 11 Part 15 of the numerical model / code
This final section of the code, part 15, gives the user the final display of all of the data from the calculations.


[bookmark: _Toc220767620]Validation of the Model
[bookmark: _Toc220767621]Comparison of the Numerical and Analytical Solutions
[bookmark: _Toc220767622][image: ]Graphical Representation[bookmark: _Toc220771503]Figure 12 Numerical solution distribution graph output from MATLAB.

[image: ][bookmark: _Toc220771504]Figure 13 Analytical solution distribution graph output from MATLAB.



[image: ][bookmark: _Toc220771505]Figure 14 Code validation distribution graph output from MATLAB.

[bookmark: _Toc220767623]Discrepancy Quantification
For the code validation section, the following values were input to produce the results including figures 11-13 above:
·  & 
· 
· 
· 
[bookmark: _Toc220767624]Maximum Absolute Error
The maximum absolute error is 0.405067.

[bookmark: _Toc220767625]Root Mean Square Error
The root mean square error is 0.16132

[bookmark: _Toc220767626]Interpretation of Code Validation
As the graphs display, the numerical and analytical solutions are very similar to one another, particularly along the boundaries. The error contours tend to increase the closer they get to the centre of the plate, apart from four areas – mirrored about the plate’s centre – where they spike to maximum errors.
[bookmark: _Toc220767627]Increase of Error from Boundaries Toward the Plate Centre
The accumulation of error away from the boundaries can be attributed to the cumulative nature of truncation error in transient diffusion problems, where small numerical errors introduced at each time step are repeated and repeated as the heat diffuses through the plate (Smith, 1985). Similar errors have been observed in other studies using Dirichlet boundary conditions. In particular, the accumulation of the time-integration errors caused interior nodes to exhibit significantly larger discrepancies than the boundary nodes (Wang & Zhang, 2014).
Another cause of the accumulation error towards the centre of the plate is the contribution of truncation from the analytical solution. A combination of the analytical truncation error and the numerical discretisation error from the EFDM is commonly observed in numerical-analytical validation studies (Cichota, et al., 2004).

[bookmark: _Toc220767628]Four Error Spikes
The error spikes are caused by the same truncation errors mentioned in section 6.3.1, above, but are propagated by errors unique to their location. The two uppermost errors, left and right, appear to be caused by the interaction between the prescribed-temperature boundary and the Dirichlet boundary conditions. Reduced spatial accuracy at corner nodes arises from missing, or “ghost”, nodes outside the computational domain, which can produce singular behaviour and lowers the convergence rate, thereby reducing the overall effectiveness of the numerical method (Chatzipantelidis, et al., 2008). This explains why the errors decrease outwards from the boundary.
The pronounced, localised errors further south are more likely attributed to the governing physics and numerical scheme rather than instability. In these areas, the analytical solution includes higher-order spatial modes that are inadequately represented due to Taylor series truncation, causing the numerical solution to deviate by failing to incorporate these higher-order modes (Carslaw & Jaeger, 1986).



[bookmark: _Toc220767629]
Sensitivity Analysis of Key Numerical Parameters
Sensitivity analysis aims to improve the accuracy and robustness of the numerical model by identifying the parameters that most significantly affect the output, allowing targeted refinement of these variables (Rauch, 2012).
The sensitivity analysis tables can be found in section 12.1 Appendix A.

[bookmark: _Toc220767630]Grid Spacing[bookmark: _Toc220771506]Figure 15 Graph displaying the influence of the grid spacing


It can be observed from the graph that the thermal equilibrium time is relatively stable from , until there is a sharp drop when . The change in grid spacing from  is enough to suggest that the ideal grid spacing would be 1, or less.





[bookmark: _Toc220767631]Time Step[bookmark: _Toc220771507]Figure 16 Graph displaying the influence of the time step

This graph indicates that time taken to reach thermal equilibrium is quite sensitive at smaller time steps. Small increases in steps leads to large increases in equilibrium time and then it begins to flatten out as time steps increase. This suggest that the code is more reliable with larger time steps, but there may be diminishing returns the larger the time step are.
[bookmark: _Toc220767632]Tolerance[bookmark: _Toc220771508]Figure 17 Graph displaying the influence of the tolerance

The time taken to reach thermal equilibrium is clearly extremely sensitive to the tolerance, especially at small values. The tolerance must be set and justified as there is no convergence region displayed.
[bookmark: _Toc220767633]
Limitations of the Numerical Model
[bookmark: _Toc220767634]Numerical Method Limitations
[bookmark: _Toc220767635]Round-off Error
Round-off errors become particularly problematic in methods that discretisation processes and iterative calculations, and the numerical model has both. As initial and boundary conditions cause sensitivity within the solution, even minute round-off errors will accumulate and destabilise the numerical results (Croci & Giles, 2022).

[bookmark: _Toc220767636]Truncation Error
As discussed in section 6.3.1, truncation error is due to the repetition of small numerical errors, that propagate with the repetition. These errors can be classified into two types: global and local. Global truncation errors occur as with repetition as just described, and local truncation errors are introduced during each phase of the discretisation (Yang & Kongqing, 2002).  
Typically, local errors occur during the Taylor series expansion of the function being approximated. In the forward difference method approximation, the truncation error was of order , and was of the order of  in the central difference method approximation, as derived in sections 3.2.1 and 3.2.2.

[bookmark: _Toc220767637]Stability
As mentioned in Section 3.4, the Fourier number cannot exceed ¼ otherwise the numerical errors grow exponentially, and the stability is compromised. This definitive rule means that a limit can be coded to preserve the stability of the model, which is derived as so:





[bookmark: _Toc220767638]Challenges in Handling Complex Geometries 
A major difficulty associated with complex geometries lies in the discretisation of the computational domain. The EFDM requires a structured gird, which is not conducive to implementation on irregularly shaped domains. Adapting a mesh to intricate geometries causes increased computational cost and are likely to introduce extra inaccuracies in the simulation (Youssef & Baumann, 2017).

[bookmark: _Toc220767639]Limitations Due to the Coding
The complexity of coding algorithms requires meticulous attention to detail, which can lead to several issues including bugs, inefficiencies, and incorrect implementations. Minor coding errors can lead to major discrepancies in the numerical simulations which is compounded by the need for accurate discretisation of the heat equation across both time and space (Yuan, et al., 2015).
Maintaining the stability of the numerical method provides another coding limitation, as the explicit nature of EFDM requires careful coding structure. Improper implementation of boundary conditions and numerical logic can easily produce inaccurate representations of heat distribution and transient thermal behaviour (Li, et al., 2024).
Another limitation is the inability to compute infinitely. If it were possible to compute and infinite number of times, the analytical and numerical solutions would be exact, but it is not possible to do so.


[bookmark: _Toc220767640]Suggested Improvements and Future Developments
From researching alternative methods to improve the efficiency and effectiveness of the numerical solution, particularly the resolving stability issues, the improvement of accuracy, the handling of complex geometry, and the balancing of conservation laws within the code, the following methods have been observed to be effective:

[bookmark: _Toc220767641]Implicit Finite Difference Methods (IFDM)
An alternative method to increase stability issues would be the implementation of IFDM instead of using EFDM. Conventional explicit schemes impose severe time step restrictions to preserve stability, which limit the efficiency of numerical solutions. Implicit approaches, by contrast, permit substantially larger time steps without compromising stability (Omowo, et al., 2021). The fully implicit discretisation scheme of the 2D transient equation is given by:
[image: ]
[bookmark: _Toc220771509]Figure 18 Screenshot of the fully implicit discretisation scheme for the 2D transient heat equation (Kaus, n.d.)
[bookmark: _Toc220767642]
Discontinuous Galerkin (DG) Methods
DG methods are a class of high-order numeral techniques for solving partial differential equations that combine key features of finite element formulations with the capability to accommodate solution discontinuities at element interfaces. They are well suited to complex problems, like transient heat conduction, because they allow discontinuous approximations across elements while maintaining stability and flexibility in mesh design (Hesthaven & Warburton, 2007).

[bookmark: _Toc220767643]Finite Volume Methods (FVM)
Rather than relying of structured grids, like with EFDM, FVM are formulated through integration over control volumes and naturally support unstructured meshes that conform to arbitrary geometries, such as triangular or tetrahedral elements. They can robustly handle complex geometries and preserve conservation locally (Barth & Ohlberger, 2003).
  
[bookmark: _Toc220767644]Conclusion of Suggested Improvements and Future Developments
By implementing a combination of implicit finite difference methods, finite volume methods, and discontinuous Galerkin methods, the numerical solution will be far more stable, accurate, and capable of handling complex geometries as well as conservation laws and physical fidelity.


[bookmark: _Toc220767645]Conclusion
The primary aim of this report was to investigate and compare the analytical and numerical solutions of the two-dimensional transient heat conduction equation, and that has been achieved in the following ways: 
Firstly, by investigating the governing equation of the two-dimensional transient heat conduction equation and the potential analytical and numerical solutions, and looking at its mathematical definition, the report builds a fundamental foundation for the understanding of the transient heat problem and the issues facing the numerical and analytical solutions.
Then the report investigates how the Taylor Series and EFDM are combined to create a numerical model to approximate the heat equation’s solution, and how to derive an analytical method that will be compared to the numerical model to check for errors. The stability criterion, and the initial and boundary conditions were then explained so that the reader can comprehend what limitations and restrictions were set in the code and why.
A detailed explanation of the code then illustrates exactly what each part of the code does and why it does it. It justifies as well as explains the coding. Using data output from the numerical model, a code validation was conducted to better understand the errors within the code. It is natural for an approximation to have errors because computers are limited to real numbers and cannot compute infinitely, so truncation errors are expected. As well as a code validation, sensitivity analysis was also conducted to investigate the influence of key set parameters (grid spacing, time step, and tolerance), within the code, had on the time taken to for the approximation to reach thermal equilibrium. 
The limitations of the numerical model and methods were then discussed to comprehend why the errors take place within the code. The report then looked at alternative methods to provide an improved numerical model.
To conclude, this report, as described, achieved its primary aim and even examined alternative methods to improve upon the numerical model.


References
Barth, T. & Ohlberger, M., 2003. Finite Volume Methods: Foundation and Analysis. [Online] 
Available at: https://ntrs.nasa.gov/citations/20030020790
[Accessed 31 January 2026].
Becker, M., 1986. Transient Heat Conduction. In: Heat Transfer: A Modern Approach. New York City: Springer New York, pp. 85-116.
Carslaw, S. & Jaeger, J. C., 1986. Conduction of Heat in Solids. 2nd ed. Oxford: Oxford University Press.
Chatzipantelidis, P., Lazarov, R. & Thomée, V., 2008. Parabolic finite volume element equations in nonconvex polygonal domains. Numerical Methods for Partial Differential Equations, 25(3), pp. 507-525.
Cichota, R., Smettem, K. R. J. & Clothier, B. E., 2004. Testing a finite-difference model for soil heat transfer by comparing numerical and analytical solutions. Environmental Modelling & Software, 19(5), p. 495–506.
Cichota, R., Smettem, K. R. J. & Clothier, B. E., 2004. Testing a finite-difference model for soil heat transfer by comparing numerical and analytical solutions. Environmental Modelling & Software, 19(5), p. 495–506.
Croci, M. & Giles, M. B., 2022. Effects of round-to-nearest and stochastic rounding in the numerical solution of the heat equation in low precision. IMA Journal of Numerical Analysis, 43(3), pp. 1358-1390.
Croft, D. R. & Lilley, D. G., 1977. Heat Transfer Calculation Using Finite Difference Equations. 1st ed. Amsterdam: Elsevier Science & Technology.
Gao, G., Huang, Y. & Sun, Z., 2023. Pointwise error estimate of the compact difference methods for the fourth‐order parabolic equations with the third Neumann boundary conditions. Mathematical Methods in the Applied Sciences, 47(2), pp. 634-659.
Grombein, T., Seitz, K. & Heck, B., 2013. Optimized formulas for the gravitational field of a tesseroid. Journal of Geodesy, 87(7), pp. 645-660.
Guillot, M. & McCool, S. C., 2015. Effect of boundary condition approximation on convergence and accuracy of a finite volume discretization of the transient heat conduction equation. International Journal of Numerical Methods for Heat & Fluid Flow, 25(4), pp. 950-972.
Hardy, G. H., 1921. A Course of Pure Mathematics. 3rd ed. Cambridge: Cambridge University Press .
Hesthaven, J. S. & Warburton, T., 2007. Nodal Discontinuous Galerkin Methods: Algorithms, Analysis, and Applications. 2008th ed. New York, NY: Springer New York.
Hsu, H., Tu, T. & Chang, J., 2023. An Analytic Solution for 2D Heat Conduction Problems with General Dirichlet Boundary Conditions. Axioms, 12(5), p. 416.
Incropera, F., DeWitt, D., Bergman, T. & Lavine, A., 1996. Fundamentals of heat and mass transfer. 2nd ed. New York City: John Wiley & Sons.
Jang, J. H., Lee, D. E., Kim, C. & Kim, M. Y., 2008. Prediction of Furnace Heat Transfer and Its Influence on the Steel Slab Heating and Skid Mark Formation in a Reheating Furnace. ISIJ International, 48(10), pp. 1325-1330.
Kaus, B. J. P., n.d. Finite differences: and what about 2D?. [Online] 
Available at: https://www.blogs.uni-mainz.de/fb09-geosciences/files/2018/12/Finite_Differerence_Temp_2D.pdf
[Accessed 31 January 2026].
Kok, C. L. et al., 2024. Development of a Sustainable Universal Python Code for Accurate 2D Heat Transfer Conduction Simulations in Educational Environment. Applied Sciences, 14(16), p. 7159.
LeVeque, R., 2007. Finite difference methods for ordinary and partial differential equations: steady-state and time-dependent problems. 1st ed. Philadelphia, PA: Society for Industrial and Applied Mathematics.
Li, C., Yuan, Y., Li, Q. & Sun, T., 2024. A Finite Volume Element Scheme Modified With Second‐Order Upwind Fractional Step of Three‐Dimensional Semiconductor Device Transient Behavior and Its Convergence Analysis. Numerical Methods for Partial Differential Equations,, 41(1), pp. 1-13.
Omowo, B. J., Longe, I. O., Abhulimen, C. E. & Oduwole, H. K., 2021. On the Convergence and Stability of Finite Difference Method for Parabolic Partial Differential Equations. Journal of Advances in Mathematics and Computer Science, 36(10), pp. 58-67.
Özişik, M. N., Orlande, H. R., Colaço, M. J. & Cotta, R. M., 2017. Finite difference methods in heat transfer. 2nd ed. Boca Raton: CRC Press.
Patankar, S., 1980. Numerical Heat Transfer and Fluid Flow. 1st ed. Boca Raton, FL: CRC Press.
Qin, Q., 1994. Unconditionally stable FEM for transient linear heat conduction analysis. Communications in Numerical Methods in Engineering, 10(6), pp. 427-435.
Rauch, C., 2012. On uncertainty and local sensitivity analysis for transient conjugate heat transfer problems. Journal of Mechanical Science and Technology, 26(5), pp. 1391-1402.
Ruan, C. et al., 2024. Finite Difference-Peridynamic Differential Operator for Solving Transient Heat Conduction Problems. Computer Modeling in Engineering & Sciences, 140(3), pp. 2707-2728.
Smith, G. D., 1985. Numerical Solution of Partial Differential Equations: Finite Difference Methods. 3rd ed. Oxford: Oxford University Press.
Soroush, A. & Farahmand, F., 2016. Conservation Law of Energy Using Fractional Taylor Series. Applied Mechanics and Materials, Volume 841, pp. 105-109.
Tahani, M. et al., 2015. Transient heat conduction in multiwall carbon nanotubes. Latin American Journal of Solids and Structures, 12(4), pp. 711-729.
Vujičić, M. R., 2006. Finite element solution of transient heat conduction using iterative solvers.. Engineering Computations, 23(4), pp. 408-431.
Wang, H. et al., 2018. Dimensionless analysis of transient temperature field of surrounding rock in roadway based on Finite Volume Method. International Journal of Heat and Technology, 36(3), pp. 861-868.
Wang, Z. & Zhang, Y., 2014. A posterior error estimates for the nonlinear grating problem with transparent boundary condition. Numerical Methods for Partial Differential Equations, 31(4), pp. 1101-1118.
Yang, L. & Kongqing, K., 2002. Finite Heat Conduction in a 2D Disorder Lattice. Physical Review Letters, 88(9), pp. 1-10.
Youssef, M. & Baumann, G., 2017. On bivariate poly-sinc collocation applied to patching domain decomposition. Applied Mathematical Sciences, Volume 11, pp. 209-226.
Yuan, Y., Chang, L., Li, C. & Sun, T., 2015. Domain Decomposition Modified with Characteristic Finite Element Method for Numerical Simulation of Semiconductor Transient Problem of Heat Conduction. Journal of Mathematics Research, 7(3), pp. 61-74.
Zhang, C., Wang, C., Chen, S. & Wang, F., 2023. A Novel Localized Meshless Method for Solving Transient Heat Conduction Problems in Complicated Domains. Computer Modeling in Engineering & Sciences, 135(3), pp. 2407-2424.
Zhang, X., 2024. The Taylor Series, Explained. [Online] 
Available at: https://towardsdatascience.com/the-taylor-series-explained-7e2c07c6808f/
[Accessed 3 January 2026].



[bookmark: _Toc220767647]Appendices
[bookmark: _Toc220767648]Appendix i: Sensitivity Analysis Tables
Table 1 Influence of the grid spacing on the numerical model
	Grid Spacing (h)
	Time Step (fixed)
	Tolerance (fixed)
	Thermal Equilibrium Time (s)

	4
	150
	0.001
	345300

	3
	150
	0.001
	374100

	2
	150
	0.001
	373800

	1.5
	150
	0.001
	373650

	1.2
	150
	0.001
	373500

	1
	150
	0.001
	373500

	0.75
	150
	0.001
	373350

	0.6
	150
	0.001
	373350

	0.5
	150
	0.001
	373350

	0.4
	150
	0.001
	373350

	0.3
	150
	0.001
	373350

	0.25
	150
	0.001
	373350

	0.2
	150
	0.001
	373350



Table 2 Influence of the time step on the numerical model
	Grid Spacing (fixed)
	Time Step
	Tolerance (fixed)
	Thermal Equilibrium Time (s)

	0.75
	2000
	0.0001
	926000

	0.75
	1500
	0.0001
	894000

	0.75
	1000
	0.0001
	850000

	0.75
	800
	0.0001
	824800

	0.75
	600
	0.0001
	792600

	0.75
	400
	0.0001
	746800

	0.75
	200
	0.0001
	668200

	0.75
	100
	0.0001
	589400

	0.75
	50
	0.0001
	510500

	0.75
	25
	0.0001
	431575



Table 3 Influence of the tolerance on the numerical model
	Grid Spacing (fixed)
	Time Step (fixed)
	Tolerance
	Thermal Equilibrium Time (s)

	1
	500
	0.1
	55500

	1
	500
	0.01
	248500

	1
	500
	0.001
	510500

	1
	500
	0.0001
	773000

	1
	500
	0.00001
	1035500

	1
	500
	0.000001
	1298000



[bookmark: _Toc220767649]Appendix B: Assignment Code
% 1. Workspace management commands
clc
clear
close all

% 2. Define material properties.
k = 143; % Conductivity
p = 2800; % Density
c = 795;   % Specific Heat

a = k / (p * c);   % Calculate thermal diffusivity

% 3. User inputs for spatial consideration
Xdim = input('Please enter a value for the X dimension of the plate, in metres: ');
 while Xdim <= 0
    Xdim = input('Please enter a strictly positive value for the X dimension of the plate, in metres: ');
end

Ydim = input('Please enter a value for the Y dimension of the plate, in metres: ');
while Ydim <= 0
    Ydim = input('Please enter a strictly positive value for the Y dimension of the plate, in metres: ');
end

h = input('Please enter a value h for the grid spacing, in metres: ');
while h >= Xdim || h >= Ydim || rem(Xdim,h) ~= 0 || rem(Ydim,h) ~= 0 || h <= 0
    h = input('Please enter a suitable value for the h dimension of the plate, in metres: ');
end

% 4. Compute the number of rows and columns
NC = Xdim/h + 1;
NR = Ydim/h + 1;

% 5. Temperature matrix T1 (initial temperature)
T1 = zeros(NR,NC);

% Dirichlet boundary conditions
T0 = input('Enter the north boundary temperature, in degrees Celsius (°C): ');
T1(1,2:end-1) = T0;   % North Boundary

% 6. User input for temporal consideration
dtmax = h^2/(4*a);   % max time step
dt = input(['Please enter a time step that is less than ' num2str(dtmax) ' seconds: ']);
while dt > dtmax || dt <= 0
    dt = input(['Please enter a time step that is less than ' num2str(dtmax) ' seconds: ']);
end

% 7. Initialise temperature matrix T2
T2 = T1;

% 8. Covergence Criterion threshold
cc = 0.01;
maxDiff = cc+1;

% 9. Caluclation of T2
F0 = (a*dt)/h^2;   % Fourier number
LC = 0;   % Loop counter initialisation
figure
while maxDiff > cc
    for R = 2:NR-1
        for C = 2:NC-1
            T2(R,C) = F0*( T1(R-1,C) + T1(R+1,C) + T1(R,C+1) + T1(R,C-1) - (4-(1/F0))*T1(R,C) );   % Explicit Finite Difference Equation
        end
    end
    LC = LC + 1;   % Increment loop counter
    maxDiff = max(abs(T2 - T1),[],'all');   % Finding max. difference between T2 - T1
    T1 = T2;   % Update T1 for the next iteration

    contourf(flipud(T2))   % Generate distribution graph
    c = colorbar;   % Add colourbar
    c.Label.String = 'Temperature in degrees Celsius (°C)';
    fontsize(16,"points");
    colormap(jet);
    title('2D Temperature Distribution on Plate');
    xlabel("X dimension (m)");
    ylabel("Y dimension (m)");
    pause(0.1) % Pause to allow computer to run graphical animation
end

% 10. Analytical Solution
SQS=zeros(NR,NC);
for R2 = 1:NR
    for C2 = 1:NC
        XC = (NC - C2) * h;   % XC = 'x' coordinate for Taylor Series Equation
        YC = (NR - R2) * h;   % YC = 'y' coordinate for Taylor Series Equation
        % Analytical  Soultion Variables
        for n = 0:100000   % n = infinity - 0 but inf is too large, 100k should be suitable
            k = (2*n) + 1;   % k is given in equation
            SV = (1/k)*sin(k*pi*XC / Xdim);   % SV = sin variable
            exp1 = exp( k*pi*(YC-Ydim) / Xdim);   % Exponential 1
            exp2 = exp( -k*pi*(YC+Ydim) / Xdim);   % Exponential 2
            exp3 = exp( -2*k*pi*Ydim / Xdim);   % Exponential 3
            SQS(R2,C2) = SQS(R2,C2) + SV *  (exp1 - exp2) / (1-exp3);   % Square Bracket Sum (see CODE STRUCTURE)
        end
    end
end

% Full analytical solution
SQS = ((4*T0)/pi) .* SQS;

% 11.Code Validation
CV = abs(T2 - SQS);   % Finding max. difference between Computational Solution & Analytical Solution

% 12. Time to Thermal Equilibrium 
tt = LC*dt; % Time taken to reach Thermal Equilibrium (in seconds)
tt_min = floor(tt/60); % Time taken in minutes
tt_secs = floor(tt - (tt_min*60)); % Time taken in seconds

% 13. Max Error & Root Mean Square Error (RMSE)
ME = max(abs(T2 - SQS),[],'all'); % Calculating the maximum error
E = abs(T2 - SQS); % error matrix
RMSE = sqrt(mean(E(:).^2)); % Calculating RMSE

% 14. Subplot Figures
figure
% Numerical Solution (T2)
subplot(1,3,1)
contourf(flipud(T2))   % Generate numerical solution (T2)
c = colorbar;   % Add colourbar
c.Label.String = 'Temperature in degrees Celsius (°C)';
fontsize(16,"points");
colormap(jet);
title('Numerical Solution (T2)');
xlabel("X dimension (m)");
ylabel("Y dimension (m)");

% Analytical Solution
subplot(1,3,2)
contourf(flipud(SQS))   % Generate analytical solution (SQS)
c = colorbar;   % Add colourbar
c.Label.String = 'Temperature in degrees Celsius (°C)';
fontsize(16,"points");
colormap(jet);
title('Analytical Solution');
xlabel("X dimension (m)");
ylabel("Y dimension (m)");

% Error
subplot(1,3,3)
contourf(flipud(CV))   % Generate comparison of Numerical Solution & Taylor Series distribution graph (CV/error)
c = colorbar;   % Add colourbar
c.Label.String = 'Temperature in degrees Celsius (°C)';
fontsize(16,"points");
colormap(jet);
title('Code Validation (Error)');
xlabel("X dimension (m)");
ylabel("Y dimension (m)");

% 15. Final Display 
% i. Time Taken
if tt_min < 60 
    disp(' ') %Blank Line
    fprintf('The time taken to reach Thermal Equilibrium is %g minute(s) and %g seconds.\n',tt_min,tt_secs)
else
    tt_hour = floor(tt_min/60); % Time taken in hours
    tt_days = floor(tt_hour/24); %Time takin in days
    disp(' ') %Blank Line
    fprintf('The time taken to reach Thermal Equilibrium is %g day(s), %g hour(s), %g minute(s) and %g seconds.\n', tt_days,mod(tt_hour, 12), mod(tt_min, 60), tt_secs), tt;
end
% ii. Numerical Solution
disp(' ')
disp('The results of the Numerical Solution are:')
disp(T2)
% iii. Analytical Solution
disp(' ')
disp('The results of the Analytical Solution are:')
disp(SQS)
% iv. Code Validation
disp(' ')
disp('The results of the Error between the numerical and analytical solutions are:')
disp(CV)

% v. Max Error & RSME
disp(' ')
fprintf('The Maximum  Error is %g, in degrees Celsius (°C), and the Root Square Mean Error is %g, in degrees Celsius (°C).\n', ME, RMSE)

Influence of the Grid Spacing
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Influence of the Time Step
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Influence of the Tolerance
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% 1. Workspace management commands
cle

clear

close all

2. Define material properties.
143; % Conductivity

2800; % Density

795; % Specific Heat
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k/ (p*c); % Calculate thermal diffusivity
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% 3. User inputs for spatial consideration

Xdim = input('Please enter a value for the X dimension of the plate, in metres:

while Xdim <= @ |
Xdim = input('Please enter a strictly positive value for the X dimension of the plate, in metres:

);

end

Ydim = input('Please enter a value for the Y dimension of the plate, in metres:
while Ydim <= @
Ydim = input('Please enter a strictly positive value for the Y dimension of the plate, in metres:

end

h = input('Please enter a value h for the grid spacing, in metres: ');
while h >= Xdim [| h >= Ydim || rem(Xdim,h) ~= 0 || rem(Ydim,h) ~= @ || h <= 0

h = input('Please enter a suitable value for the h dimension of the plate, in metres: ');
end

RH
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% 4. Compute the number of rows and columns

NC = Xdim/h + 1;
R = Ydim/h + 1;

% 5. Temperature matrix T1 (initial temperature)

T1 = zeros(NR,NC);

% Dirichlet boundary conditions

T0 = input('Enter the north boundary temperature, in degrees celsius (°C):

T1(1,2:end-1) = T0;

% North Boundary
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% 6. User input for temporal consideration
dtmax = h*2/(4%a); % max time step

dt = input(['Please enter a time step that is less than ' num2str(dtmax) ' seconds: ']);

while dt > dtmax || dt <= @

dt = input(['Please enter a time step that is less than '

end

% 7. Initialise temperature matrix T2
2= T1;

num2str(dtmax) ' seconds:

b
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% 8. Covergence Criterion threshold

cc

0.01;

maxDiff = ccel;

% 9. Caluclation of T2

Fo
Lc

(a*dt)/h*2; % Fourier number
®; % Loop counter initialisation

figure
while maxDiff > cc

end

for R = 2:NR-1
for € NC-1

T2(R,C) = FO*( T1(R-1,C) + T1(R+1,C) + TI(R,C+1) + T1(R,C-1) - (4-(1/F@))*T1(R,C) );

end
end
LC = LC +1; % Increment loop counter

maxDiff = max(abs(T2 - T1),[],'all'); % Finding max. difference betwen T2 - T1

1= T2; % Update T1 for the next iteration

contourf(flipud(T2)) % Generate distribution graph
¢ = colorbar; % Add colourbar

c.Label.String = 'Temperature in degrees celsius (°C)';
fontsize(16, "points");
colormap(jet);

title('2D Temperature Distribution on Plate');

xlabel("X dimension (m)");

ylabel("Y dimension (m)");

pause(0.1) % Pause to allow computer to run graphical animation

% Explicit Finite Difference Equation
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% 10. Analytical Solution
5Q5=zeros (IR, NC) ;
for R2 = 1:NR
for €2 = 1:NC
XC = (NC - C2) * h; % XC = 'x' coordinate for Taylor Series Equation
YC = (NR - R2) * h; % YC = 'y’ coordinate for Taylor Series Equation
% Analytical Soultion Variables
for n = 0:100000 % n = infinity - @ but inf is too large, 160k should be suitable
k= (2*n) +1; %k is given in equation
SV = (1/k)*sin(k*pi*XC / Xdim); % SV = sin variable
expl = exp( k*pi*(YC-Ydim) / Xdim); % Exponential 1
exp2 = exp( -k*pi*(YC+Ydim) / Xdim); % Exponential 2
exp3 = exp( -2*k*pi*Ydim / Xdim); % Exponential 3
SQS(R2,C2) = SQS(R2,C2) + SV * (expl - exp2) / (1-exp3); % Square Bracket Sum (see CODE STRUCTURE)

end
end
end

% Full analytical solution
SQS = ((4*T@)/pi) .* SQS;
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100 % 11.Code Validation

101 CV = abs(T2 - 5Q5); % Finding max. difference between Computational Solution & Analytical Solution
102

103 % 12. Time to Thermal Equilibrium

104 tt = LC*dt; % Time taken to reach Thermal Equilibrium (in seconds)

105 tt_min = floor(tt/60); % Time taken in minutes

106 tt_secs = floor(tt - (tt_min*60)); % Time taken in seconds

107

108 % 13. Max Error & Root Mean Square Error (RMSE)

109 ME = max(abs(T2 - SQS),[],'all'); % Calculating the maximum error

110 E = abs(T2 - SQS); % error matrix

111 RMSE = sqrt(mean(E(:).2)); % Calculating RMSE
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% 14. Subplot Figures

figure

% Numerical Solution (T2)

subplot(1,3,1)

contourf(flipud(T2)) % Generate numerical solution (T2
¢ = colorbar; % Add colourbar

c.Label.String = 'Temperature in degrees celsius (°C)';
fontsize(16, "points");

colormap(jet);

title('Numerical Solution (T2)');

xlabel("X dimension (m)");

ylabel("Y dimension (m)");

% Analytical Solution
subplot(1,3,2)

contourf(flipud(5QS)) % Generate analytical solution (SQS)
¢ = colorbar; % Add colourbar

c.Label.String = 'Temperature in degrees celsius (°C)';
fontsize(16, "points");
colormap(jet);

title('Analytical Solution');
xlabel("X dimension (m)");
ylabel("Y dimension (m)");

% Error
subplot(1,3,3)

contourf(flipud(CV)) % Generate comparison of Numerical Solution & Taylor Series distribution graph (CV/error)
¢ = colorbar; % Add colourbar

c.Label.String = 'Temperature in degrees celsius (°C)';
fontsize(16, "points");
colormap(jet);

title('Code Validation (Error)');
xlabel("X dimension (m)");
S1abel (™Y Himensitn (m)™)
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% 15. Final Display
% i. Time Taken
if tt_min < 60
disp(* ') %Blank Line
fprintf('The time taken to reach Thermal Equilibrium is %g minute(s) and %g seconds.\n',tt_min,tt_secs)
else
tt_hour = floor(tt_min/66); % Time taken in hours
tt_days = floor(tt_hour/24); %Time takin in days
disp(* ') %Blank Line
fprintf('The time taken to reach Thermal Equilibrium is %g day(s), %g hour(s), %g minute(s) and %g seconds.\n', tt_days,mod(tt_hour, 12), mod(tt_min, 60), tt_secs), tt;
end
% ii. Numerical Solution
disp(' ')
disp('The results of the Numerical Solution are:')
disp(T2)
% iii. Analytical Solution
disp(* ')
disp('The results of the Analytical Solution are:')
disp(sQs)
% iv. Code Validation
disp(' ')
disp('The results of the Error between the numerical and analytical solutions are:')
disp(cv)

% v. Max Error & RSME
disp(* ')
fprintf('The Maximum Error is %g and the Root Square Mean Error is %g.\n',|ME, RMSE)




image13.png
) snis|eo sealbap ul ainjeladwa|

8
X dimension (m)

6

N
=
c
]
=
2
[o]
n
©
0
=
@
£
=
4

o o) ©
—

(w) uoisuswip A





image14.png
) snis|eo sealbap ul ainjeladwa|

8
X dimension (m)

6

c
i)
S
3
o
n
©
o
2
>
©
c
<

o o) ©
—

(w) uoisuswip A





image15.png
(D,) snis|eo sealbap ul ainjeladwe]
Y9 [Ye) Yo
< 4 4 N N < -
o o o o o o o

§ 0.05

o
i |

Code Validation (Error)

N
—

o o) © <
-—

(w) uoisuswip A

8 10 12

X dimension (m)

6




image16.png
i1
Ty T
At

TR M T T e | e
Az? Az? Py

rearranging to put terms with n + 1 on the left-hand-side and terms with n on the rhs gives

Q1A

=5 Ty 4 (L4 25, 4 25,) TS — 8. TPHY — s, T0FY — s, T, =T + p
p

] 1=

where s, = kAt/Az? and s, = kAt/AZ2.




